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(5)  Find  the  continued  product  of  a;  + a,  a + &,  and  x + c. 
x + a 

X + & 

+ ax 
Ahx  + ab 
x^  + ax  + hx-i-  ah 
x + c 

x^  + ax^  + hx^  + abx 
+ cx^  + acx  + hex  + dbc 
X®  + (oh-  6 + c)x2  -f  {ah  + acA  hc)x  -f  ahe 

Note.  The  coefficients  of  x^  and  x in  the  expression  just 
obtained  are  a + 6 -1-  c and  a6  -f  ac  -f  he  respectively. 

When  a coefficient  is  expressed  in  letters,  as  in  this  example, 
it  is  called  a literal  coefficient. 


Examples. — viii. 

Multiply 

I.  x-i-3  by  x-f-9.  2.  x-f  15  by  X — 7.  3.  x — 12  by  x 4- 10. 

4.  x-8byx-7.  5.  a-3bya-5.  6.y-6hjy  + l3. 

7.  x2  - 4 by  x2  5.  8.  x2  - 6x  -f  9 by  x^  - 6x  -f  5. 

9.  x2-i-5x  — 3 by  x^  — 5x  — 3.  10.  — 3a -i- 2 by  — 3a^ -f  2. 

II.  x^  — xH- 1 by  x^-f  X— 1.  12.  x^ + xy  + y^  hy  x^  — xy + y^. 

13.  x^  + xy  + y^hy  x-y.  14.  - x^  by  -t- a V -h xh 

15.  x^  — 3x^  -t-  3x  - 1 by  x^  -1-  3x  -f  1. 

16.  X®  Zx^y  -f  Qxi/  -1-  27y^  by  x — 3y. 

17.  a^  + 2a^6  + 4a6-  -1-  86^  by  a — 2b. 

1 8.  8a3  4a%  + 2ab‘^  + h^  by  2a  - h. 

19.  a^  — 2a%  -t-  3a&2  -f  4¥  hy  a‘^  — 2ah  — Z¥. 

20.  a^  -f-  3a"&  - 2a¥  -I-  3¥  by  a^  -1-  2ab  — Z¥. 

21.  a‘^  — 2ax  + 4x^  by  a-  -f  2ax  -i-  4x^. 

22.  9a^ -h  3ax -4- x^  by  9a^  — 3ax  + x^. 
x^  — 2ax^  -f  4a^  by  x^  -t-  2ax^  -f  4a^. 
a^  + ¥ + c^  — ab  — ae  — he  by  a + h -1-  c. 
x^  -I-  4xy  -t-  5y^  by  x^  - 3x^y  — 2xy^  -f  3y^. 
ah  + ed  + ae  + hd  by  ah  -f  ed  — ae  — hd. 

Find  the  continued  product  of  the  following  expression  ; 

27.  x-a,x  + a,  x^  + a^,  x‘^  + a^.  28,  x^a,  x + h,  x-c. 


23- 

24. 

25. 

26. 
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29.  1 — 1 +X,  1 +CC^,  1 +£C^. 

30.  x — y,x  + y,  x^  — xy  + y"^,  x^  + xy  + y^. 

31.  a — x,a  + x,a‘^  + x‘^,a^  + x‘^,a^  + x^. 

Find  the  coefficient  of  x in  the  following  expansions  : 

32.  (x-5)  (cc-6)  (cc+ V).  33.  (x  + 8)  (x  + 3)  (x  - 2). 

34.  (x  — 2)  (x  — 3)  (x  + 4).  . 35.  (x  — a)  (x  — &)(x  — c). 

36.  (x2  + 3x  - 2)  (x2  - 3x  + 2)  (x^  - 5). 

37.  (x^  — X + 1)  (x^  + x— 1)  (x^  — x^  + 1). 

38.  (x^  — mx  + 1)  (x^  — mx  — 1)  (x^  — m%  — 1). 

58.  Our  proof  of  the  Rule  of  Signs  in  Art.  55  is  founded 
on  the  supposition  that  a is  greater  than  b and  c is  greater 
than  d. 

To  include  cases  in  which  the  multiplier  is  an  isolated  nega- 
tive quantity  we  must  extend  our  definition  of  Multiplication, 
For  the  definition  given  in  Art,  36  does  not  cover  this  case, 
since  we  cannot  say  that  c shall  be  taken  — d times. 

We  give  then  the  following  definition.  “ The  operation  of 
Multiplication  is  such  that  the  product  of  the  fctctors  a — b and 
c — d will  be  equivalent  to  ac  — ad  — bc  + bd,  whatever  may  be  the 
values  of  a,  b,  c,  d.” 

Now  since 

(a  — b)(c  — d)  = ac  — ad  — bc  + bd, 
make  a=0  and  d = 0. 

Then  (0  — 6)  (c  — 0)  = 0 x c — 0 x 0 - 6c  + 6 x 0. 

or  —bxc=  — be. 

Similarly  it  may  he  shewn  that 

-6 X -d=  + bd. 

Examples.— ix. 

Multiply 

I.  2.  a'^'hj  -a^.  3.  a%\ij  -ab^. 

4.  — 4a^6hy  — 3a6^.  5.  bx^yhj  —6xy^.  6,  a^  — ab  + b^hj  —a. 

7.  3a^ -f- 4^2  — 5a  by  — 2a^.  8.  —a^  — a^  — ahj—a—1. 

9.  3x^y  — 5xy^  + 4y^  by  — 2x  — 3y. 

10.  —5m‘^  — 6mn  + 7n^'bj—m  + n. 

11.  13r2- l7r-45  by  -r-3. 

1 2.  7x^  — 8x%  — by  — X — z. 

13.  —x^  + x‘^y  — x^y^hj—y  — x. 

J4.  —y^  — xy^  — x^y  — x^  by  —x  — y. 
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III.  INVOLUTION. 


59.  To  this  part  of  Algebra  belongs  the  process  called 
Involution,  This  is  the  operation  of  multiplying  a quan- 
tity ly  itself  any  number  of  times. 

The  power  to  which  the  quantity  is  raised  is  expressed  by 
the  number  of  times  the  quantity  has  been  employed  as  a 
■ factor  in  the  operation. 

Thus,  as  has  heen  already  stated  in  Art.  45, 
is  called  the  second  power  of  a, 
is  called  the  third  power  of  a. 

60.  When  we  have  to  raise  negative  quantities  to  certain 
powers  we  symbolize  the  operation  by  putting  the  quantity  in 
a bracket  with  the  number  denoting  the  index  (Art.  45)  placed 
over  the  bracket  on  the  right  band. 

Thus  ( - a)^  denotes  the  third  power  of  — a, 

( — 2xf  denotes  the  fourth  power  of  — 2x. 

61.  The  signs  of  all  even  powers  of  a negative  quantity 
will  be  positive,  and  the  signs  of  the  odd  powers  will  be 
negative. 

Thus  (-ay=(-a)x(-a)  = a% 

(-a)3=( a)  a)  = a^.{-a)=  -a\ 

62.  To  raise  a simple  quantity  to  any  power  we  multiply 
the  index  of  the  quantity  by  the  number  denoting  the  power 
to  which  it  is  to  be  raised,  and  prefix  the  proper  sign. 

the  square  of  a^  is  a®, 
the  cube  of  a^  is  a®, 
the  cube  of  - x^yz^  is  - x^yh\ 


Thus 
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63.  We  form  the  second,  third  and  fourth  powers  of 
in  the  following  manner  ; 

a + h 
a + h 
a^  + ah 
+ ab  +6^ 

^a  + hf  = a^  + 2ah  + b'^ 
a +b 

+ 2a^b  + a¥ 

+ a%  + 2ab^  + b^ 

(a  + by=a^  + 3a%  + Sab‘^  + ¥ 

Oj  +6 

+ ^a?b  + + ab^ 

+ a%  + + 2aW  + 6* 

{a  + by  = d^  + Aa%  + Qa%^  + Aa¥  + &h 
Here  observe  the  following  laws  : 

I.  The  indices  of  a decrease  by  unity  in  each  term. 

II.  The  indices  of  b increase  by  unity  in  each  term. 

III.  The  numerical  coefficient  of  the  second  term  is  always 
the  same  as  the  index  of  the  power  to  which  the 
binomial  is  raised. 

64.  We  form  the  second,  third  and  fourth  powers  of  a - 6 
in  the  following  manner ; 

a-b 
a-b 
a?-ab 
-ab  +¥ 

(a  - by = - 2ab  + b^ 
a 

- 2a%  + ab'^ 

- a%  + 2a¥  - b^ 

(a  - by  = a^  - 3a%  + — b^ 

a -b 

d^-Za^  + ZaW-ab^ 

- a%  + Za%‘^  - Za¥  + 6^ 

{a  - by  = oI-  + 6ci2&2  _ 4a¥  + 


INVOLUTION. 


.1* 


Now  obsen^e  that  the  powers  of  a - 6 do  not  differ  from  the 
powers  of  a + 6 except  that  the  terms,  in  which  the  oddi,  powers 
of  6,  as  b^,  W,  occur  have  the  sign  - prefixed. 

Hence  if  any  power  of  a + h be  given  we  can  write  the 
corresponding  power  of  a - 6 : thus 
since  {a  +.  hy>  = a^  + ba%  + + 10a%^  + 5a¥  + 

{a  - b)^  — a^  - 5a%  + lOa^^  - 10a%^  + 5a¥  - b^. 

65.  Since  (a  + by  — a^  + b‘^  + 2ab  and  (a-by  = a^  + b^-2ah, 
it  appears  that  the  square  of  a binomial  is  formed  by  the 
following  process  : 

“To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  the  terms.” 

Thus  (x  + yY  = x^  + ^/  + 2xy, 

(cc  + 3)^  = + 9 + 6x, 

(x  - 5)2  = a;2  + 25  - lOx, 

{2x  - lyf  = 4a;2  + 49y2  - ^Qxy. 

66.  To  form  the  square  of  a trinomial : 

a + b + c 
a + b + c 
«2  + a6  + ac 
+ ab  + b^  +bc 
+ ac  + 6c  + c2 

o?  + 2ab  + &2  + 2ac  + 26c  + c^. 

Arranging  this  result  thus  a^  + W .+  c^  + 2a6  + 2ac  + 2h%  we  see 
that  it  is  composed  of  two  sets  of  quantities  : 

I.  The  squares  of  the  quantities  a,  b,  e. 

IT.  The  double  products  of  a,  b,  c taken  two  and  two. 

Now,  if  we  form  the  square  of  a - 6 - c,  we  get 
a-b-c 
a-b~c 
a^-ab-  ac 
- a6  + 62  + 6c 

-ac  + 6c  + c2 

a?  - 2ab  + b^-  2ac  + 26c  + c2. 

The  law  of  formation  is  the  same  as  before,  for  we  have 
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I.  The  squares  of  the  quantities. 

II.  The  double  products  of  a,  - 6,  - c taken  two  by  two : 
the  sign  of  each  result  being  + or  - , according  as 
the  signs  of  the  algebraical  quantities  composing  it 
are  like  or  unlike. 

67.  The  same  law  holds  good  for  expressions  containing 
more  than  three  terms,  thus 

(a  + 6 + c + d)2  = a2  + 62  + c2  + 

+ 2a6  + 2ac  + 2ad  + 26c  + 2hd  + 2cd, 

(a-b  + c-  d)2=a2  + 62  + c2  + (£2 

- 2a6  + 2ac  - 2ad  - 26c  + 2bd  - 2cd. 

And  generally,  the  square  of  an  expression  containing  2,  3, 
4 or  more  terms  will  be  formed  by  the  following  process  : 

“ To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  each  term  into  each  of  the  terms  that  follow  it.” 

Examples.— X. 

Form  the  square  of  each  of  the  following  expressions  : 

I.  03  + a.  2.  X- a.  3.  o:  + 2.  4.  a: -3.  5.  a;2  + ^2^ 

6.  a;2-^2_  a^  + 62.  8.  a^-W.  9.  x + y + z.  10.  x-y+z. 

II.  m + n-p-r.  12.  o;2  + 2a!;-3.  y 13,  x2-6x  + 7. 

14.  2x2-703  + 9.  15.  x^  + y^-z^.  16.  x'^ - 4x^y‘^  + y^. 

17.  a^  + ¥ + c^.  '18.  x^-y^-z^.  19.  x + 2y-dz. 

20,  x2  - 2^2  + 5jj2_ 

Expand  the  following  expressions  : 

21.  (x  + a)^.  22.  {x-af.  23.  (x  + l)2.  y 24.  (x-l)5. 

25.  (x  + 2)2.  26.  (a2_62)2.  27.  (a+6  + c)^.  28.  (a-b-c)\ 

29.  (m  + ?^)2,(m  - n)2.  30.  (m  + w)2.(m2  — w2). 

68.  An  algebraical  product  is  said  to  be  of  2,  3 dimen- 

siom,  when  the  sum  of  the  indices  of  the  quantities  composing 
the  product  is  2,  3 

Thus  a6  is  an  expression  of  2 dimensions, 
a^bh  is  an  expression  of  5 dimensions. 
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69.  An  algebraical  expression  is  called  homogeneous  when 
each  of  its  terms  is  of  the  same  dimensions. 

Thus  x^  + xy  + is  homogeneous,  for  each  term  is  of  2 dimen- 
sions. 

Also  + 4:X^y  + 5y^  is  homogeneous,  for  each  term  is  of  3 

dimensions,  the  numerical  coefficients  not  affecting  the  dimen- 
sions of  each  term. 

70.  An  expression  is  said  to  be  arranged  according  to 
powers  of  some  letter,  when  the  indices  of  that  letter  occur  in 
the  order  of  their  magnitudes,  either  increasing  or  decreasing. 

Thus  the  expression  a^  + a^x  + + x^  is  arranged  according 

to  descending  powers  of  a,  and  ascending  powers  of  x. 

71.  One  expression  is  said  to  be  of  a higher  order  than 
another  when  the  former  contains  a higher  power  of  some  dis- 
tinguishing letter  than  the  other. 

Thus  a^  + a^x  + ax^  + x®  is  said  to  be  of  a higher  order  than 

+ ax  + x^,  with  reference  to  the  index  of  a. 


lY.  DIVISION. 

72.  Division  is  the  process  by  which,  when  a product  is 

given  and  we  know  one  of  the  factors,  the  other  factor  is  deter- 
mined. ' ■ 

The  product  is,  with  reference  to  this  process,  called  the 
Dividend. 

The  given  factor  is  called  the  Divisor. 

The  factor  which  has  to  be  found  is  called  the  Quotient. 

73.  The  operation  of  Division  is  denoted  by  the  sign 
Thus  ab-^a  signifies  that  ah  is  to  be  divided  by  a. 

The  same  operation  is  denoted  by  writing  the  dividend 

over  the  divisor  with  a line  drawn  between  them,  thus—. 

a 

In  this  chapter  we  shall  treat  only  of  cases  in  which  the 
dividend  contains  the  divisor  an  exact  number  of  times. 

[S.A.] 


0 
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Case  I. 

V4.  When  the  dividend  and  divisor  are  each  included  in 
a single  term,  we  can  usually  tell  hy  inspection  the  factors  of 
A\  Lich  each  is  composed.  The  quotient  will  in  this  case  be 
rc]!resented  by  the  factors  which  remain  in  the  dividend,  wlien 
those  factors  which  are  common  to  the  dividend  and  the  di- 
visor have  been  removed  from  the  dividend. 


:hu3 


ah 

T' 

3^ 

a 


3aa 


Sa, 


■aa=a^. 


Thus,  when  one  power  of  a number  is  divided  by  a smaller 
power  of  the  same  number,  the  quotient  is  that  power  of  the 
number  whose  index  is  the  difference  between  the  indices  of  the 
dividend  and  the  divisor. 

^12 

Thus  ^ 

aP 

—-—=ba%. 

'Sab 


75.  The  quotientMs  U7iity  when  the  dividend  and  the 
divisor  are  equal. 

dhus  -=1; 

and  this  will  hold  true  wnen  the  dividend  and  the  divisor  are 
co:i>pou7id  quantities. 


Thus 


a + b ’ 


D O 


EXAMPLES.— Xi. 

Divide 

1.  x^bycc^.  2.  x^<^bya;2.  3.  xh/hyxy. 

4.  5-  24a&2c  by  4a&.  6.  l2aWc^\>y9a^h. 

7.  256aWc^  by  16a6c^  8.  py 

9.  QOaPxY  10.  9Qa%h^  by  12&c, 
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Case  II. 

76.  If  the  divisor  be  a single  term,  Avhile  the  dividend 
contains  two  or  more  terms,  the  quotient  will  be  found  by 
dividing  each  term  of  the  dividend  separately  by  the  divisor 
and  connecting  the  results  with  their  proper  signs. 


Thus 


ax  + hx 


a?x^  + a^x^  + ax 


-a^x^-\-ax-\-\, 


12xM+ 8ccy2  o 2 2 , o 

— - 2- 


Examples.— xii. 

Divide 

1 . x^  + 2a;2  + a;  by  a:.  4.  + rNp^x^  + by  mp. 

2.  y^-y^  + y^  — y^  by  y\  5.  16ahy  — 28a‘^x^  + 4a^x^  by  4ii^x. 

3.  + 16a^6  + 24a&^  by  8a.  6.  72xh/  — 8QxSf  — \8xhf  by  Q..chj. 

7.  81m%’’ - 54m%®  + 27mVp  by 

8.  12x5^2  — 8xh/  — 4x^y^  by  4x^. 

9.  169a^6  - 117 a%^  + 91a%  by  ISo.^. 

10.  36l65c3  + 228¥c*  - 1336V  by  196V 


77.  Admitting  the  possibility  of  the  independent  existence 
of  a term  affected  with  the  sign  - , we  can  extend  the  Exam- 
ples in  Arts.  74 — 76,  by  taking  the  first  term  of  the  dividlend 
or  the  divisor,  or  both,  negative.  In  such  cases  we  apply  tlie 
Eule  of  Signs  in  Multiplication  to  form  a Eule  of  Signs  in 
Division. 


Thus  since  -a  x 6=  -a6,  we  conclude  that 


■ah 


ax  - 6=  — ah, 
— ax  -h=ah, 


and  hence  the  rules 


I.  When  the  dividend  and  the  divisor  have  the  same 
sign  the  quotient  is  positive. 


II.  When  the  dividend  and  the  divisor  have  dijjn'ent 
signs  the  quotient  is  negative. 
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78.  The  following  Examples  illustrate  the  conclusions  just 
obtained  : 

(1)  (3) 

(5) 


(6) 


— 12x^y*  + IQx^y^  — 8xy^ 
~4xy^ 


= 3x^y^  — 4xy  + 2. 


I. 


2. 


3* 


4- 


5- 


Examples.— xiii. 


Divide 

72a&  by  - 9ah. 

— 60(t®  by  — 4a^. 

— 84x^y^  by  4x^y^. 

— 18mV  by  3m?i. 

— 128a^6^c  by  - 8bc. 


6.  — — a^x"^  — axhj—  ax. 

7.  -34a3  + 51a2_i7aa;2byl7a. 

8.  — 8a2&2  _ 24a^b^  + 32a7b^  by  - 4a^62^ 

9.  - 144x3  + 108x2y  - 96xy2  by  12x. 
10.  b^xh^  - 6^xV  — b^y^z^  by  — h^z^. 


Case  III. 

79.  The  third  case  of  the  operation  of  Division  is  that  in 
which  the  divisor  and  the  dividend  contain  more  terms  than 
one.  The  operation  is  conducted  in  the  following  way  : 


Arrange  the  divisor  and  dividend  according  to  the 
powers  of  some  one  symbol,  and  place  them  in  the 
same  line  as  in  the  process  of  Long  Division  in 
Arithmetic. 

Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor. 

Set  down  the  result  as  the  first  term  of  the  quotient. 

Multiply  all  the  terms  of  the  divisor  by  the  first  term 
of  the  quotient. 

Subtract  the  resulting  product  from  the  dividend.  If 
there  be  a remainder,  consider  it  as  a new  dividend, 
and-proceed  as  before. 
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The  process  will  best  be  understood  by  a careful  study  of 
the  following  Examples : 

(1)  Divide  + 2a6  + 6^  by  a + 6.  (2)  Divide  d?  — 2ab  + b^hya  — h. 

a + b)a^-h  2ab  + 6^  (a  + fe  a — b)d^  — 2ab  + b^i^a  — b 

+ ab  a^~  ab 


ab  + b^  —ab  + b^ 

ab  + b"^  -ab  + b^ 

(3)  Divide  x®  - by  — y^. 

X^  — y^)  — 2/®  (,X‘‘  + X^^2  4.  yi 

X®  - x^2 

x*y^  — y^ 
x*y^  — x^y^ 


x^y'^  - y^ 
x^y^  - y^ 

(4)  Divide  x®  - 4a^x^  + 4a‘*x2  - a®  by  x^  - a^. 

— a^)  X®  — 4a2a;^  4-  Aa'^x^  - a®  (x*^  - Sa^x^  + 

^ x^-a^x'^ 

- da^x*^  + 4a^x^  - a® 

. -3aV  + 3a%2 

a*x^  - a® 
a*x^  - a® 

(5)  Divide  3x?/  + x^  + y®-l  by  y + x-1. 

Arranging  the  divisor  and  dividend  by  descending  powers 
of  X, 

x + y -\)x^  + Zxy  + - 1 ~xy  + x + y^  + y-\-\ 

X®  + x^y  - x^ 

-x^yJrx‘^  + Zxy  + y^-1 
- x^y  - xy^  + xy 

X®  + xy^  + 2xy  + - 1 

x^  + xy-x 

xy^  + xy  + x + y^-l 
xy^  + y^-y^ 

xy  + x + y^-1 

^y+y^-y 


x + y-l 
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80.  We  must  now  direct  the  attention  of  the  student  to 
two  points  of  great  importance  in  Division. 

I.  The  dividend  and  divisor  must  he  arranged  accord- 
ing to  the  order  of  the  powers  of  one  ol'  tlie  s\’mbols 
involved  in  them.  This  order  may  he  ascandivg  or 
descending.  In  the  Examples  given  above  we  have 
taken  the  descending  order,  and  in  the  Exnniples 
worked  out  in  the  next  Article  we  shall  take  an 
ascending  order  of  arrangement. 

II.  In  each  remainder  the  terms  must  be  arranged  in 
the  same  order,  ascending  or  descending,  as  that  in 
which  the  dividend  is  arranged  at  first. 

81.  To  divide  (1)  x^  + x^  + x+\, 

arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 
thus  : 

\+x^-x^-\-  x^)  1 - (1  - x 

\+X->rx’^  + X^ 

— x-x’^-x^-x^ 

-x-x^-x^-x^ 

(2)  48x2  + 6-  35x5  + _ W - 23x  by  6x2  -Qx  + 2-  Vx®, 

arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 
I'.ms  : 

2 -5x  -t-  6x2  - 7x2;  6 - 23x  + 4Sx'^  _ yox^  + 58x^  - 35x5  (^3  _ 4^;  + Qx‘^ 
6-15x+18x2-21x2 

- 8x  -1-  30x2  _ 493.3  ^ 5gj4 

- 8x  -h  20x2  - 24x2  -1-  28x* 

~ 10x2- 25x2 + 30x^  _ 353.5 

10x2-25x2-1-30x1-35x5 

Examples.— xiv. 

Divide 

1.  x2 -f  15x -f  50  by  X -I- 10.  5.  x2-f  13x2-f  54x4- 72  by  x-i-6. 

2.  x2- I7x-f70  by  X- 7.  6.  x2-|-x2-x- 1 by  x-f  1. 

3.  x2-i-x-12  by  x-3.  7.  x2-i-2x2-i-2x-l- 1 by  x-l- 1. 

4.  x2-t-13x-fl2byx-f  1.  8.  x5  - 5x2 -f  7x2 -f  6x -1- 1 by  x2  4- 3x -f  1. 

9.  xi  - 4x2  4-  2x2  4-  4x  4- 1 py  3j2  _ 2x  - 1. 

10.  xi  - 4x2  4-  6x2  - 4x  4- 1 py  x^~2x+ 1. 


DIVISION. 
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II.  + 2x~\ hy  + x-\.  12.  £c^ - 4o;‘^  + 8x+ 16  by  x + 2. 

- 1 3.  + 4x-//  + 3xy2  + I2y^  by  x + 4y. 

14.  c(J^  + Aal'b  + 6a%'^  + 4ah^  + ¥ by  a + b. 

.15.  a^-  b(C^b  H-  I0a%'^  - lOa^b^  + ba¥  -b^hj  a- h. 

16.  x'*  - 12x^  + 50, o‘^  - 84x  + 45  by  x^  - 6x  + 9. 
y 1 7.  ft’’  - 4a%  + + 4aW  - 17 a¥  - 12¥  by  - 2ab  - 3&‘l 

1 8.  4((-x^  - i2a-'^x^  + 13(t-*x‘^  - Gc/’x  + by  2<xx^  - 3a^x  + a^. 

19.  x'^  - x^  + 2x  - 1 by  x^  + X - 1. 

20.  x"^  + a^x^  - 2cC^  by  x^  + 2a?.  23.  x®  -■?/*’  by  x - y. 


21.  x^  - 13xy  - "iOtf  by  x - 15y.  24.  a?-b-  + 2hc  - c^byci  -h  + c. 

22.  x'^  + by  X + y.  25.  & - 36^  + 36^  - by  & - 1. 

26.  a?  - b"^  - + dr  - 2{ad  -he)  hj  a + b-  c - d. 

27.  x^  + y^  + z^-  3xyz  hy  x + y + z.  ,J(  28.  x'^^  + 7/^  by  x®  + y^. 

29.  +pq  + 2pr  - 2cp  + 7qr  - 3r^  Tyy  2)- q + 3r. 

30.  0.®  + a%‘^  + + &®  by  a^  + a%  + a%'^  + ab^  + b^. 

■ 31.  X®  + X® //^  + x^  i/  + x-y®  + 7/  by  x^  - x^y  + x?7j^  - xy^  + y^. 

^ 32.  4x^  - X®  + 4x  by  2x^  + 3x  + 2.  ^^33.  a?  - 243  by  a - 3. 

^ 34.  - /c  by  /c®  - 1.  /35.  X®  - 5x^  - 46x  - 40  by  x + 4. 

/ 36.  48,x®  - 76a, x^  - 64a^x  + 105a®  by  2x  - 3a. 


. 37.  18x'^  - 45x®  + 82x®  - 67x  + 40  by  3x^  - 4x  + 5. 

38.  16,x‘^  - 72a®x®  + 81a"*  by  2x  - 3a. 

-—39-  81x^  - 256a^  by  3x  + 4a.  41 . x®  + 2ax?  - a?x  - 2a®  by  x‘®  - a^. 
-}  40.  2a®  + 3a%  - 2a&®  - 36®bya®  - t.42.  a^  - a?b}  - 12&^by  a®  + 3&^. 


j 43.  x^  - 9x®  - 6xy  - y^  by  x®  + 3x  + y. 

44.  x^  - 6x®y  + 9x®y®  - 47/  by  x®  - 3xy  + 2y®.  - r ■ 

45.  x^-81y^  by  x-3y.  47.  81a^- 166^  by  3a + 26. 

46.  a^  - 166^  by  a - 26.  48.  16x^  - 81^^  by  2x  + 3y. 

' 49.  3a®  + 8a6  + 46®  + lOac  + 86c  + 3c®  by  a + 26  + 3c. 

50.  a^  + 4a®x®  + 16x^  by  a®  + 2ax  + 4x®. 

5 1,  x^  + x®y®  + ^^  by  X®  - xy  + y®. 

\ 52.  256x^  + 16,x®y®  + y^  by  16x®  + 4xy  + a/®. 

'v  53-  x^  + x^-x®y®  + x®-2xi/®  + 2/^  by  x®  + x-^. 
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54.  + 3aV  - 2a3a:  - by  cc  - a.  55.  a^-x^hj  x + a. 

56.  2a;2  + xy-  Zy^  - 4yz  -xz-z^  by  2x  + 3y+z. 

57.  9x  + 3x^  + 14x^  + 2 by  1 + 5x  + cc^. 

58.  12  - 38a;  + 82x2  - 112x3  + iQQ^i  _ ^qx^  by  7x2  _ 6x  + 3. 

59.  x^  + y^  by  x^  - x^i/  + x2^2  _ ^yS  ^ yi^ 

60.  {a^x^  + b'^y^)  - (0.252  + x2y2)  by  ax  + by  + ab  + xy. 

61.  o6  (x2  + ^2)  + xy(a^  + b^)  by  ax  + by.  ■ 

62.  x^  + (252  _ a2)x2  + 6^  by  x2  + ox  + 52. 

82.  The  process  may  in  some  cases  be  shortened  by  the  use 
of  brackets,  as  in  the  following  Example. 
x + 5^x3  + (a  + 6 + c)x2  + (a6  + oc  + 6c)  x + a6c(x2  + (o  + c)  x + oc 
x3  + 6x2 

(o  + c)  x2  + (o6  + oc  + 6c)  X 
(o  + c)  x2  + (06  + 6c)  X 

OCX  + 06c 
OCX  + 06c 

X- 1^  x3-mx^  + wx3-nx2  + mx- 1 (x"^- (m-  1)  x^ 

x®-x^  -(m-Ti.- 1)  x2-(m- 1)  x+1. 

- (m  - 1)  x^  + nx® 

- (m  - 1)  x^  + (m  - 1)  X® 

- (m  - ai  - 1)  X®  - wx2 

- (m  - % - 1)  X®  + (m  - w - 1)  X® 

, - (m  - 1)  x2  + mx 

- (m  - 1)  x2  + (m  - 1)  X 

X - 1 

x-1 

Examples.— XV. 

Divide 

1.  x^  - (o®  - 6 - c)  x2  - (6  - c)  ox  + 6c  by  x®  - ox  + c. 

2.  ?/3-(Z  + m + w)  y^+(lm-r  In mn)  y - Imn  hj  y-n. 

3.  X®  - (m  - c)  x^  + (%  - cm  + c6)  x®  + 

(r  + cn-  dm)  x®  + (cr  + dn)  x + drhj  x^-  mx®  + nx  + r. 

4.  X*  + (5  + o)  X®  - (4  - 5o  + 6)  x2  - (4o  + 56)  x + 46  by  x®  + 5x  - 4. 

5.  x^  - (o  + 6 + c + cZ)  X®  + (06  + oc  + oc?  + 6c  + 6d  + cc()  X® 

- (06c  + o6cZ  + acd  + bed)  x + abed  by  x®  - (o  + c)  x + oc. 


DIVISION. 


83.  The  following  Examples  in  Division  are  of  great 
importance. 


Divisor. 

Dividend. 

Quotient. 

x + y 

x®-y® 

x-y 

x-y 

x®-y® 

x + y 

x + y 

x®  + y® 

x^-xy  + y‘ 

x-y 

x®-y® 

X®  + xy  + y‘ 

84.  Again,  if  we  arrange  two  series  of  binomials  consisting 
respectively  of  the  sum  and  the  difference  of  ascending  powers 
of  X and  y,  thus 

x + y,  x^  + y^,  x^  + y^,  + y%  ^ + y^)  a:®  + and  so  on, 

x — y,  X?-  y^,  X®  - y^,  x^  - y‘^,  x®  - y^,  x®  - y®,  and  so  on, 

x + y will  divide  the  odd  terms  in  the  upper  line, 
and  the  even in  the  lower 

x-y  will  divide  all  the  terms  in  the  lower, 
but  oione in  the  upper. 

Or  we  may  put  it  thus  : 

If  n stand  for  any  whole  number, 

X"  + y"  is  divisible  by  x + y when  n is  odd, 
by  X - y never  ; 

x"  - y"  is  divisible  by  x + y when  n is  even, 
by  X - y always. 


Also,  it  is  to  be  observed  that  when  the  divisor  is  x - y all 
the  terms  of  the  quotient  are  'positive,  and  when  the  divisor  is 
x + y,  the  terms  of  the  quotient  are  alternately  positive  and 
negative. 


Thus  = X®  + x®y  + xy®  + y®, 

= X®  - x®y  + x^y®  - x®y®  + x®y*  - xy®  + y®. 


x + y 


: X®  - x^  + x®y®  - x®y®  + xy*  - y®. 
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85.  These  properties  may  he  easily  rememhered  hy  taking 
the  four  simplest  cases,  thus,  a;  + 2/,  x^  + y'^,  x^-y^,  of  / 

which  I 

the  first  is  divisible  hj  x + y,  f 

second  ^~y, 

third neither,  / 

fourth both. 


Again,  since  these  properties  are  true  for  all  values  of  x and 
y,  suppose  y = l,  then  we  shall  have 


= x + 1, 

=^x^  + x+ 1. 


Also 


a;2  - 1 

-r-=^x-  1, 

a:+ 1 ’ 

a;2-l 

cc  - 1 

a:^+l  0 , , 

- — x^-x+l, 

£C+  1 ’ 

£C^  - 1 
X-l 

X^  +1  . 0 0 

- = x^  - x^  + x^ 

x+l 

-x+l, 

£C®-  1 

x-l' 


-x^  + x‘^  + x^  + x‘^  + x + t. 


Examples. — xvi. 

Without  going  through  the  process  of  Division  write  down 
the  quotients  in  the  following  cases  : 

1.  When  the  divisor  is  m + n,  and  the  dividends  are 
respectively 

ml  - vI,  m?  + imP  + inP,  - w®,  mP  + vP. 

2.  When  the  divisor  is  m-n,  and  the  dividends  are 
respectively 

m!^  - vP,  mP  - n^,  mP  - rP,  mP  - rP,  ml  - nJ. 

3.  When  the  divisor  is  a+1,  and  the  dividends  are 

respectively 

- 1,  + 1,  a®  + 1,  + 1,  - 1. 

4.  When  the  divisor  is  y~l,  and  the  dividends  are 

respectively 

2/2-1,  ^/-l,y5-l,  2/^-1,  y^-\. 


V.  ON  THE  RESOLUTION  OF  EXPRES- 
SIONS INTO  FACTORS. 


86.  We  shall  discuss  in  this  Chapter  an  operation  which 
is  the  opposite  of  that  which  we  call  Multiplication.  In  Mul- 
tiplication we  determine  the  product  of  two  given  factors  : in 
the  operation  of  which  we  have  now  to  treat  the  product  is 
given  and  the  factors  have,  to  he  found. 


87.  For  the  resolution,  as  it  is  called,  of  a product  into  its 
component  factors  no  rule  can  he  given  which  sliall  be  applic- 
able to  all  cases,  but  it  is  not  difficult  to  explain  the  process 
in  certain  simple  cases.  We  shall  take  these  cases  separately. 


88.  Case  I.  The  simplest  case  for  resolution  is  that  in 
which  all  the  terms  of  an  expression  have  one  common  factor. 
This  factor  can  be  seen  by  inspection  in  most  cases,  and  there- 
fore the  other  factor  may  be  at  once  determined. 

Thus  a^  + db=a{a  + b), 

'2.0?  + 4a^  -f  8a  = 2a  {a?  + 2a  + 4), 
do?y  - + Mxy  =■  9xy  (x“  - 2xy  + 6). 


Examples.— xvii. 


Resolve  into  factors : 

1.  5x^-15x. 

2.  3cc3  + 18x2-6jc. 

3.  49^/2  _ I4y  + 7, 

4.  Ax^y  -12x‘^y^  + 8xy^. 


5.  x'^-ax^  + bx^  + cx. 

6.  dx^y^  — 21x‘^y‘^  + 27x^y\ 

7.  54a366  + i08a6&8_243a86». 

y 8.  45x^1/^®  - dOa?yt  - 360x^i/®. 
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89.  CaS6  II.  The  next  case  in  point  of  simplicity  is  that 
in  which  four  terms  can  he  so  arranged,  that  the  first  two  have 
a common  factor  and  the  last  two  have  a common  factor. 

Thus 

+ ax  + lx  A db  = (x^  + ax)  + (bx  + ah) 

= x (x  + a)  + b (x  + a) 

= (x  + h)  {x  + a). 

Again 

ac-ad-bc  + hd  = (ac  -ad)  - {be  - bd) 

= a (c-d)-b  (c-d) 

— ia-b)  (c-d). 


EXAMPLKS.— xviii. 


Resolve  into  factors  : 

1.  x^-ax-bx  + ab. 

2.  ab-\-ax-bx-  x^. 

3.  bc  + bij-cy-yl 

4.  bm  + mn  + ab-+  an. 


5 . abx^  - axy  + bxy  - y^. 

6.  abx  - aby  + cdx  - cdy. 

7.  cdx^  + dmxy  - cnxy  - mny'^. 
K.8.  abex  - b^dx  - aedy  + bdry. 


90.  Before  reading  the  Articles  that  follow  the  student  is 
advised  to  turn  hack  to  Art.  56,  and  to  observe  the  manner  in 
which  the  operation  of  multiplying  a binomial  by  a binomial 
produces  a trinomial  in  the  Examples  there  given.  He  will 
then  be  prepared  to  expect  that  in  certain  cases  a trinomial 
can  be  resolved  into  two  binomial  factors,  examples  of  which  we 
shall  now  give. 

91.  CaSG  III,  To  find  the  factors  of 

a;2  + 7x+12. 

Our  object  is  to  find  two  numbers  why>^  product  is  12, 
and  whose  sum  is  7. 

These  will  evidently  be  4 and  3, 

.•.  x‘^  + lx  + 12  = (x  + 4)  (x  + 3). 

Again,  to  find  the  factors  of 

x^  + bbx  + 6&2. 


Our  object  is  to  find  two  numbers  whose  product  is  QW, 
and  whose  sum  is  5&. 

These  will  clearly  be  35  and  25, 

x2  + 55x  + 652 ={x  + 35)  {x  + 25). 


liESOLUTION  INTO  FACTORS. 
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Examples, 

Resolve  into  factors  : 

. — xix. 

I. 

x2  + llx  + 30. 

9- 

y^+19ny  + 48n\ 

2. 

x2+l7x  + 60. 

10. 

»2  + 29pz  + 100p2. 

3- 

2/2  + 13y+  12. 

II. 

X"*  + 5x2 

4- 

2/2 + 212/ + 110. 

12. 

X®  + 4x2  + 3. 

5* 

m2  + 35m  + 300. 

13- 

x^7/+18xy  + 22. 

6. 

m2  + 23m  + 102. 

14. 

xS/  + 7xSf  +12. 

7- 

a^  + 9ab  + 8b\ 

IS- 

w}^  + \0m^+ 16. 

8. 

x2  + 13mx  + 36m2. 

X16. 

?2,2  + 27?i2  + 140g;2. 

93.  Case  lY.  To  find  the  factors  of 
cc2  - 9a;  + 20. 

Our  object  is  to  find  two  negative  terms  whose  product  is  20, 

and  whose  sum  is  - 9. 

These  will  clearly  be  - 5 and  - 4, 

.'.  a;^  — 9x  + 20  = (x  - 5)  (x  — 4). 


Examples.— XX.  ^ 


Resolve  into  factors  ; 

1.  x^-7x+10. 

2.  x^  - 29x  + 190. 
♦3.  y^-2dy  + lZ2. 

4.  y^  - 30y  -1-  200. 

5.  w2_43^^40o. 


6.  -n^- 5771  + 56. 

7.  x^-7x^+12. 

8.  - 27 ab  + 26. 

9.  6'‘c6-ll62c3  + 30. 
^10.  x^y^z^  - IZxyz  + 22. 


92.  Case  V,  To  find  the  factors  of 

x^  + 5x-  84.  ^ 

Our  object  is  to  find  two  terms,  one  positive  and  one  nejrative, 
whose  product  is  - 84,  and  whose  sura  is  5. 

These  are  clearly  12  and  - 7, 

x2  + 5x  ~ 84=  (x  + 12)  (x  - 7). 
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Examples.— xxi.  / 


Eesolve  into  factors : 

1 . x^  + 7x-  60. 

2.  12*-45. 

3.  a2+lla-12. 

4.  a2+13a-140. 

5.  62+136-300. 


6.  62  + 256-150. 

7.  £c^  + 3x^  - 4. 

8.  + Zxy  - 154. 

9.  + 15m^  - 100. 

)( 10.  ■?i2  + i7^_39o. 


94.  Case  VI,  To  find  the  factors  of 
a;2  - 3a;  - 28. 


Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  product  is  - 28,  and  whose  sum  is  - 3. 

These  will  clearly  be  4 and  - 7, 

.’.  x2  - 3a:  - 28  = (»  + 4)  (x  - 7). 


Examples.— xxn. 


Resolve  into  factors  : 

1 . o;2  - 5x  - 66. 

2.  0)2  - 7x  - 18. 

3.  - 9m  - 36. 

4.  ^2-1151- 60. 

5.  131/ -14. 


6.  2(2  - 15:3  - 100. 

7.  - 10. 

8.  cH^  - 24cd  - 180. 

9.  m®w2  _ ^3^  _ 2. 

<10.  pV  - 5j/g2  _ 84^ 


95.  The  results  of  the  four  preceding  articles  may  he  thus 
stated  in  general  terms  : a trinomial  of  one  of  the  forms 

*2  + acc  + 6,  x^  - ax  + 6,  x^  + ax-  6,  x‘^-ax-  6, 

may  be  resolved  into  two  simple  factors,  when  6 can  he  re- 
solved into  two  factors,  such  that  their  sum,  in  the  first  two 
forms,  or  their  difference,  in  the  last  two  forms,  is  equal  to  a. 

96.  We  shall  now  give  a set  of  Miscellaneous  Examples  on 
the  resolution  into  factors  of  expressions  which  come  under 
one  or  other  of  the  cases  already  explained. 


resolution  INTO  FACTORS. 
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Examples.— xxiii. 


Resolve  into  factors  ; 
I.  x^-15x  + 36. 

8. 

x2  + mx  + wx  + mn. 

2. 

+ 4x  - 45. 

9- 

2/6  _ 4^3  3^ 

3- 

aW-lQabr2,Q. 

lO. 

x^2/  - - cxy  + abe. 

4- 

X®  - ZmX^  - 

II. 

x^  + (a-h)x-  ah. 

5- 

2/6  + 2/3  _ 90^ 

12. 

x^-{c-d)x-  cd. 

6. 

2j4_x2-  110. 

13- 

ab^  -bd  + cd-  abc. 

7- 

x’  + 3ax2  + 4a^x. 

4x2 -28x2/ + 48^2^ 

97.  We  have  said,  Art.  45,  that  when  a number  is  multi- 
plied by  itself  the  result  is  called  the  Square  of  the  number, 
and  that  the  figure  2 placed  over  a number  on  the  right  hand 
indicates  that  the  number  is  multiplied  by  itself. 

Thus  is  called  the  square  of  a, 

(x  - yf  is  called  the  square  oix-y. 

The  Square  Root  of  a given  number  is  that  number 
whose  square  is  equal  to  the  given  number. 

Thus  the  square  root  of  49  is  7,  because  the  square  of  7 
is  49. 

So  also  the  square  root  of  is  a,  because  the  square  of  a is 
a? : and  the  square  root  of  (x  - A-y,  because  the  square 
of  X - 2/  is  (x  - 2/)^. 

The  symbol  >/  placed  before  a number  denotes  that  the 
square  root  of  that  number  is  to  be  taken  : thus  is  read 
“ the  square  root  of  25.” 

Note.  The  square  root  of  a positive  quantity  may  be  either 
positive  or  negative.  For 

since  a multiplied  by  a gives  as  a result  a^, 
and  - a multiplied  by  - a gives  as  a result  a^, 
it  follows,  from  our  definition  of  a Square  Root,  that  either  a 
or  - a may  be  regarded  as  the  square  root  of  a^. 

But  throughout  this  chapter  we  shall  take  only  the  positive 
value  of  the  square  foot. 
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98.  We  may  now  take  the  case  of  Trinomials  which  are 
perfect  squares,  which  are  really  included  in  the  cases  dis- 
cussed in  Arts.  91,  92,  hut  which,  from  the  importance  they 
assume  in  a later  part  of  our  subject,  demand  a separate  con- 
sideration. 


99.  Case  VII.  To  find  the  factors  of 
a;2-i-12x  + 36. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art. 
91,  we  find  them  to  be  a:  + 6 and  x + 6. 

That  is  + 12x  + 36  = (x  + 6)^. 

EXAMPLES.— XXiV. 


Kesolve  into  factors  : 

1.  x^+18x  + 81. 

2.  x2  + 26x-f-169. 

3.  x^  + 34x  + 289. 

4.  / + 2^  + l. 

5.  1^2  + 2002  + 10000. 


6.  x^  + 14x2  + 49. 

7.  x2+ 10x^  + 25i/2. 

8.  m^  + 16m2w2  + 64n^ 

9.  x®  + 24x2 + 144. 

. 10.  x2^2  + ]^02a;2/  + 6561. 


100.  Case  VI II.  To  find  the  factors  of 
x2-12x  + 36. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art. 
92,  we  find  them  to  be  x - 6 and  x - 6. 

That  is,  x2  - 12x  + 36  = (x  - 6)2. 


Examples.— XXV. 

Eesolve  into  factors  : 

1.  x2-8x+16.  2.  x2-28x  + 196.  3.  x2-36x  + 324. 

4.  2/2 -401/ + 400.  5.  22-1002  + 2500.  6.  x*- 22x2 +121. 

7.  x2  - 30x1/ + 225i/2.  8.  wA  - 32m2»2  + 256#. 

% 9.  X®- 38x2  + 361. 
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101.  Case  IX.  We  now  proceed  to  the  most  important 
case  of  Eesolution  into  Factors,  namely,  that  in  Avhich  the  ex- 
pression to  he  resolved  can  be  put  in  the  form  of  two  squares 
with  a negative  sign  between  them. 

Since  ml -n‘^=(m  + n)(m-n), 

we  can  express  the  difference  between  the  squares  of  two 
quantities  by  the  product  of  two  factors,  determined  by  the 
following  method : 

Take  the  square  root  of  the  first  quantity,  and  the  puare 
root  of  the  second  quantity. 

The  sum  of  the  results  will  form  the  first  factor. 

The  difference  of  the  results  will  form  the  second  factor. 

For  example,  let  ol  - be  the  given  expression. 

The  square  root  of  a^  is  a. 

The  square  root  of  b^  is  6. 

The  sum  of  the  results  is  a + &. 

The  difference  of  the  results  is  a - 

The  factors  will  therefore  he  a + b and  a-b, 
that  is,  a^-b^=(a  + b)  (a-b). 

102.  The  same  method  holds  good  with  respect  to  com- 
pound quantities. 

Thus,  let  a^-(b-  cf  be  the  given  expression. 

The  square  root  of  the  first  term  is  a. 

The  square  root  of  the  second  term  is  6 - c. 

The  sum  of  the  results  is  a + b- c. 

The  difference  of  the  results  is  a — 6 + c. 

a^-(b-cy={a  + b-c)(a-b  + c). 

Again,  let  (a-by-(c-d)^  be  the  given  expression. 

The  square  root  of  the  first  term  is  a-b. 

The  square  root  of  the  second  term  is  c - d. 

The  sum  of  the  results  is  a-b + c-d. 

The  difference  of  the  results  is  a-b-c  + d. 

:.  (a - 6)2 - (c - dy=(a -b+c-d)  {a-b-c  + d). 

[S.A.] 
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103.  The  terms  of  an  expression  may  often  he  arranged 
so  as  to  form  two  squares  with  the  negative  sign  between 
them,  and  then  the  expression  can  be  resolved  into  factors. 

Thus  _ g2  _ ^2  ^ + 2ccZ 

= («2  + 2ab  + - (c2  - 2cd  + d‘^) 

= (a  + 6)2-(c-d)2 

=(a  + & + c-tZ)(a  + 6-  c + d). 


Examples. — xxvi. 

Eesolve  into  two  or  more  factors  : 


I. 


2.  x2-9.  3.  4x2-25. 

5.  *2-  1.  6.  X®-  1. 

9.  36^2-49^2. 

12.  x2-(m-w)2. 
yl  24.  2x2/-x2-2/2+ 1. 

25.  - 2yz  - - z^. 

26.  a2  - 452  - 9c2  + 126c. 

27.  a'^-  1662. 

28.  l-49c2. 

29.  a^  + b^-c^-<P-  2ab  - 2cd. 
^ 30.  a2  _ 52  ^ _ (;^2  _ 2(jc  + 2hd. 


4. 

7.  x8-l.  8.  m^-ie. 

10.  81x2^2  _ i21a262.  ^ II.  (a-b)^~ 

13.  (a  + 6)2-(c  + rf)2. 

14.  (x  + ^/)2-(x-^)2 

^15.  - 2xy  + y^  - z^. 

16.  (a  - 6)2  - (m  + ?i)2, 

-/17.  fl2  - 2ctc  + c2  - 62  - 26cZ  - (^2, 

18.  26c  - 62  - c2  + a2. 

19.  2xy  + x2  + 1/2  - 2;2, 

20.  2mri  - m2  - ^2  + a2  + 62  - 2a6.  31.  3a^x^-27ax. 

^'21.  (ax  + 6y)2  - 1^  32.  a^6®  - c^. 

22.  (ax  + by)^ -{ax-byy.  33.  (5x  - 2)2  - (x  - 4)2. 

,^-  23.  l-a2-62  + 2a6.  34.  {7x  + 4y)^-{2x  + 3y} 

^ 35.  (763)2 -(247)2 


104.  Case  X.  Since 
x3  + a3 


x + a 


+ a2,  and  ^ ^ = x2  + ax  + a2  (Art.  83), 


we  know  the  following  important  ff^ts  ; 
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(1)  The  sum  of  the  cubes  of  two  numbers  is  divisible  by 
the  sum  of  the  numbers  : 

(2)  The  difference  between  the  cubes  of  two  numbers  is 
divisible  by  the  difference  between  the  numbers. 

Hence  we  may  resolve  into  factors  expressions  in  the  form 
of  the  sum  or  difference  of  the  cubes  of  two  numbers. 

Thus  + 27 + 33  = (»  + 3)  {x^  - 3x  + 9) 

= -A^={y  - 4)  {y^  -\- Ay +\  6). 

Examples. — xxvii. 

Express  in  factors  the  following  expressions  : 

I.  a^  + b^.  ^2.  a^-¥.  3.  a® -8.  4.  x^  + 343. 

5.  63  _ 125.  6.  x3  + 64^3,  7.  a3_2i6.  v 8.  8x3  + 27^3. 

J.9.  64a3- 100063.  729x3  + 512^3 

Express  in  four  factors  each  of  the  following  expressions  : 

II.  x®-^3.  >4 12.  x®-l.  13.  a® -64.  -4»i4.  729 -t/®. 


105.  Before  we  proceed  to  describe  other  processes  in 
Algebra,  we  shall  give  a series  of  examples  in  illustration  of 
the  principles  already  laid  down. 

The  student  will  find  it  of  advantage  to  work  every  example 
in  the  following  series,  and  to  accustom  himself  to  read  and  to 
explain  with  facility  those  examples,  in  which  illustrations  are 
given  of  what  may  be  called  the  short-hand  method  of  expressing 
Arithmetical  calculations  by  the  symbols  of  Algebra. 

Examples.— xxviii. 

1.  Express  the  sum  of  a and  6. 

2.  Interpret  the  expression  a - 6 + c. 

3.  How  do  you  express  the  double  of  x t 

4.  By  how  much  is  a greater  than  5 ? 

5.  If  X be  a whole  number,  what  is  the  number  next 
above  it  1 

6.  Write  five  numbers  in  order  of  magnitude,  so  th?it  ^ 
shall  be  the  third  of  the  five, 
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7.  If  a be  multiplied  into  zero,  what  is  the  result  1 

8.  If  zero  be  divided  by  x,  wbat  is  the  result  ? 

<'  9.  What  is  the  sum  of  oH-  a + a . ..  written  d times  ? 

10.  If  the  product  be  ac  and  the  multiplier  a,  what  is  th« 
multiplicand  ] 

1 1.  What  number  taken  from  x gives  ^ as  a remainder  ? 

12.  ^ is  a:  years  old,  and  B is  y years  old  ; how  old  was  A 
when  B was  born  1 

V 13.  A man  works  every  day  on  week-days  for  x weeks  in 
the  year,  and  during  the  remaining  weeks  in  the  year  he  does 
not  work  at  all.  During  how  many  days  does  he  rest  1 

14.  There  are  x boats  in  a race.  Five  are  bumped.  How 
many  row  over  the  course  ? 

15.  A merchant  begins  trading  with  a capital  of  x pounds. 
He  gains  a pounds  each  year.  How  much  capital  has  he  at 
the  end  of  5 years  ? 

' 16.  A and  B sit  down  to  play  at  cards.  A has  x shillings 

and  B y shillings  at  first.  A wins  5 shillings.  How  much  has 
each  when  they  cease  to  play  ? 

17.  There  are  5 brothers  in  a family.  The  age  of  the  eldest 
is  X years.  Each  brother  is  2 years  younger  than  the  one  next 
above  him  in  age.  How  old  is  the  youngest  ? 

18.  I travel  x hours  at  the  rate  of  y miles  an  hour.  How 
many  miles  do  I travel  ? 

19.  From  a rod  12  inches  long  I cut  off  x inches,  and  then 
I cut  off  y inches  of  the  remainder.  How  many  inches  are 
left? 

/-  20.  If  n men  can  dig  a piece  of  ground  in  q hours,  how 
many  hours  will  one  man  take  to  dig  it  ? 

21.  By  how  much  does  25  exceed  x ? 

^ 22.  By  how  much  does  y exceed  25  ? 

23.  If  a product  has  2m  repeated  8 times  as  a factor,  how 
do  you  express  the  product  ? 

24.  By  how  much  does  a + 2b  exceed  a-2b1 

25.  A girl  is  X years  of  age,  how  old  was  she  5 years  since  ? 
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26.  A boy  is  y years  of  age,  how  old  will  he  be  7 years 
hence  1 

Express  the  difference  b'e'tween  the  squares  of  two 
numbers. 

28.  Express  the  product  arising  from  the  multiplication  of 
the  sum  of  two  numbers  into  the  difference  between  the  same 
numbers. 

29.  What  value  of  x will  make  8x  equal  to  16  ? 

30.  What  value  of  x will  make  28a:  equal  to  56  ? 

31.  What  value  of  x will  make  ^ equal  to  4 ? 

32.  What  value  of  x will  make  a;  + 2 equal  to  9 ? 

(33.  What  value  of  x will  make  a;  - 7 equal  to  16  ? 
t 34.  What  value  of  x will  make  a:^  + 9 equal  to  34  ? 

'35.  What  value  of  x will  make  a:^  - 8 equal  to  92  ] 


Examples.— xxix. 

Explain  the  operations  symbolized  in  the  following  expres- 
sions : 


I.  a + b.  2. 

5.  a^-2o-rSc.  6, 
9.  tjx^+y\ 


12. 


Aab 


a^-b^.  3.  4a2  + J3  4(^2 + 

a + mxb-c.  7.  (cH-m)(&-c).  8. 

10.  a + 2(3-c).  II.  (a  + 2)(3-c). 

13. 

^~y  >>/x  + y' 


Examples.— XXX. 


If  a stands  for  6,  b for  5,  x for  4,  and  y for  3,  find  the  value 
of  the  following  expressions  : 


I.  a + x-b-y. 

4.  3(a  + &) -2(x-^). 

7.  (2a  + 3)(x  + 2/). 

10.  abx. 


2.  a + y-b-x.  3.  3a  + 4y-6-2x. 

5.  {a  + x){b-y).  6.  2a  + 3(x  + i/). 

8.  2a  + 3x  + ^.  9. 

II.  ab{x-\-y).  12.  ay{b-^x)*. 
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13.  ah{x-yf.  14.  V5&.  I5- 

16,  {sjx)\  / I7*  {sJxAVf.  18.  sjbhx. 

% 

19.  20.  *"/2i.  3a  + (2a:-^)2 

"^22.  jct-(6-^)|{a-(x-^)f.  y 24.  3 (ct  + 5 - + 4 (cH- x)^. 

+ 23.  {a-h-yY  + {a-x  + yy.  25.  3 (a  - &)2  + (4x  - 

Examples.— xxxi. 

1.  Find  the  value  of 

Zahc-a^ Ac^,  when  a = Z,  b = 2,  c=l. 

2.  Find  the  value  of 

x^  + y^-z^  + 3xyz,  when  x=3,  y = 2,  z = 5. 

3.  Subtract  from  (a  + c)^. 

4.  Subtract  (x  - y)^  from  x^  + 2/2. 

5.  Find  the  coeflBlcient  of  x in  the  expression 

(a  + 5)2x-  (a  + 6x)2 

6.  Find  the  continued  product  of 

2x  - m,  2x  + w,  X + 2m,  x - 2n. 

7.  Divide 

acr®  + (6c  + ac?)  r2  + (bd  + ae)r  + be  hy  ar  + b; 
and  test  your  result  by  putting 

a=b—c=d=e  = l,  and  r=10. 

8.  Obtain  the  product  of  the  four  factors 

(a  + 6 + c),  (6  + c - a),  (c  4-  a - h),  (a  + b-  c). 

What  does  this  become  when  c is  zero;  when  b + c=a; 
when  a — b=c1 

9.  Find  the  value  of 

{a  + 6)(6  + c)  - (c  + d){d  + a)  - (a  + c)  (6  - d), 
where  6 is  equal  to  d. 

/ 10,  Find  the  value  of 

3a  + (26-c2)+ jc2-(2a  + 36)|  + |3c-(2a  + 36)|2 
when  a = 0,  6 = 2,  c = 4. 
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II.  If  «=1,  h = c = 3,  d = 4,  slievv  that  the  numerical 

values  are  eq^ual  of 

\d-(c-b  + a)\\(d  + c)-{h  + a)\, 
and  of  • cF  - {c^  + U)  + N + 2 (be  - ad). 

^7  12.  Bracket  together  the  different  powers  of  x in  the  follow- 
ing expressions : 

(a)  ax^  + bx^  + cx  + dx. 

(iS)  ax^  - bx^  - cx’^  - dx^  + 2x^. 

(7)  4x^  - ax^  - 3x^  - bx^  - 5x  — cx. 

(5)  (a  + x)‘^  - (b  - xy. 

(e)  (mx^  + qx  + ly^  - (nx^  + qx  + 1)^. 

13.  Multiply  the  three  factors  x-a,  x-b,  x-c  together, 
and  arrange  the  product  according  to  descending  powers  of  x. 


> 14.  Find  the  continued  product  of  (x  + a)  (x  + b)  (x  + c). 

15.  Find  the  cube  of  a + 6 + c;  thence  without  further 
multiplication  -the  cubes  of  a-f5-c;  b + c-ci)  c + a-b‘,  and 
subtract  the  sum  of  these  three  cubes  from  the  first. 


q.6.  Find  the  product  of  (3a  A 2b)  (3a  + 2c-  3b).  and  test  the 
result  by  making  a=l,b  = c = 3. 

17.  Find  the  continued  product  of  ^V,. 

a-x,  a + x,a^  + x\  a^  + x^,  a®  + x^.  C?  -+  ^ ^ 


-<  1 8.  Subtract  (b  - a)  (c  - d)  from  (a  -b)(c~  d). 

What  is  the  value  of  the  result  when  a — 2b  and  d = 2c  ? 

19.  Add  together  (&  + y)(a  + x),  x-y,  ax-  by,  and  a(x -f  y). 

20.  What  value  of  x will  make  the  difference  between 
■ (x  -1- 1)  (x  + 2)  and  (x  - 1)  (x  - 2)  equal  to  54  ? 

2 r . ^ Add  together  ax  -by,  x-y,  x(x-y),  and  (a  -x)(b-  y). 

22.  What  value  of  x will  make  thd  difference  between 
(2x  + 4)  (3x  -f  4)  and  (3x  - 2)  (2x  - 8)  equal  to  98  ? 

23.  Add  together 

2mx - 3ny,  x + y,  4(m  + n)(x- y),  and  mx  + ny. 

\ 24.  Prove  that 

(x  + y + zy  + x'^  + y^  + z‘^  = (x  + y)^  + (y  + z)^  + (x  + zy. 
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25.  Find  the  product  of  (2a  + 3&)  (2a  + 3c  - iio),  and  test  the 
result  by  making  a = l,  1 = 4:,  c = 2. 

26.  If  a,  b,  c,  d,  e ...  denote  9,  7,  5,  3,  1,  find  the  values  of 

— *1  andi'-c'. 

27.  Find  the  value  of 

Zabc-a^  + ¥ + c^  when  a=0,  h=2,  c=l. 

^28.  Find  the  value  of 

9/7 /)^  ^3 

3^2^ ^2  when  a=4,  6 = 1,  c=2. 

c ¥ ’ ’ 

29.  Find  the  value  of 

(a-6-c)2  + (6-a-c)2  + (c-a-6)2  when  a=l,  6=2,  c=3. 
y 30.  Find  the  value  of 

(a  + b-cy  + (a-b  + cy  + (b  + c-ay  when  a=l,  6 = 2,  c=4. 

31.  Find  the  value  of 

(a  + by  + (b  + cy  + (c  + ay  when  <x=  - 1,  6 = 2,  c=  -3. 

'{'  32.  Shew  that  if  the  sum  of  any  two  numbers  divide  the  / 
difference  of  their  squares,  the  quotient  is  equal  to  the  differ- 
ence of  the  two  numbers. 

33.  Shew  that  the  product  of  the  sum  and  difference  of  any 
two  numbers  is  equal  to  the  difference  of  their  squares. 

34.  Shew  that  the  square  of  the  sum  of  any  two  consecu- 
tive integers  is  always  greater  by  one  than  four  times  their 
product. 

35.  Shew  that  the  square  of  the  sum  of  any  two  consecutive 
even  whole  numbers  is  four  times  the  square  of  the  odd  number 
between  them. 

36.  If  the  number  2 be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  twice  the 
difference  of  the  parts. 

37.  If  the  number  50  be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  50  times  the 
difference  of  the  parts. 

S 

38.  If  a number  n be  divided  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  n times  the 
difference  of  the  parts. 


OJSr  SIMPLE  EQUATIONS. 
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39.  If  two  numbers  differ  by  a unit,  their  product,  together 
with  the  sum  of  their  squares,  is  equal  to  the  difference  of  the 
cubes  of  the  numbers. 

^ 40.  Shew  that  the  sum  of  the  cubes  of  any  three  consecu- 
tive whole  numbers  is  divisible  by  three  times  the  middle 
number. 


VI.  ON  SIMPLE  EQUATIONS. 

106.  An  Equation  is  a statement  that  two  expressions 

are  equal.  <-, 

107.  An  Identical  Equation  is  a statement  that  two  ex- 
pressions are  equal  for  all  numerical  values  that  can  be  given 
to  the  letters  involved  in  them,  provided  that  the  same  value 
be  given  to  the  same  letter  in  every  part  of  the  eauation. 

Thus,  (a;  + a)^=x2  + 2(XK  + a2 

is  an  Identical  Equation. 

108.  An  Equation  of  Condition  is  a statement  that  two 
expressions  are  equal  for  some  particular  numerical  value  or 
values  that  can  be  given  to  the  letters  involved. 

Thus,  ic  + 1 = 6 

is  an  Equation  of  Condition,  the  only  number  which  x can 
represent  consistently  with  this  equation  being  5. 

It  is  of  such  equations  that  we  have  to  treat. 

109.  The  Root  of  an  Equation  is  that  number  which,  when 
put  in  the  jdace  of  the  unknown  quantity,  makes  both  sides  of 
the  equation  identical. 

110.  The  Solution  of  an  Equation  is  the  process  of  find- 
ing what  number  an  unknown  letter  must  stand  for  that  the 
equation  may  be  true  : in  other  words,  it  is  the  method  of 
finding  the  Root. 

The  letters  that  stand  for  unknown  numbers  are  usually 
X,  y,  z,  but  the  student  must  observe  that  any  letter  may 
stand  for  an  unknown  number. 

111.  A Simple  Equation  is  one  which  contains  the 
first  power  only  of  an  unknown  quantity.  This  is  also  called 
an  Equation  of  the  First  Degree, 
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112.  The  following  Axioms  form  the  groundwork  of  the 
solution  of  all  equations. 

Ax.  I.  If  equal  quantities  be  added  to  equal  quantities, 
the  sums  will  be  equal. 

Thus,  if  ft =6, 

ft  + c = 6 + c. 

Ax.  II.  If  equal  quantities  be  taken  from  equal  quantities, 
the  remainders  will  be  equal. 

Thus,  if 

x-z  — y-z. 

Ax.  III.  If  equal  quantities  be  multiplied  hj  equal  quan- 
tities, the  products  will  be  equal. 

Thus,  if  ft  = 6, 

ma=mh. 

Ax.  IV.  If  equal  quantities  be  divided  by  equal  quantities, 
the  quotients  will  be  equal. 

Thus,  if  xy  = xz, 

y=z. 

113.  On  Axioms^  I.  and  II.  is  founded  a process  of  great 

utility  in  the  solution  of  equations,  called  The  Transposition 
OP  Terms  from  one  side  of  the  equation  to  the  other,  wliicii 
may  be  thus  stated  : ^ 

“Any  term  of  an  equation  may  be  transferred  from  one  side 
of  the  equation  to  the  other  if  its  sign  be  changed.'’ 

For  let  x-a  = b. 

Then,  by  Ax.  I.,  if  we  add  a to  both  ^ddes,  the  sides  remain 
equal : 

therefore  ^ x-a  + a=^b  + a, 

that  is,  x—b  + a. 

Again,  let  x + c= d. 

Then,  by  Ax.  II.,  if  we  subtract  c iiom  e^/ch  side,  the  sides 
remain  equal : 

therefore  x + c-c  — d-c, 

that  is,  ^o=d-c, 
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114.  We  may  change  all  the  signs  of  each  side  equa- 
tion without  altering  the  equality.  \ 

Thus,  if  a-x  — h~c,  \ 

x-a  = c-b. 

115.  We  may  change  the  position  of  the  two  sides  of  the 
equation,  leaving  the  signs  unchanged. 

Thus  the  equation  a - b = x - c,  may  he  written  thus, 

X-  c = a-b. 


116.  We  may  now  proceed  to  our  fir.st  rule  for  the  solution 
Of' a Simple  Equation. 

Rule  I.  Transpose  the  known  terms  to  the  right  hand  side 
of  the  equation  and  the  unknown  terms  to  the  other,  and  com- 
hine  all  the  terms  on  each  side  as  far  as  possible. 

Then  divide  both  sides  of  the  equation  by  the  coefficient  of 
the  unknown  quantity. 

This  rule  we  shall  now  illustrate  by  examples,  in  which  x 
stands  for  the  unknown  quantity. 

Ex.  1.  To  solve  the  equation, 

5a:  - 6 = 3cc  + 2. 

Transposing  the  terms,  we  get 

5x-3x  = 2 + 6. 

Combining  like  terms,  we  get 

2x=8. 

Dividing  both  sides  of  this  equation  by  2,  we  get 
x = 4,  , 

and  the  value  of  x is  determined. 

Ex.  2.  To  solve  the  equation, 

7x  + 4 = 25x-32. 

Transposing  the  terms,  we  get 

7x-25x= -32-4. 

Combining  like  terms,  we  get 

-18x=-36. 

Changing  the  signs  on  each  side,  we  get 
18X-36. 

Dividing  both  sides  by  18,  we  get 

x = 2, 

jiiid  the  value  of  X is  determined, 
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Ex. 

is, 

or, 

therefore, 


To  solve  the  equation, 

2x  - 3cc  + 120  = 4x  - 6x  + 132. 
2x  - 3x  - 4x  + 6a;  = 132  - 12v^, 
8x-7x=12, 
x-12. 


Ex.  4. 

that  is, 

or, 

or, 

therefore. 


To  solve  the  equation, 

3x  + 5-8(13-x)  = 0, 
3x  + 5-104+8x-^0, 
3x  + 8x=104-r),  ^ 
llx-99, 
x=9. 


Ex.  5. 


that  is, 
or, 
or, 
or, 

therefore, 


To  solve  the  equation, 

6x  - 2 (4 - 3x)  = 7 - 3 (17  -x;', 
6x  - 8 + 6x=7  - 51  +3x, 
6x4-  6x  - 3x  = 7 - 51  4-  8, 
12x-3x=15-51, 


9x=  - 36, 
x=  - 4. 


Examples.— xxxii. 


1.  7x4-5  = 5x4-11. 

2.  12x4-7  = 8x4-15. 

3.  236x-t  425  = 97x4- 564. 

4.  5x-7  = 3x4-7. 

5.  12x-9  = 8x-l. 

6.  124x+19  = 112x  + 43. 

7.  18-2x=27-5x. 


9.  26-8x  = 80-14x. 

10.  133-3x  = x-83. 

11.  13  — 3x  =;  ox  — ' o. 

12.  127-f9x=12x+100. 

13.  15-5x  = 6-4x. 

14.  3x-22  = 7x-^6. 

15.  84-4x=12x-  16 


8.  125-7x=145-12x.  4- 16.  5x- (3x- 7)  = 4x  - (6x- 35). 

17.  6x-2(9-4x)4-3(5x-7)  = 10x-(4-|-16x)4-35. 

18.  9x-3(5x-6).4-30  = 0, 

19.  12x-5(9x-i-3)4-6(7-8x)-f  783  = 0. 

V 20.  X - 7(4x  - 11)  = 14(x- 5)  - 19(8  - x) 

21.  ('x4-7)(x-3)  = (x-5)(x-15). 
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22.  (o:-8)(a;+12)  = (cc+l)(a;-6). 

23.  (ic-2)(7  -cc)  + (x-5)(x  + 3)-2(a;-l)  + 12=0. 

^ 24.  (2ic  - 7)  (x  + 5)  = (9  - 2x)  (4  - a;)  + 229. 

25.  (7-6a:)(3-2a;)  = (4a;-3)(3a;-2). 

26.  14  - a:  - 5 (a:  - 3)(a;  + 2)  + (5  - x)  (4  - 5x)  = 45a:  - 76. 

27.  (a:  + 5)^-(4-a;)2  = 21a:. 

^ ■28.  5 (a:  - 2)2  + 7 (a:  - 3)2  = (3a:  - 7)(4x  - 19)  + 42. 

(3x-  17)2 + (4x- 25)2-  (5x-^  29)2  = 1, 

'1 ,30.  (x  + 5)(x-9)  + (x+10)(x-8)  = (2x  + 3)(x-7)-113. 

> 


VII.  PROBLEMS  LEADING  TO  SIMPLE 
EQUATIONS. 

117.  When  we  have  a question  to  resolve  hy  means  of 
Algebra,  we  represent  the  number  sought  by  an  unknown 
symbol,  and  then  consider  in  what  manner  the  conditions  of 
the  question  enable  us  to  assert  that  two  expressions  are  equal. 
Thus  we  obtain  an  equation,  and  by  resolving  it  we  determine 
the  value  of  the  number  sought. 

The  whole  difficulty  connected  with  the  solution  of  Alge- 
braical Problems  lies  in  the  determination  from  the  conditions 
of  the  question  of  two  different  expressions  having  the  same 
numerical  value. 

To  explain  this  let  us  take  the  following  Problem  : , 

Find  a number  such  that  if  15  be  added  to  it,  twice  the  sum 
will  be  equal  to  44. 

Let  X represent  the  number. 

Then  X+ 15  will  represent  the  number  increased  by  15, 
and  2(x  + 15)  will  represent  twice  the  sum. 

But  44  will  represent  twice  the  sum, 
therefore  2(x+15)=44. 

Hence  2x  + 30  = 44, 

that  is,  2x=14, 

or,  o:  = 7, 

and  therefore  the  number  sought  is  7. 
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118.  We  shall  now  give  a series  of  Easy  Problems,  in 
which  the  conditions  hy  which  an  equality  between  two  expres- 
sions can  be  asserted  may  be  readily  seen.  The  student  should 
be  thoroughly  familiar  with  the  Examples  in  set  xxviii,  the  use 
of  which  he  will  now  find. 

We  shall  insert  some  notes  to  explain  the  method  of  repre- 
senting quantities  by  algebraic  symbols  in  cases  where  some 
difl&culty  may  arise. 

Examples. — xxxiii. 

1.  To  the  double  of  a certain  number  I add  14  and  obtain 
as  a result  154.  What  is  the  number  ? 

2.  To  four  times  a certain  number  I add  16  and  obtain  as 
a result  188.  What  is  the  number  ? 

3.  By  adding  46  to  a certain  number  I obtain  as  a result  a 
number  three  times  as  large  as  the  original  number.  Find  the 
original  number. 

4.  One  number  is  three  times  as  large  as  another.  If  I 
take  the  smaller  from  16  and  the  greater  from  30,  the  remain- 
ders are  equal.  What  are  the  numbers  1 

5.  Divide  the  number  92  into  four  parts,  such  that  the  first 
is  greater  than  the  second  by  10,  greater  than  the  third  by  18, 
and  greater  than  the  fourth  by  24. 

6.  The  sum  of  two  numbers  is  20,  and  if  three  times  the 
smaller  number  be  added  to  five  times  the  greater,  the  sum  is 
84.  What  are  the  numbers  1 

7.  The  joint  ages  of  a father  and  his  son  are  80  years.  If 
the  age  of  the  son  were  doubled  he  would  be  10  years  older 
than  his  father.  What  is  the  age  of  each  1 

8.  A man  has  six  sons,  each  4 years  older  than  the  one 
next  to  him.  The  eldest  is  three  times  as  old  as  the  youngest. 
What  is  the  age  of  each  ? 

9.  Add  £24  to  a certain  sum,  and  the  amoiint  will  be  as 
much  above  .£80  as  the  sum  is  below  £80.  What  is  the  sum  ? 

10.  Thirty  yards  of  cloth  and  forty  yards  of  silk  together 
cost  £66,  and  the  silk  is  twice  as  valuable  as  the  cloth.  Find 
the  cost  of  a yard  of  each. 
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11.  Find  the  number,  the  double  of  which  being  added  to 
24  the  result  is  as  much  above  80  as  the  number  itself  is  below 
100. 

12.  The  sum  of  .£500  is  divided  between  A,  B,  G and  D. 
A and  B have  together  £280,  A and  G £260,  A and  D £220. 
How  much  does  each  receive  1 

13.  In  a company  of  266  persons,  composed  of  men,  women, 
and  children,  there  are  twice  as  many  men  as  there  are  women, 
and  twice  as  many  women  as  there  are  children.  How  many 
are  there  of  each  ? 

14.  Divide  £1520  between  A,  B and  G,  so  that  A has  £100 
less  than  B,  and  B £270  less  than  G.  . 

15.  Find  two  numbers,  differing  by  8,  such  that  four  time? 
the  less  may  exceed  twice  the  greater  by  10. 

16.  A and  B began  to  play  with  equal  sums.  A won  £5, 
and  then  three  times  H’s  money  was  equal  to  eleven  times  B’a 
money.  What  had  each  at  first  1 

17.  H is  -58  years  older  than  B,  and  H’s  age  is  as  much 
above  60  as  B’s  age  is  below  50.  Find  the  age  of  each. 

18.  .4  is  34  years  older  than  B,  and  A is  as  much  above  50 
as  B is  below  40.  Find  the  age  of  each. 

19.  A man  leaves  his  property,  amounting  to  £7500,  to  be 
divided  between  his  wife,  his  two  sons  and  his  three  daughters, 
as  follows  : a son  is  to  have  twice  as  much  as  a daughter,  and 
the  wife  £500  more  than  all  the  five,  children  together.  How 
much  did  each  get  ? 

20.  A vessel  containing  some  water  was  filled  up  by  pour- 
ing in  42  gallons,  and  there  was  then  in  the  vessel  7 times  as 
much  as  at  first.  How  many  gallons  did  the  vessel  hold  ] 

21.  Three  persons.  A,  B,  G,  have  £76.  B has  £10  more 
than  A,  and  G has  as  much  as  A and  B together.  How  much 
has  each  1 

22.  What  two  numbers  are  those  whose  difference  is  14, 
and  their  sum  48  ? 

<,  23.  A and  B play  at  cards.  A has  £72  and  B has  £sl 
when  they  begin.  When  they  cease  playing,  A has  three  times 
as  much  as  B.  How  much  did  A win  1 
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Note  I.  If  we  have  to  express  algebraically  two  parts  into 
which  a given  number,  suppose  50,  is  divided,  and  we  repre- 
sent one  of  the  parts  by  x,  the  other  will  be  represented  by 
50 -X. 

Ex.  Divide  50  into  two  such  parts  that  the  double  of  one 
part  may  be  three  times  as  great  as  the  other  part. 

Let  X represent  one  of  the  parts. 

Then  50  - a:  will  represent  the  other  part. 

Now  the  double  of  the  first  part  will  be  represented  by 
2x,  and  three  times  the  second  part  will  be  represented  by 
3 (50  - x). 

Hence  2x  = 3 (50  - x), 

or,  2x  = 150-3x, 

or,  5a:  =150; 

.*.  a:  = 30. 

Hence  the  parts  are  30  and  20. 

24.  Divide  84  into  two  such  parts  that  three  times  one  part 
may  be  equal  to  four  times- the  other. 

‘ 25.  Divide  90  into  two  such  parts  that  four  times  one  part 

may  be  equal  to  five  times  the  other. 

26.  Divide  60  into  two  such  parts  that  one  part  is  greater 
than  the  other  by  24. 

^27.  Divide  84  into  two  such  parts  that  one  part  is  less  than 
the  other  by  36. 

28.  Divide  20  into  two  such  parts  that  if  three  times  one 
part  be  added  to  five  times  the  other  part  the  sum  may  be  84. 

Note  II.  When  we  have  to  compare  the  ages  of  two  per- 
sons at  one  time  and  also  some  years  after  or  before,  we  must 
be  careful  to  remember  that  both  will  be  so  many  years  older 
or  younger. 

Thus  if  X be  the  age  of  A at  the  present  time,  and  2x  be 
the  age  of  B at  the  present  time,  * 

The  age  of  H 5 years  hence  will  be  a:  + 5, 
and  the  age  of  B .^years  hence  will  be  2x  + 5, 
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Ex.  ^ is  5 times  as  old  as  5,  and  5 years  hence  A will 
only  be  three  tin)es  as  old  as  B.  What  are  the  ages  of  A and 
B at  the  present  time  ? ^ 

Let  X represent  the  age  of  B.  ^ 

Then  5x  will  represent  the  age  of  A. 

Now  x + 5 will  represent  B's  age  5 years  hence, 
and  5x  + 5 will  represent  4’s  age  5 years  hence. 

Hence  5x  + 5 = 3(x  + 5),  . 

or  5x  + 5 = 3x  + 15, 

or  2x  = 10 ; ' i \ %■ 

x = 5. 

Hence  A is  25  and  5 is  5 years  old. 

\ 29.  A is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.  What  is  ^’s  age  1 

30.  A father  is  30  ; his  son  is  6 years  old.  In  how  many 
years  will  the  age  of  the  father  be  just  twice  that  of  the  son  ! 

31.  A is  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.  What  is  B’s  age  1 

32.  A is  three  times  as  old  as  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.  What  is  the  age  of  each  ? 

33.  A man  has  three  nephews.  'His  age  is  50,  and  the 
joint  ages  of  the  nephews  are  42.  How  long  will  it  be  before 
the  joint  ages  of  the  nephews  will  be  equal  to  the  age  of  the 
uncle  ] 

Note  III.  In  problems  involving  weights  and  measures, 
after  assuming  a symbol  to  represent  one  of  the  unknown 
quantities,  v'e  must  be  careful  to  express  the  other  quantities 
in  the  same  terms.  Thus,  if  x represent  a number  of  pence,  all 
the  sums  involved  in  the  problem  must  he  reduced  to  pence. 

Ex.  A sum  of  money  consists  of  fourpenny  pieces  and  six- 
pences, ajid  it  amounts  to  £1.  16s.  8d.  The  number  of  coins 
is  78.  -^ow  many  are  there  of  each  sort  ? 

[s.A.]  E 
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Let  X be  the  number  of  fourpenny  pieces. 
Then  Ax  is  their  value  in  pence. 

Also  78  — a;  is  the  number  of  sixpences. 

- And  6 (78  — £k)  is  their  value  m pence. 

Also  £1.  16s.  8d.  is  equivalent  to  440  pence. 

Hence  4x  + 6(78  — a:)  = 440, 

or  Ax  + 468  — 6x  = 440, 
which  we  find  x = 14. 


Hence  there  are  14  fourpenny  pieces, 
and  64  sixpences. 

34.  A bill  of  i£l00  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  were  used.  How  many 
of  each  were  paid  ? 

35.  A person  paid  a bill  of  £3.  14s.  with  shillings  and 
half-crowns,  and  gave  41  pieces  of  money  altogether.  How 
many  of  each  were  paid  ] 

36.  A man  has  a sum  of  money  amounting  to  .£11.  13s.  Ad., 
consisting  only  of  shillings  and  fourpenny  pieces.  He  has  in 
all  300  pieces  of  money.  How  many  has  he  of  each  sort  ? 

37.  A bill  of  £50  is  paid  with  sovereigns  and  moidores  of 
27  shillings  each,  and  3 more  sovereigns  than  moidores  are 
given.  How  manj^  of  each  are  used  ? 

38.  A sum  of  money  amounting  to  £42.  8s.  is  made  up  of 
shillings  and  half-crowns,  and  there  are  six  times  as  many 
half-crovms  as  there  are  shillings.  How  many  are  there  of 
each  sort  ? 

39.  I have  £5.  11s.  3d.  in  sovereigns,  shillings  and  pence. 
I have  twice  as  many  shillings  and  three  times  as  many  pence 
as  I have  sovereigns.  How  many  have  I of  each  sort  ? 


VIII.  ON  THE  METHOD  OF  FINDING 
THE  HIGHEST  COMMON  FACTOR. 


119,  An  expression  is  said  to  be  a Factor  of  another 
expression  M'beu  the  latter  is  divisible  by  the  former. 

Thus  3a  is  a factor  of  12a, 
bxy of  lbx^y\ 

120.  An  expression  is  said  to  be  a Gommon  Factor  of  two 
or  more  other  expressions,  when  each  of  the  latter  is  divisible 
by  the  former. 

Thus  3a  is  a common  factor  of  12a  and  15a, 


Zxy of  15a;2?/2  and  21xy, 

4z  of  8a,  12a^  and  16s^ 


121.  The  Highest  Gommon  Factor  of  two  or  more  expres- 
sions is  the  expression  of  highest  dimensions  by  which  each  of 
the  former  is  divisible. 

Thus  6a^  is  the  Highest  Common  Factor  of  12a2  and  18a^, 

bx^y of  lOx^^,  Ibx’^y^ 

and  25x^2/®. 

Note.  That  which  we  call  the  Highest  Common  Factor  is 
named  by  others  the  Greatest  Gommon  Measure  or  the  Highest 
Gommon  Divisor.  Our  reasons  for  rejecting  these  names  will 
be  given  at  the  end  of  the  chapter. 

122.  The  words  Highest  Common  Factor  are  abbreviated 
♦ thus,  H.C.F. 

123.  To  take  a simple  example  in  Arithmetic,  it  will 
readily  be  admitted  that  the  highest  number  which  will 
divide  12,  18,  and  30  is  6. 

Now,  12  = 2x3x2, 

18  = 2x3x3, 

30  = 2 X 3 X 5. 
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Having  thus  reduced  the  numhers  to  their  simplest  factors, 
it  appears  that  we  may  determine  the  Highest  Common  Factor 
in  the  following  way. 

Set  down  the  factors  of  one  of  the  numhers  in  any  order. 

Place  beneath  them  the  factors  of  the  second  number,  in 
such  order  that  factors  like  any  of  those  of  the  first  number  shall 
stand  under  those  factors. 

Do  the  same  for  the  third  number. 

Then  the  number  of  vertical  columns  in  which  the  numbers 
are  alike  will  be  the  number  of  factors  in  the  h.c.f.,  and  if 
we  multiply  the  figures  at  the  head  of  those  columns  together 
the  result  will  be  the  h.c.f.  required. 

Thus  in  the  example  given  above  two  vertical  columns  are 
alike,  and  therefore  there  are  two  factors  in  the  h.c.f. 


And  the  numbers  2 and  3 which  stand  at  the  heads  of 
those  columns  being  multiplied  together  will  give  the  h.c.f. 
of  12,  18,  and  30. 

124.  Ex.  1.  To  find  the  h.c.f.  of  aWx  and 


Ex.  2.  To  find  the  h.c.f.  of  Z^a’^W  and 


= 2 X 1 7 X eta  . hhhbhh . cccc, 
b\a%‘^c^  = 3 X 1 7 X aaa . hhbb  . cc ; 
h.c.f.  = I7aa6&66cc 
= l7aW. 


Examples.— xxxiv. 


aWx  = aaa  .bb  .x, 
aWx^  = aa  . bbb . xx ; 
h.c.f.  = aabbx 


= a%^x. 


Find  the  Highest  Common  Factor  of 


I.  a*b  and  aW. 


3.  14x^y^  and  24a^y. 

4.  4bm^n^p  and  QOm^np^. 


2.  x^yh  and  x^y^z^. 
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5.  18a6Vi  and  Z6a%c(P. 

6.  alW  and  a^h\ 

7.  4a6,  lOac  and  30&c. 


8.  17^92^  34^922  and  5129V- 

9.  8x^yh^,  I2x^y‘^z^  and  20x*yh‘^. 

10.  30xV>  90x2^3  and  ISOx^^^ 


125.  • The  student  mxist  be  urged  to  commit  to  memory  the 
following  Table  of  forms  which  can  or  cannot  be  resolved  into 
factors.  Where  a blank  occurs  after  the  sign  = it  signifies 
that  the  form  on  the  left  hand  cannot  be  resolved  into  simpler 
factors. 

x^-y^  = (x  + y){x-y) 


x2  — 1 =(x+  l)(x  — 1) 

X2+1  = 

x2  — l = (x-  I)(x2  + X+  1) 
x2  + 1 = (x  + 1)  (x2  — X + 1) 
X^  — 1 = (x2  + 1)  (x2  — 1) 

X^  + 1 = 

x2  + 2x+  1=(X+1)2 
x2-2x  + 1=(x-1)2 
x3  + 3x2  + 3x+1  = (x  + 1)3 


x^-y^  = (x-y){x^  + xy  + y^) 
x^  + y^  = (x  + y)  (x2  — xy  + y^) 
x"^  — y^  — (x2  + y^)  (x2  — y^) 
x^  + y^  = 

x2  + 2xy  + y^  = {x  + yY 
x2  — 2xy  + y‘^  = {x-  yY 
X2  + 3x2y  4-  3xy2  + ^3  _ yY 
x^  — Zx^y  + 3x9/2  _ ^3  _ ^3.  _ yY  ^3  _ 3jj2  4-  3x  — 1 = (x  — 1)3 

The  left-hand  side  of  the  table  gives  the  general  forms,  the 
right-hand  side  ihQ particular  cases  in  which  y=l. 

126.  Ex.  To  find  the  h.c.f.  of  x2-l,  x2- 2x4-1,  and 
x2  4-  2x  - 3. 

x2-1  = (x-1)<x4  1), 
x2  - 2x  4- 1 = (x  - 1)  (x  - 1), 
x2  4-  2x  — 3 = (x  — 1)  (x  4-  3), 

.'.  H.C.F.  =X— 1. 


Examples. — xxxv. 

1.  «2  _ 52  and  a^  — 4.  a^  4-  x^  and  {a  4-  x)2. 

2.  «2  _ J2  and  -h\  5 . 9x2  _ i and  (3x  4- 1)2. 

3.  a2_a;2  and  {a—x)\  6.  1 — 25«2  and  (1  — 5a)2. 

7.  x2  — y^,  (x  4-  yY  and  4-  Zxy  4-  2y\ 

8.  x2  — 9/2j  — 9/2  and  x2  — 7x9/  4-  09/2. 

>9.  x2— 1,  x2- 1 and  x2  4-x  — 2. 

j 10.  1 - a2^  1 4-  0,3  and  a2  4-  5ci  4-  4, 


METHOD  OF  FINDING  THE 


1 27.  In  large  numbers  the  factors  cannot  often  be  deter- 
mined by  inspection,  and  if  we  have  to  find  the  h.c.f.  of  two 
such  numbers  we  have  recourse  to  the  following  Arithmetical 
Kule  : 

“ Divide  the  greater  of  the  two  numbers  by  the  less,  and  the 
divisor  by  the  remainder,  repeating  the  process  until  no  rc 
mainder  is  left : the  last  divisor  is  the  h.c.f.  required.” 

Thus,  to  find  the  h.c.f.  of  689  and  1573. 

689;  1573(2 
1378 

; 689  (3 
585 

loi;  195(1 
104 

~~91)  104(1 
91 

is;  91  (7 
91 

13  is  the  H.AF.  of  689  and  1573. 


EXAMPLES.— XXXVi. 


Find 

I. 

the  H.C.F.  of 
6906  and  10359. 

4- 

126025  and  40115. 

2. 

1908  and  2736. 

5- 

1581227  and  16758766. 

3- 

49608  and  169416. 

6. 

35175  and  236845. 

128. 

The  Arithmetical  Rule 

is 

founded  on  the  following 

jperation  in  Algebra,  which  is  called  the  Proof  of  the  Rule  for 
finding  the  Highest  Common  Factor  of  two  expressions. 

Let  a and  b be  two  expressions,  arranged  according  to  de- 
scending powers  of  some  common  letter,  of  which  a is  not  of 
lower  dimensions  than  b. 

Let  b divide  a with  p as  quotient  and  remainder  c, 

c b 2 d, 

d c r with  no  remainder. 
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The  form  of  the  operation  may  he  shewn  thus  : 
bjai^p 
pb  • 

V)b{q 

gc 

d)  c{r 
rd 

Then  we  can  shew 

I.  That  d is  & common  factor  of  a and  b. 

II.  That  any  other  common  factor  of  a and  6 is  a factor  of 
d,  and  that  therefore  d is  the  Highest  Common  Factor 
of  a and  b.  ^ 

For  (I.)  to  shew  that  d is  a fac^tor  of  a and  b ; 
b — qc  + d 
= qrd  + d 

= {qr  + 1 ) d,  and  d is  a factor  of  b ; 

and  a =pb  + c 

=p  {qc  + d)  + c 
= pqc+pd  + c 
—pqrd+pd  + rd 

= {pqr  +p  + r)d,  and  d is  a factor  of  a. 

And  (II.)  to  shew  that  any  common  factor  of  a and  & is  a 
factor  of  d. 

Let  5 be  any  common  factor  of  a and  b,  such  that 
a = mSand&  = nS. 

Then  we  can  shew  that  S is  a factor  of  d. 

For  d=^b-qc 

= b-q(a-pb) 

= b-qa+pqh 
= nS-  qmS  +pqnB 

= {n-qm  ^-pqn)  S,  and  .‘.  5 is  a factor  of  d. 

Now  no  expression  higher  than  d can  be  a factor  of  d ; 
d is  the  Highest  Common  Factor  of  a and  b. 
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METHOD  OF  FINDING  THE 


1 29.  Ex.  To  find  the  h.c.f.  of  x^  + ^x+l  and 

a;3  + 2a;2  + 2x  + l. 

x^  + 2x+l)  x^  + 2x^  + 2a:  -t- 1 ( a; 
x^  + 2x^  + x 

x-\-l)  x^-\-2x+l(^x+  \ ^ 
x^  + x 
x+1 
x+l 

Hence  a:+ 1 being  the  last  divisor  is  the  h.c.f.  required. 

130.  Tn  the  algebraical  process  four  devices  are  frequently 
useful.  These  we  shall  now  sta#,  and  exemplify  each  in  the 
next  Article. 

I.  If  the  sign  of  the  first  term  of  a remainder  be  negative, 
we  may  change  the  signs  of  all  the  terms. 

II.  If  a remainder  contain  a factor  which  is  clearly  not  a 
common  factor  of  the  given  expressions  it  may  be 
removed. 

III.  We  may  multiply  or  divide  either  of  the  given  expres- 

sions by  any  number  which  does  not  introduce  or 
remove  a common  factor. 

IV.  If  the  given  expressions  have  a common  factor  which 

can  be  seen  by  inspection,  we  may  remove  it  from 
both,  and  find  the  Highest  Common  Factor  of  the 
parts  which  remain.  If  we  multiply  this  result  by 
the  ejected  factor,  we  shall  obtain  the  Highest  Com- 
mon Factor  of  the  given  expressions. 

131.  Ex.  la  To  find  the  h.c.f.  of  2x^-0;-  1 and 

6x^  - 4x  — 2. 

2x2-a:-i;  6x2-4x-2(3 
6x2-3x-3 


- x+l 
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Ciiange  the  signs  of  the  remainder,  and  it  becomes  cc  — 1. 

(2a;4-l 

2x2  _ 2x 
' X— 1 

X-  1 


The  H.c.F.  required  is  x — 1. 

Ex.  II.  To  find  the  H.c.F.  of  x2  + 3x  + 2 and  x2  + 5x  + 6. 


x2  + 3x  + 2^  x2  + 5x  + 6 (1 
x2  + 3x  + 2 


2x  + 4 


Divide  the  remainder  by  2,  and  it  becomes  x + 2. 
x + 2)x2  + 3x  + 2(x  + l 
x2  + 2x 


x + 2 
x + 2 


The  H.c.F.  required  is  x+2. 


Ex.  III.  To  find  the  H.c.F.  of  12x2  + X— 1 and  15aj2+ 8x+l. 
Multiply  15x2  + 8x  + 1 

hy  

12x2  + X - 1)  60x2  ^ 22x  + 4 (5 
60x2  ^ 5a;  - 5 
27x  + 9 


Divide  the  remainder  by  9,  and  the  result  is  3x+ 1. 
3x  + 1^  12x2  + X — 1 (4x  — 1 
12x2  + 4x 

-3x-l 


The  H.c.F.  is  therefore  3x  + l. 


Ex.  IV,  To  find  the  h.c.f.  of  x®-  5x2  + and 

x3-10x2  + 21x. 

Eemove  and  reserve  the  factor  x,  which  is  common  to  both 
expressions. 
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Then  we  have  remaining  — 5x  + 6 and  y?  — lOx  + 21. 
The  H.c.F.  of  these  expressions  is  a;  — 3. 

The  H.c.F.  of  the  original  expressions  is  therefore  — 3a:, 

Examples.— xxxvii. 

Find  the  H.c.F.  of  the  following  expressions  ; 

1.  a;2  + 7a:  + 12  and  a:^  + 9x  + 20. 

2.  a;2  + 12a:  + 20  and  a:^  + 14a:  + 40. 

3.  l7a;  + 70  and  13x  + 42. 

4.  x^  + 5x  — 84  and  x2  + 21x+ 108. 

5.  x^  + X — 12  and  x^  — 2x— 3. 

6.  x2  + 5xy  + 6'i/  and  + 6xy  + 9y‘^. 

7.  x^  — 6xy  + Sy“^  and  x^  — 8xy  + I6y\ 

8.  x^  — 13xy  — 30y^  and  x^  — I8xy  + 45^^. 

9.  x^  — y^  and  x^  — 2xy  + y\ 

^o.  x^  + y^  and  x^  + 3x^y  + Zxy'^  + y^. 

II.  x'^  — y^  and  x^  — 2xy  + y“^. 

Q 2.  x^  + y^  and  x^  + y^. 

13.  x'^  — y‘^  and  x^  + 2xy  -f-  y^. 

14.  a^  — b^  + 2hc  — and  o.^  + 2ab  + b^  — 2ac  — 2bc  + c^. 

(15.  12x2  + 7x|/  + y^  and  28x^  + Zxy  - y^. 

1 6.  6x2  j^^y_y2  30^2  _ 22xij  + ZyK 

1 7.  15x2  _ Q.jf.y  ^ y2  4Q3.2  _ 2xy  — y\ 

flS.  X®  — 5x2  + 5x2  — 1 and  x^  + x^  — 4x2  + x + 1. 

19.  x^  + 4x2  + 16  and  x®  + x^  — 2x^  + 17x2  — lOx  + 20. 

20.  x^  + x2y2  + yi  and  x^  + 2x^y  + Zx'^y^  + 2xy^  + y\ 

^21.  x®-6x*  + 9x2-4  and  x®  + x5-2x^  + 3x2-x-2. 
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22.  Iba*  + lOa^b  + + 6ab^  — 2b“^  and  6a^  + 19a^6  + 8ab^  — 5b^. 

23.  15x^  — 14x^y  + 24xy^  — ly^  and  27x^  + ZZxhj  — 20xy^  + 

^4.  21a;2  — 82xy  — 27a;  + 22t/^  + 99i,'  and  12x^  — 8hxy  — 6x 
^ -33w2  + 22y. 

25.  3a^  — 12a^  — a%  + lOab  — 26^  and  6a®  — I7a®6  + 8a&®  — 6®. 

26.  18a®  — 18a®x  + 6ax®  — 6x®  and  60a®  — 75ax  + 15x®. 

21x®  - 26x®  + 8x  and  6x®  — x — 2. 

28,  6x*  + 29a®x®  + 9a^  and  3x®  — 15ax®  + a®x  — 5a®. 

(29.  X®  + x®^®  + x®y  + y®  and  x*  — y\ 

30.  2x®  + lOx®  + 14x  + 6 and  x®  + x®  + 7x  + 39. 

3 1 . 45«,®x  + 3a®x®  — 9ax®  + 6x^  and  18a®x  — 8x®. 

132.  It  is  sometimes  easier  to  find  the  h.c.f.  by  reversing 
the  order  in  which  the  expressions  are  given. 

Thus  to  find  the  h.c.f.  of  21x®  + 38x  + 5 and  129x®  + 221x  + 10 
the  easier  course  is  to  reverse  the  expressions,  so  that  they 
stand  thus,  5 + 38x  + 21x®  and'  10  + 221x+ 129x®,  and  then  to 
proceed  by  the  ordinary  process.  The  h.c.f.  is  3x  + 5.  Other 
examples  are 

(1)  187x®  - 84x®  + 31x  - 6 and  253x®  - 14x®  + 29x  - 12, 

(2)  371y®  + 26?/2  - 50i/  + 3 and  469?/®  + 75?/®  - I03y  - 21, 
of  which  the  h.c.f.  are  respectively  llx  — 3 and  7y  + 3. 

133.  If  the  Highest  Common  Factor  of  t^ee  expressions 
a,  b,  c be  required,  find  first  the  h.c.f.  of  a and  b.  If  d be  the 
H.C.F.  of  a and  b,  then  the  h.c.f,  of  d and  c will  be  the  h.c.f. 
of  a,  b,  c. 

134.  Ex.  To  find  the  H.C.F.  of 

X®  + 7x®  — X — 7,  X®  + 5x®  — X — 5,  and  x®  — 2x  + 1. 

The^  H.C.F,  of  X®  + 7x®  — X — 7 and  x®  + 5x®  — x — 5 will  be  found 
to  be  X®  — 1. 

The  H.C.F.  of  X®  — 1 and  x®  — 2x  + l will  be  found  to  be 
x-1. 

Hence  x~  1 is  the  h.C-f.  of  the  three  expressions. 
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FRACTIONS. 


Examples.— xxxviii. 


Find  the  Highest  Common  Factor  of 


x^  + 5x  + 6,  x^  + 7x+ 10,  and  x^  + V2x-r  20- 
+ Ax^  — 5,x^  — 2x  + 2,  and  x^  + 4x^  — 8x  + 3. 

2cc^  + a:  — 1,  x^  + bx  + 4,  and  x^  + 1. 

— 1/+  Ij  3?/2  — 2^  — 1,  and  — y^  Ay  — 1. 
x^  - Ax^  + 9x  - 10,  x^  + 2a;2  - 3x  + 20,  and 

x^  + 5x^  — Ox  + 5. 

x^  — 7x^  + 16x  — 12,  3x^  — 14x^  + 16x,  aud 

5x3- 10x2  + 7® -14. 


y^  - 5^2  ^ iiy  ^ yZ ^ y2 ^ 2y  + 5,  ana 

2'^3_  7^2^  20^-15. 


Note,  We  use  the  name  Highest  Common  . actoi  vti\n,ead 
of  Greatest  Common  Measure  or  Highest  Common  Divisor  for  the 
following  reasons  : 


(1)  We  have  used  the  word  Measure  " in  jas-B,  ' '■  a 
different  sense,  that  is,  to  denote  the  number  of  ti^SS^a^Sny 
quantity  contains  the  unit  of  measurement 

(2)  Divisor  does  not  necessarily  imply  a quantity  wfiich 
is  contained  in  another  an  exact  number  of  times.  'I'hus  in 
performing  the  operation  of  dividing  333  by  13,  we  call  13 
divisor,  but  #e  do  not  mean  that  333  contains  13  an  exact 
number  of  times. 


IX.  FRACTION 

135.  A QUANTITY  a is  called  an  Exact  Pivisok  oi  a quan- 
tity h,  when  h contains  a an  exact  number  of  limes. 

A quantity  a is>called  a Multiple  of  a quaniny  o,  vmcn  a 
contains  h an  exact  number  of  times. 
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136.  HitnarJ-o  we  have  treated  of  quantities  wliich  contain 
the  unit  of  »i^fi.G;ureiuent  in  each  case  an  exact  numher  of 
times. 

AVe  have  now  to  treat  of  quantities  which  contain  some  exact 
divisor  of  a primary  unit  an  exact  number  of  times. 

137.  We  must  first  explain  what  we  mean  by  a primary 
unit. 

We  said  in  Art.  33  that  to  measure  any  quantity  we  take  a 
known  standard  or  unit  of  the  same  kind.  Our  choice  , as  to 
the  quantity  to  be  taken  as  the  unit  is  at  first  unrestricted,  but 
when  once  made  we  must  adhere  to  it,  or  at  least  we  must 
give  distinct  notice  of  any  change  which  we  make  with  respect 
to  it.  To  such  a unit  we  give  the  name  of  Primary  Unit. 

138.  Next,  to  explain  what  we  mean  by  an  exact  divisor  of 
a primary  unit. 

Keeping  our  Primary  Unit  as  our  main  standard  of  mea- 
surement, we  may  conceive  it  to  be  divided  into  a number  of 
parts  of  equal  magnitude,  any  one  of  which  we  may  take  as  a 
Subordinate  Unit. 

Thus  we  may  take  a pound  as  the  unit  by  which  we  mea- 
sure sums  of  money,  and  retaining  this  steadily  as  the  primary 
unit,  we  may  still  conceive  it  to  be  subdivided  into  20  equal 
parts.  AVe  call  each  of  the  subordinate  units  in  this  case  a 
shilling,  and  ’vve  say  that  one  of  these  equal  subordinate  units  is 
one-twentieth  part  of  the  primary  unit,  that  is,  of  a pound. 

These  subordinate  units,  then,  are  exact  divisors  of  the 
primary  unit. 

139.  Keeping  the  primary  unit  still  clearly  in  view,  we 
represent  one  of  the  subordinate  units  by  the  following  nota- 
tion. 

AVe  agree  to  represent  the  words  one-third,  one-fifth,  and 
one-twentieth  by  the  symbols  and  we  say  that  if 

the  Primary  Unit  be  divided  into  three  equal  parts,  ^ will 

3 

represent  one  of  these  parts. 
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If  we  have  to  represent  two  of  these  subordinate  units,  we 
2 3 

do  so  by  the  symbol  ^ ; if  three.,  by  the  symbol  - ; if  four,  by 

o 

4 

the  symbol  and  so  on.  And,  generally,  if  the  Primary  Unit 
be  divided  into  b equal  parts,  we  represent  a of  those  parts  by 
the  symbol 


140.  The  symbcl  ^ we  call  the  Fraction  Symbol,  or,  more 

briefly,  a Fraction.  The  number  below  the  line  is  called  the 
Denominator,  because  it  denominates  the  number  of  equal 
parts  into  wliich  the  Primary  Unit  is  divided.  The  number 
above  the  line  is  called  the  Numerator,  because  it  enumerates 
how  many  of  these  equal  parts,  or  Subordinate  Units,  are 
taken. 

141.  The  term  number  may  be  correctly  applied  to  Frac- 
tions, since  they  are  measured  by  units,  but  we  must  be 
careful  to  observe  the  following  distinction  : 

An  Integer  or  Whole  Number  is  a multiple  of  the  Primary 
Unit. 

A Fractional  Number  is  a multiple  of  the  Subordinate 
Unit. 


142.  The  Denominator  of  a Fraction  shews  what  multiple 
the  Primary  Unit  is  of  the  Subordinate  Unit. 

The  Numerator  of  a Fraction  shews  what  multiple  the 
Fraction  is  of  the  Subordinate  Unit. 


143.  The  Numerator  and  Denominator  of  a fraction  are 
called  the  Terms  of  the  Fraction, 

144.  Having  thus  explained  the  nature  of  Fractions,  we 
next  proceed  to  treat  of  the  operations  to  which  they  are  sub- 
jected in  Algebra. 

145.  Dee.  If  the  quantity  x be  divided  into  b equal  parts, 
and  a of  those  parts  be  taken,  the  result  is  said  to  be  the 

fraction  ^ of  x. 
b 

If  X be  the  unit,  this  is  called  the  fraction 
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146.  If  the  unit  he  divided  into  h equal  parts, 

^ will  represent  one  of  the  parts. 

r two 

0 

T three  

0 

And  generally, 

^ will  represent  a of  the  parts. 

147.  Next  let  us  suppose  that  each  of  the  h parts  is  sub- 
divided into  c equal  parts  : then  the  unit  has  been  divided 
into  he  equal  parts,  and 

will  represent  one  of  the  subdivisions. 

2 

-j—  two.. • 

be 

And  generally, 
a 

-T-  

be 

148.  To  shew  that 

Let  the  unit  be  divided  into  b equal  parts. 

Then  ^ will  represent  a of  these  parts (1). 

Next  let  each  of  the  b parts  be  subdivided  into  c equal 
parts. 

Then  the  primary  unit  has  been  divided  into  be  equal  parts, 
and  ~ will  represent  ae  of  these  subdivisions (2). 

Now  one  of  the  parts  in  (1)  is  equal  to  c of  ttie  subdivisions 
in  (2), 

a parts  are  equal  to  ae  subdivisions  ; 

, a _ae 
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FRACTIONS. 


Cor.  We  draw  frora  tliis  proof  two  inferences  : 

I.  If  the  numerator  and  denominator  of  a fraction  be 
multiplied  by  the  same  number,  the  value  of  the  frac- 
tion is  not  altered. 

II.  If  the  numerator  and  denominator  of  a fraction  be 
divided  by  the  same  number,  the  value  of  the  fraction 
is  not  altered. 

149.  To  make  the  important  Theorem  established  in  the 
preceding  Article  more  clear,  we  shall  give  the  following  proof 
4 16 

that  g = taking  a straight  line  as  the  unit  of  length. 


A E D F B C 

Let  the  line  A (7  be  divided  into  5 equal  parts. 

ft 

Then,  if  B be  the  point  of  division  nearest  to  G, 

AB  is  I of  AG.  (1). 

Next,  let  each  of  the  parts  be  subdivided  into  4 equal  parts. 

Then  AG  contains  20  of  these  subdivisions, 
and  AB  16  

(2). 

Comparing  (1)  and  (2),  we  conclude  that 
4^^ 

5 20’ 

150.  From  the  Theorem  established  in  Art.  148  we  derive 
the  following  rule  for  reducing  a fraction  to  its  lowest  terms  : 

Find  the  Highest  Gammon  Factor  of  the  numerator  and  denomi- 
nator and  divide  both  by . it.  The  resulting  fraction  'will  be 
one  equivalent  to  the  original  fraction  expressed  in  the  simplest 
terms. 


FRACTIONS. 


8r 


151,  When  the  miinerator  and  denominator  each  consist  of 
a single  term  the  h.c.f.  may  he  determined  by  inspection,  or 
we  may  proceed  as  in  the  following  Example : 

To  reduce  the  fraction  to  its  lowest  terms, 

10a^6V_2  X 5 X aaahbcccc 
12a^bh‘^~  2x6xaabbbcc’ 

We  may  then  remove  factors  common  to  the  numerator  and 

denominator,  and  we  shall  have  remaining  • 

® 6x6 

the  required  result  will  he 


152.  Two  cases  are  especially  to  he  noticed. 

(1)  If  every  one  of  the  factors  of  the  numerator  he  removed, 
the  number  1 (being  always  a factor  of  every  algebraical 
expression)  will  still  remain  to  form  a numerator. 

_ 3aac  _ 1 
12a^c^  3 X 4 X aaacc~  4(xc‘ 


(2)  If  every  one  of  the  factors  of  the  denominator  be  removed, 
the  result  will  be  a whole  number. 


Thus 


12aV  _ 3 X 4 X aaacc 
2ah  3 X aac 


This  is,  in  fact,  a case  of  exact  division,  such  as  we  have 
explained  in  Art.  74. 

Examples. — xxxix. 

Reduce  to  equivalent  fractions  in  their  simplest  terms  the 
following  fractions : 


4a2 

2. 

8a;3 

10a%^ 

12a3' 

36x2* 

24aW 

18x®y%^ 

5- 

^ 4axy 
3abc‘ 

45x^2/V’ 

~21aW’ 

51ayh 

8. 

15a¥c^ 

Sx^yh^ 

34aV2* 

[S.A.] 


F 
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10. 

13- 

16. 

19. 


23- 


2l0m^n^p 
42m^'nlp^' 

3xy^  — bx^yz 
4a^x  + 6a^y 
8x2  — 18^^ ' 

3x“*  + 3x2^2 
bx*  + bx'^y^' 
lOx  - lOy 
4x^  — 8xy  + 4y^ 
ax  + by 

7a^x^-7b‘Y' 

Qab  + 8cd 
27d^b‘^x  - 48c^(ZV 
xy  - xijz 
2az  - 2az^' 


14m^x 


II. 

d^  + ab’ 

12. 

21m2p  - 7mx‘ 

14. 

4ax  + 2x2 

IS- 

ay + if 

8ax^  — i 

2x2’ 

abc + bey 

12a62  - 

6ab 

c2  — 4»2 

17. 

8b-c  - 

2c 

IS. 

c2  + 4ac  + 4a2 

24. 

25. 

26. 

27. 

28. 


7ab^x^  - 7abY 
14a%cx^  - 14a^bcy‘^' 
bx^  + 4bdx^ 
lOcx^  + 90cdx^’ 
lOcd-  + 20ab  + 106^ 
ba^  + bd^b 
4x^  - 8xy  + 4\f 
48  (x-yf 
8mx  + bnx^ 

3my  + bnxy 


153.  We  shall  now  give  a set  of  Examples,  some  of  which 
may  he  worked  by  Resolution  into  Factors.  In  others  the 
H.c.F.  of  the  numerator  and  denominator  must  he  found  hy 
the  usual  process.  As  an  example  of  the  latter  sort  let  us 
take  the  following : 

j^3 1 Ox 14 

To  reduce  the  fraction  ^3 — — 38^^21  lowest  terms. 

Proceeding  by  the  usual  rule  for  finding  the  H.c.F.  of  the 
numerator  and  denominator  we  find  it  to  be  x - 7. 

Now  if  we  divide  x^  — 4x^— 19x  — 14  hy  x-7,  the  result  is 
x^  + 3x  + 2,  and  if  we  divide  2x^  — 9x^  — 38x + 21  hyx  — 7,  the 
result  is  2x^  + 5x  — 3. 

.2, 


Hence  the  fraction 


x^  + 3x  + 2 


is  equivalent  to  the  proposed 


fraction  and  is  in  its  lowest  terms. 


«2+  7a  + 10 
+ 5a  + 6 ’ 


Examples.— xl. 

x^  - 9x  + 20 
x2-7^-Ti2* 


x2-2x-3 
x2-10x  + 21’ 
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x^—18xy  + 45y^ 
x^  — 8xy  — 105t/2‘ 

x^  — 4x^  + 9x-  10 
x^  + 2x^  - 3x  + 20' 
x^-5x^  + llx  — 15^ 
x^  - x^  + 3x  + 5 
x3-  8x2  + 21x-18 
3x^— lC)X^  + 21x  * 
x3-7x2+16x-12 


x^  + x^  + 1 - X®  + 2a^y^  + y^ 

x^  + x + l*  ’ x^-y^ 

+ 3m^  — 4m 


13- 


31- 


25. 

"N, 

26. 

27. 

28. 

29. 

30- 

31- 

32. 


3x^-14x2+16x 
x^  + xhj  + xy^  - y‘^ 
x'^  — x^y  — xy^  — y'^' 

4-  4a^  - 5 
— 3a.  + 2 ■ 

P + 4b“^  - 5b 

'P^^WT'5'' 

3x^  + 2x  — 1 
x^  + x^  — X—  i’ 


'14. 

IS- 

>' 

16. 

17. 

18. 

19. 


— 7m  + 6 
+ 1 

+ 2a''^  + 2a  + 1’ 
3«x^  — 13ax+  14a 
7x^-17x'^  + 6x 
14x^- 34x4-12 
9ax^  — 39ax  4-  42a' 
10a-24a^4-14a^ 

15  — 24a  4-  Sa^  + 6a®’ 

2a6®  4-  ab'-  — 8ab  + 5a 
76®-126‘®-f5&  ■ 

a®-3a2  4-3a-2 


‘ 7-  4 a®  4-  6a  - 4' 


a®  — a — 20 


a®  -h  a - 12 
(x 4-  y 4- z)‘^  + (g - yY 4-  (x-g)®4-  (y- x) ® 
X®  4-  2/®  4-  2;® 


23- 


X®  - 3x®  4-  4x  — 2 
'x®-x®-2x4-2' 


2x*  — X®  - 9x®  4-  13x  — 

15a®  4- a6  — 26® 

7x®-19x®4-17x-5 

f' 

9a®4-3a6-26®' 

16x4-53x2  + 45x  + 6 

34- 

X®  - 7x  4- 10 

8x'‘-30x®4-31x®-12' 

2x®  - X - 6 ’ 

4x®  - 12ax  4-  9a® 

35- 

X®  4-  3x®  4-  4x  4- 12 

“ 8x®-27a®“  ’ 

X®  4-  4x®  4-  4x  4-  3 ’ 

6x®  - 23x®  4-  16x  - 3 

^36. 

X*  - X®  - 2x  4-  2 

6x®-  17x®4-  llx-2' 

2x®  - X - 1 

x®-6x®-f  llx-6 

37- 

x®-2x®-  15x4-  36 

X®  - 2x®  - X 4-  2 ‘ 

3x®-4x-15  ■ 

TO®  4-  TO.®  4-  m — 3 

38. 

3x®4-x®-5x  -1-21 

TO®  4-  3to®  4-  5m  4-  3' 

6x®4-29x®4-26x-21' 

X®  4-  5x^  — X®  — 5x 

39- 

x^  — X®  - 4x®  — X 4- 1 

x'l  4-  3x®  - X - 3 ■ 

4x®  — 3x®  — 8x  — 1 ■ 

^2  _ 52  _ 2bc  — c® 

40. 

a®-7a®-f  16a- 12 

d®  4-  2a6  4-  6®  - Q®‘ 

3a®  - 14a®  4-  I6a 
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154.  The  fraction  ^ is  sard  to  be  a proper  fraction,  when  a 
is  less  than  h. 

The  fraction  ^ is  said  to  be  an  improper  fraction,  when  a is 
greater  than  h. 

155.  A whole  number  x may  be  written  as  a fractional 
number  by  writing  1 beneath  it  as  a denominator,  thus 


156. 

To  prove  that  r ®f  t 
^ b d bd 

Divide  the  unit  into  bd  parts. 

Then 

a o c a p be 

(Art.  148) 

= ~ of  be  of  these  parts 

(Art.  147) 

of  6c  of  these  parts 

(Art.  148) 

= ac  of  these  parts 

(Art.  147). 

But 

~ — ac  of  these  parts; 

'•h  d~U' 


This  is  an  important  Theorem,  for  from  it  is  derived  the 
Eule  for  what  is  called  Multiplication  op  Fractions.  We 

extend  the  meaning  of  the  sign  x and  define  ~x|  (which 
according  to  our  definition  in  Art.  36  has  no  meaning)  to  mean 
^ of  and  Ave  conclude  that  which  in  words  gives 

us  this  rule — “ Take  the  product  of  the  numerators  to  form 
the  numerator  of  the  resulting  fraction,  and  the  product  of  the 
denominators  to  form  the  denominator.” 

The  same  rule  holds  good  for  the  multiplication  of  three  or 
more  fractions, 


FRACTIONS. 
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157.  To  shew  that 


a ^ c ad 
b ’ d be’ 


The  quotient,  x,  of  | divided  by  ^ is  such  a number  that 


multiplied  by  the  divisor  ^ will  give  as  a result  the  dividend  ^ 


xc  _a 
’’~d~b’ 

d xc  d . a 

• • “ of  ^ = - of  r; 
c d c b 

xcd  _ad  ^ 

” cd  be  ’ 
ad 

’ ^=Te’ 

Hence  we  obtain  a rule  for  what  is  called  Division  of 
Fractions. 

a c ad 


a . c _a  a 
b^d^b^c’ 


Hence  we  reduce  the  process  of  division  to  that  of  multipli- 
cation by  inverting  the  divisor. 

158.  The  following  are  examples  of  the  Multiplication  and 
Division  of  Fractions. 

2x  „ 2x  3a  6ax  2x 

3x  _3aj  . 3a_3a;  1 _ 3x  x 

4a^  3c  _3  X 4 X a^c_2a 
9c2  ^ 2a  2 X 9 X ac^ ~ 3c' 

14a;2  ^ lx _lAx^  9y_9  x 14  x x^y  2x 
^“7  X 27  x xy^^^’ 

2a  9b  5c  _ 2a  X 9b  X 5c  3 
36  ^ 10c  ^ 4a  ^6  X 10c  x 4a  4* 


5- 
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, a;2  — 4a:  + 7a:_  a:(a;  — 4)  _ x(x  + 7) 

x^  + 7x^^  X — 4 x^(x  + 7)^  X — 4 

_x(x  — 4)x(x  + 7)_ 
x2(x  + 7)(x-4)  ~ 

4(a2_a6)_  a^-W  a2  + a& 
a2  + 2a6  + 62  ■ a2  + a&  ~«2^  2a&  + 62  ^ 4(a2_a&) 
_(a  + 6)(a  — 6)  a (a + 6) 

(a  + 6)(a  + 6)  ^4a(a-6) 

_ (a  + 6J(a  — 6) a(a  + 6)  _ 1 
(a  + 6^  (a  + h)Aa  (a  — h)  4' 


Examples.— xli. 


Simplify  the  following  expressions  : 

3x  7x  3a  26  4x2  33, 

4t/  ^ 9t/'  46  ^ 3a'  9y'^  ^ 2y‘ 


8a26®  15x^2  9x2j^22j  '20a%'^c  ^ 2a  46  5c 

45x2^  ^ 24a®62‘  10a262c  ^ 18x^2^'  ' 56  ^ 3c  ^ 6a' 

3x2y  5j/2^  12x2!  „ 7a®6'^  20c2f?2  4^5^ 

4x2;2  ^ 6x^  ^ 20xy^'  > ’ 5c2#  ^ 42a‘^6^  ^ 3bd’ 


9mhi^  5p2g  24x2^2 

9-  ^ 2x7/  ^ 90m7i’ 


25¥m^  70?^2g  3pm 

14j^2g2  ^ 752>‘%  ^ 4^777 


Examples. — xlii. 


Reduce  to  simple  fractions  i 
a-h  g2  - 62 
a2  + a6^a2-a6' 
x2  + 4x  4x2  - 12x 
x2-3x  ^ ^^lYx 


their  lowest  terms : 

x2  + x-2  x2-13x  + 42 
x2  - 7x  ^ x2  + 2x 
x2-llx  + 30  x2-3x 
x2  — 6x  + 9 ^x2  — 5x' 


3- 


x2  + 3x  + 2 x2_7a;  + i2  ^ x2-4  x2_25 

x2  - 5x  + 6 x2  + x ' ■ x2  + 5x  x2+2x' 

g2  - 4a  + 3 g2  - 9a  + 20  - 7a 

' ft2_ 4 ^ c^2_  10,3^^21  ^ g2- 5a' 


„ 62-76  + 6 62  + 106  + 24  6^-862 

^ F+sF^^""  62 -146 + 48''  62  + 66* 
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<3?  - xxj-  2y^  - xy 

x^  - 3xy  + 2y^  ^ x^  + xy  ^ (x  - yy' 

(a  + ly  - - (a  - by 

a‘^-{b-c)'^^  c^-(a  + by‘ 

(x  - my  — xi^  x^  -(n-  my 
(x  - ny  - m^  x^  - (m  - xiY 

{a+by-{c  + dy  {a-by-{d-cy 

^ ^ (a  + c)“  - (6  + d)'^  ^ {a  ~ c)“  -{d-  by' 

^ o;2  — 2xy  + y^  -z^  x + y-z 

' x^  + 2xy  + y“^  -z^^  x-y  + z 

Examples.— xliii. 

Simplify  the  following  expressions  : 


2a  , 

, 3b 

2 • 

, . 

2x^ 

X 

' 5c' 

14z  ■ 

7z' 

15a63  • 

~30ab^' 

4a  , 

r3ab. 

5.  ^ 

2p 

/ 

6.  1-^. 

x^x  ' 

^ 2p-i 

i ' p~r 

5x 

5x  . 

I_2.  8. 

1 

1 

n 

1 

1 

- 3x  + 2 ' X 

- r 

x^ 

-17X  + 30  ' 

x-15' 

158. 

We  are 

now  able  to 

justify  the 

use  of  the  Fraction 

Symbol  as  one  of  the  Division  Symbols  in  Art.  73,  that  is, 
we  can  shew  that  | is  a proper  representation  of  the  quotient 
resulting  from  the  division  of  a by  6. 

For  let  X be  this  quotient. 

Then,  by  the  definition  of  a quotient.  Art.  72, 
bxx  = a. 

But,  from  the  nature  of  fractions, 
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159.  Here  we  may  state  an  important  'ineorem,  wliicH  we 
shall  require  in  the  next  chapter. 


X.  THE  LOWEST  COMMON  u/ruLTIPLE. 

160.  An  expression  is  a Common  Multii-ue  of  two  or 
more  other  expressions  when  the  former  is  exact4y  divisible  by 
each  of  the  latter. 

Thus  24x^  is  a common  multiple  of  6,  8x^  and  12x®. 

161.  The  Lowest  Common  Multiple  of  two  or  more 
expressions  is  the  expression  of  lowest  dimewlons  which  is 
exactly  divisible  by  each  of  them. 

Thus  18x^  is  the  Lowest  Common  ivxaicipie  of  6xf  9x% 
and  3x. 

The  words  Lowest  Common  Multiple  are  abbreviated 
into  L.c.M. 

162.  Two  numbers  are  said  to  be  prime  to  each  other 
which  have  no  common  factor  but  unity. 

Thus  2 and  3 are  prime  to  each  other. 

163.  If  a and  h be  prime  to  each  other  the  fraction  ^ 
is  in  its  lowest  terms. 

Hence  if  a and  b be  prime  to  each  other,  and 
if  m be  the  h.c.p.  of  c and  d, 


T -p  /y/7 — ?!/.  i-r\  ctL  CTTr  +Lo4-  ^ ^ 


ad  _ be 
bd~bd 
. a_  c 


'b  d‘ 


a = — and  6=—. 


m 


m 
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164,  In  finding  the  Lowest  Common  Multiple  of  two  or 
more  expressions,  each  consisting  of  a single  term,  w©  may 
proceed  as  in  Arithmetic,  thus  : 

(1)  To  find  the  l.c.ii.  of  4a^x  and  18ax^, 


2 

4a^x,  18ax^ 

a 

2n^x,  dax^ 

X 

2aH,  9x^ 

2a^,  9x^ 

L.C.M.  = 2 xaxxx  2a^  x 9x^=36a% 
(2)  To  find  the  l.c.m.  of  ab,  ac,  be, 


a 

ab. 

ac,  be 

b 

b, 

c,  be 

c 

1 

1 Ci 

1, 

1,  1 

L.C.M.  = a xbx  c = abc. 

(3)  To  find  the  l.c.m.  of  12a\  14bc^  and 


2 I 12a2c,  146c2,  36a¥ 


6 

1 ? 
6a^c, 

7bc\ 

18a&2 

a 

ah. 

7bc\ 

3ab^ 

b 

ae. 

7bc^, 

352 

c 

ac. 

7c2, 

3b 

a. 

7c, 

3b 

L.C.M.  = 2x6xaxbxcxax7cx3b  = 2b2aWc\ 

Examples.— xliv. 


Find  the  l.c.m.  of 

1.  4ci'^x  and  Qa?x^. 

2.  3xhj  and  12xy'^. 

3.  4a®6  and  8a‘^b‘^. 

4.  ax,  a"x  and  a^x^. 

5.  2ax,  4ax^  and  x^. 


6.  ab,  a^c  and  bh^. 

7.  a^x,  a^y  and  x'^y'^. 

8.  bla^x^,  34ax^  and  <xxh 

9.  bjp^q,  lOjV  and  20pqr. 
JO.  18ax2,  72ay^  and  12xy. 
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165.  The  method  of  finding  the  L.C.M.,  given  in  the  pre- 
ceding article,  may  he  extended  to  the  case  of  compound 
expressions,  when  one  or  more  of  their  factors  can  he  readily 
determined.  Thus  we  may  take  the  following  Examples  ; 

(1)  To  find  the  l.c.m.  of  ft -a:,  — and  a^  + atc. 


a — x 

1 

s' 

1 

, a^  + ax 

a + x 

1,  a-fx. 

a^  + ax 

1,  1, 

a 

L.c.M.  = (ft  — tc)  (ot  + a:)  a = (ft^  — x^)a  = a^  — ax^. 


(2)  To  find  the  l.c.m.  of  a:^-  1,  a;"*  — 1,  and  4x®  — 4a:^, 
x^-\  I a:^— 1,  — 1,  4a:®-4x^ 

I 1,  x2+l,  4x^1 


L.C.M.  = (x^  — 1)  (x^  + 1)  4x^  = (x'^  — 1)  4x^  = 4x®  - 4x'*. 


166.  The  student  who  is  familiar  with  the  methods  of 
resolving  simple  expressions  into  factors,  especially  those  given 
in  Art.  125,  may  obtain  the  l.c.m.  of  such  expressions  by  a 
process  which  may  be  best  explained  by  the  following  Ex- 
amples : 

Ex.  1.  To  find  the  l.c.m.  of  a^  — x^  and  a^-x\ 

-x^  = (a- x)  (ft  + x), 

= (a  — x)  (a^  -L  ax  -1-  x^) 

Now  the  L.C.M.  must  contain  in  itself  each  of  the  factors  in 
each  of  these  products,  and  no  others. 

L.C.M.  is  (a  -x){a  + x)  (a^  -f  ax  + x^, 
the  factor  a-x  occxirring  once  in  each  product,  and  therefore 
once  only  in  the  l.c.m. 


Ex.  2.  To  find  the  l.c.m.  of 

— b^,  — 2ah  -t-  and  a*  + 2a6  -I-  b\ 

a^-h‘^=.{a  + h){a-h), 

- 2ab  + b^=(a-b)(a-  6),^ 
a^  + 2ab  + b^  = {a  + b)  {a  + b) ; 
L.c.m.  is  (a  + &)  (a  — b)  (a  -b)(a  + 6), 
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the  factor  a — h occurring  twice,  in  one  of  the  products,  and  a + h 
occurring  twice  in  another  of  the  products,  and  therefore  each 
of  these  factors  must  occur  tioice  in  the  l.c.m. 


1 . and  ax  + x^. 

2.  x^—\  and  £c^  — x. 

3.  and  + ah. 

4.  2x  — 1 and  4x^  — 1. 

5.  a + 6 and  a^  + h"^. 

6.  a;  + 1, 05  — 1 and  — 1. 

7.  x + 1,  1 and  x^  + x+ 1 

8.  x+  1,  x2+  1 and  x^+  1. 

9.  X — 1,  x^  - 1 and  x^  — 1. 


Examples.— xlv. 

Find  the  l.c.m.  of  the  following  expressions  : 

10.  x^  - 1,  X®  + 1 and  x^  - 1. 

11.  x^  — X,  x^  — 1 and  x^  + 1. 

12.  x^- 1,  x^-x  and  x^  — 1. 

13.  2a  j- 1,  4a^  — 1 and  8a®  + 1. 

14.  x + y and  2x®  + 2x?/. 

15.  (a  + &)2  and  a®  — 6®. 

16.  a + 6,  a — & and  a^  — h^. 

17.  4(1 +x),  4(1  — x)and  2(1  — X®). 

18.  X— 1,  x®  + x + 1 and  X®— 1. 

19.  (a  — h)  (a  — c)  and  (a  — c){b  — c). 

20.  (x  + 1)  (x  + 2),  (x  + 2)  (x  + 3)  and  (x  + 1)  (x  + 3). 

21.  x^-y%  (x  + yY  and  (x  - ?/)®. 

22.  (a  + 3)  (a  + 1),  (a  + 3)  (a  — 1)  and  a?  — 1. 

23.  x^{x-y),  x(x^-y^)sLndx  + y. 

24.  (x+l)(x+3),  (x  + 2)(x  + 3)(x  + 4)  and  (x  + l)(x  + 2). 

25.  x®-y®,  2>{x  — yY  and  12  (x®  + ^®). 

26.  6 (x®  + xy),  8 (xy  y^)  and  10  (x^  — t/®). 

167.  The  chief  use  of  the  rule  for  finding  the  l.c.m.  is  for 
the  reduction  of  fractions  to  common  denominators,  and  in  the 
simple  examples,  which  we  shall  have  to  put  before  the  student 
in  a subseipieut  chapter,  the  rules  which  we  have  already  given 
will  be  found  generally  sufficient.  But  as  we  may  have  to  find 
the  L.C.M.  of  two  or  more  expressions  in  which  the  elementary 
factors  cannot  be  determined  by  inspection,  we  must  now  pro- 
ceed to  discuss  a Rule  for  finding  the  l.c.m.  of  tv.o  expressions 
which  is  applicable  to  every  case,  ^ 
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168.  The  rule  for  finding  the  l.c.m,  of  two  expressions  a 
and  & is  this. 

Find  d the  highest  common  factor  of  a and  h. 


In  words,  the  l.c.m.  of  two  expressions  is  found  by  the  fol- 
lowing process  : 

Divide  one  of  the  expressions  by  the  h.c.f.  and  multiply  the 
quotient  by  the  other  expression.  The  result  is  the  L.C.M. 

The  proof  of  this  rule  we  shall  now  give. 

169.  To  find  the  l.c.m.  of  two  algebraical  expressions. 

Let  a and  b be  the  two  algebraical  expressions. 

Let  d be  their  h.c.f., 

X the  required  l.c.m. 

Now  since  x is  a multiple  of  a and  b,  we  may  say  that 


Now  since  x is  the  Lowest  Common  Multiple  of  a and  b, 
m and  n can  have  no  common  factor  ; 

.".  the  fraction  — must  be  in  its  lowest  terms  ; 
n 


Then  the  l.c.m.  of  a and  b =-.xb. 


d 


x = ma,  x = nb; 
:.  ma  = nb ; 


.*.  ^ = - (Art.  159). 
n a ^ * 


Hence,  since 


x=ma, 

b 


Also,  since 


THE  LOWEST  COMMON  MULTIPLE. 
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170.  Ex.  FindtheL.c.M.  ofa;2-13a;  + 42anda;2-19x  + 84. 
First  we  find  the  h.c.f.  of  the  two  expressions  to  he  x — 7. 

Then  L.C.M.  = + 

x-7 

Now  each  of  the  factors  composing  the  numerator  is  divisible 
by  X - 7. 

Divide  x^  — 13x  + 42  by  x — 7,  and  the  quotient  is  x — 6. 
Hence  l.  c,  m.  = (x  - 6)  (x^  — 1 9x  + 84) = x^  - 25x^  + 198x  - 504, 


Examples.— xlvi. 

Find  the  l.c.m.  of  the  following  expressions  : 

1.  x^  + 5x+6  and  x^  + 6x  + 8. 

2.  ft^-a-20  and  + 12. 

3.  x^  + 3x  + 2 and  x^  + 4x  + 3. 

4.  x^+ llx  + 30  and  x^  + 12x  + 35. 

5.  x2-9x-22  and  x^- 13x  + 2^. 

6.  2x^  + 3x  + 1 and  x^  - x - 2. 

. 7.  + x^y  + xy  + and.  - y\ 

'8.  x^  — 8x+ 15  and  x^  + 2x- 15. 

. 9.  21x^  - 26x  + 8 and  7x^  - dx"'^  - 21x  + 12. 

10.  x^  + x^y  + xy‘^'+  y^  and  x®  - x^y  + xy^  - y^. 

11.  + 2a%  - aU^  -21fi  and  - 2a%  - ah^  + 2¥. 

171.  To  find  the  l.c.m.  of  three  expressions,  denoted  by 
a,  b,  G,  Ave  find  m the  l.c.m.  of  a and  b,  and  then  find  M the 
L.C.M.  of  m aud  c.  M is  the  l.c.m.  of  a,  b and  c. 

The  proof  of  this  rule  may  be  thus  stated  : 

E\^ery  common  multiple  of  a and  b is  a multiple  of  m, 
and  every  multiple  of  m is  a multiple  of  a and  b, 
therefore  every  common  multiple  of  m and  c is  a common 
multiple  of  a,  b and  c, 

and  every  common  multiple  of  a,  b and  c is  a common 
multiple  of  m and  c, 

and  therefore  the  l.c.m.  of  m and  c is  the  l.c.m.  of  a,  b 
and  c. 
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Examples. — xlvii. 

Find  the  l.c.m.  of  the  following  expressions  : 

1.  cc- - 3x  + 2,  - 4x  + 3 and  - 5x  + 4. 

2.  x^  + 5x  + 4,  x^  + 4x  + 3 and  x^  + 7x+ 12, 

3.  x^  - 9x  + 20,  x^  - 1 2x  + 35  and  x^  - 1 lx  + 28. 

4.  6x^  - X - 2,  21x^  - 17x  + 2 and  14x^  + 5x  - 1. 
; 5.  x^  - 1,  x’'^  + 2x  - 3 and  6x^  - x - 2. 

6.  x^  - 27,  x^  - 15x  + 36  and  x^  - 3x^  - 2x  + 6. 


XI.  ON  ADDITION  AND  SUBTRACTION 
OF  FRACTIONS. 

172.  Having  established  the  Enles  for  finding  the  Lowest 
Common  Multijjle  of  given  expressions,  we  niaj'  new  proceed 
to  treat  of  the  method  hy  wliich  Fractions  are  combined  by 
the  processes  of  Addition  and  Subtraction. 

173.  Two  Fractions  may  be  replaced  by  two  erpiivabrnt 
fractions  with  a Common  Denominator  by  the  following 
rule  : 

Find  the  l.c.m.  of  the  denominators  of  the  given  fractions. 

Divide  the  l.c.m.  by  the  Denominator  of  each  fraction. 

Multiply  the  first  Numerator  by  the  first  Quotient. 

Multiply  the  second  Numerator  by  the  second  Quotient. 

The  two  Products  will  be  the  Numerators  of  the  equivalent 
fractions  whose  common  denominator  is  the  L.C.M.  of  the 
original  denominators. 

The  same  rule  holds  for  three,  four,  or  more  fractions. 

174.  Ex.  1.  Reduce  to  equivalent  fractions  with  the 
lowest  common  denominator, 

2x  + 5 


4x-7 


OF  FRACTIONS. 
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Denominators  3,  4. 

Lowest  Common  Multiple  12. 

Quotients  4,  3. 

New  Numerators  8x  + 20,  12a: -21, 

•p  • 1 -p  4.-  8x  + 20  12x-21 

Lqurvalent  fractions  — — . 

Ex.  2.  Deduce  to  equivalent  fractions  witli  the  lowest 
common  denominator, 

5b  + 4c  6a-  2c  Za  - 5b 
ab  ’ ac  ’ be  * 

Denominators  ab,  ac,  be. 

Lowest  Common  Multiple  ahc. 

Quotients  c,  b,  a.  - 

New  Numerators  56c  + 4c^,  6ab  - 26c,  3a^  - 5ab. 

-p  . -p  . 56c  + 4c^  Gab  - 26c  3a^  - 5ab 

Lqui valent  Fractions j , t , r . 

n.nr.  ^ nhr.  ^ n.hr. 


Examples. — xlviii. 


Reduce  to  equivalent  fractions  with  the  lowest  common 
denominator ; * 


3x  j 4x 

3x-7  j 4x-9 
__and 

3. 


5-  - 


5x^ 

4a + 56 
2a'^ 

4a  — 5c 


5ac 


and 

and 


lOx 

3a -46 
5a 

3a  — 2c 
12^' 
1 


^ (a  — 6)  (6  — c)  (a  — 6)  (a  — c)' 
1 1 


^ a - 6 . a^  — ab 

7.  =-?-  and 

1 +X  1 -X 

Q 2 , 2 

8.  , 5 and 

1-y^  l+y^ 

5 , 6 

^ 1 — X 1 — x^ 


lo.  - and  —7 

c c(6+x) 

1 


and 


ab  (a  — 6)  (a  — c)  ae  {a  — c)  (6  — c) 


12. 
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mi  c ac?  + 6c 

175.  To  shew  that -T  + -7= — n—  - 
0 a od 

Suppose  the  unit  to  he  divided  into  hd  equal  parts. 
Then  ^ will  represent  ad  of  these  parts, 

1)C 

and  ^ will  represent  he  of  these  parts. 

Now  1=^,  by  Art.  148, 

- c be 


Hence  ^ ^ will  represent  ad  + he  of  the  parts. 


But  will  represent  aa  + be  of  the  pairs. 

„ a e ad + hc 
■lhereforej  + j=-^. 


By  a similar  process  it  may  be  shewn  that 
a e ad -he 
h'd~~U~' 


n-  a c ad^he 
176.  Since  ^ + 

our  Buie  for  Addition  of  Fractions  will  run  thus  : 

“Beduce  the  fractions  to  equivalent  fractions  having  the 
Lowest  Common  Denominator.  Then  add  the  Numerators  of 
the  equivalent  fractions  and  place  the  result  as  the  Numerator 
of  a fraction,  whose  Denominator  is  the  Common  Denominator 
of  the  equivalent  fractions. 

The  fraction  will  be  equal  to  the  sum  of  the  original  frac- 
tions.” 


The  beginner  should,  however,  generally  take  two  fractions 
at  a time,  and  then  combine  a third  with  the  resulting  fraction, 
as  will  be  shewn  in  subsequent  Examples. 

. , • a e ad  he 

Also,  since 

the  Buie  for  Suhtraeting  one  fraction  from  another  will  be, 


OF  FRACTIONS. 
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“ Reduce  the  fractions  to  equivalent  fractions  having  the 
Lowest  Common  Denominator.  Then  subtract  the  Numerator 
of  the  second  of  the  equivalent  fractions  from  the  Numerator 
of  the  first  of  the  equivalent  fractions,  and  place  the  result  as 
the  Numerator  of  a fraction,  whose  Denominator  is  the  Common 
Denominator  of  the  equivalent  fractions.  This  fraction  will  be 
equal  to  the  difference  of  the  original  fractions.” 

These  rules  we  shall  illustrate  by  examples  of  various  degrees 
of  difficulty. 

Note.  When  a negative  sign  precedes  a fraction,  it  is  best 
to  place  the  numerator  of  that  fraction  in  a bracket,  before 
combining  it  with  the  numerators  of  other  fractions. 

177.  Ex.  1.  To  simplify 

Ax  — Zy  ^ Zx  + *Iy  5x  — 2y  ^ 9x  + 2y 
f~  “14  ^ ~42~* 

Lowest  Common  Multiple  of  denominators  is  42. 

Multiplying  the  numerators  by  6,  3,  2,  1 respectively, 

24x  — 18i/  9x  + 21^  lOx  — Ay  9x  + 2y 
42  42  42  “42“ 

24x  — I8y  + 9x  + 2ly  - (lOx  — Ay)  + 9x  + 2y 
- 42 

24x  -I8y  + 9x  + 2ly  — lOx  + Ay  + 9x  + 2y 
42 

_ 32x  + 9y 
" 42  • 

Ex.  2.  To  simplify  + 

^ 3x  5x  7 

Lowest  Common  Multiple  of  denominators  is  105x. 

Multiplying  the  numerators  by  35,  21,  15x,  respectively. 

70x  + 35  _ 84X  + 42  2_5x 
105x  105x  105x 

_ 70x  + 35  - (84x  + 42)  + 15x 
“ 105x 

_70x  + 35  - 84x  - 42  + 15x  x — 7 
105x  105x‘ 
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Examples.— xlix. 

4a: + 7 3a: -4  ^ 3a  — 46  2a-6  + c _ 13a  — 4c 

5 ■‘'HlsT'  “y  3 l2”' 

Ax-2y  ^ Zx+*ly  5x  — 2y  ^ 9x  + 2y 

___  + __  __  + — . 

3x  — 2y  ^ 5x-*Jy  , 8x  + 2y 
5x  10a:  '*'“25  ' 

4x^  - 7y^  3x-8y  5-2y 
3x2  + ~eiT~  ^ ~~i2~' 

4a2  + 5&2  3a  + 26  7-2a 

262  + 56  9 * 

4x  + 5 3x  — 7 , 9 

~3  5^’^1^' 

5a + 26  4c -36  Qah-lhc 
3c  2a  14ac 

2a  + 5c  4ac  — 3c2  5ac  - 2c2 
a^c  ac2  a2c2 

2xy  — 4 5|/2  + 7 6x2  _ 

x~y^  xy^  x^y 

a-h  4a -56  3a -1h 
alh  a26c  62c2 

178.  Ex.  To  simplify 

a-h  _^a  + 6 
a + 6 a-6' 

L.c.M.  of  denominators  is  a2  - &2. 

Multiplying  the  numerators  by  a - 6 and  a + 6 respectively, 
we  get 

a2-2a6  + 62  , a2  + 2a6  + 62 
a2-62'  a2-62"“ 

_ a2  — 2a6  + 62  + a2  + 2ah  + &2 

o2^=^P  ” 

^2a2  + 262 

~ a2-62  • 


I. 

3- 

4- 

5- 
6. 

7- 

8. 

9- 

10. 

11. 


OF  FRACTIONS. 
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Examples. — 1. 


X-  6 

"^x  + 5*  x-7 

* + !/ 

x-2/  1 

x + 2/‘  1-x 

^ x-y 

7* 

x + 2/"^x-2/* 

2 _ Za 

^ 9. 

x + a (x  + a)2‘  ' 

1  1 1 
X - 3'  1 + X ^ 1 - X* 

2  6 - ~ ^ 

1 - x^‘  ’ c c (c  + (Zx) 

■\  1"  7 7^* 

x-^  rx-j^)- 

^ ^ __ 
2a(a  + x)  2a(a-x)’ 


6 


179.  Ex.  1.  To  simplify 

3 _5 

1+2/  1-2/  1 + 2/^° 


Taking  the  first  two  fractions 
3 5 

1+2/  1-2/ 

Ji-2>y  5 + 52/ 

1-2/2  1-2/2 
_8  + 22/ 

1-2/2  ’ 

we  can  now  combine  with  this  result  the  third  of  the  original 
fractions,  and  we  have 

^ 

1 + 2/  1-2/  1+2/^ 

_8  + 22/  6 
“1-2/2  1 + 2/2 

_ 8 + 22/  + 82/^  + 22/^  6 - 6*2/2 
1-2/^ 

^8 + 22/ + 82/2  + 22/2  - 6 + 62/2 
1-2/^ 

_22/2  + 142/2  + 22/  + 2 
“ 1-2/^  ° 
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Ex.  2.  To  simplify 

2 2 2 
{a-l)  (b^  c)  {a-h){c-a)  ^\h-c)  (c-a)’ 

L.c.M.  of  first  two  denominators  being  {a  -b)  (b-  c)  (c  - a) 

_ 2c  - 2a  26  - 2c  2 

{a  — 6)  (6 - c)  (c-a)^ (a-  b)  (6  — c)  (c  — a) "**  (6 - c)  (c  — a) 
_ 2b -2a  2 

(a  - 6)  (6  - c)  (c  - a)  ^ (6  - c)  (c  - a)‘ 

L.c.M.  of  the  two  denominators  being  (a  - 6)  (6  - c)  (c  - a) 

_ 2b- 2a + 2a- 2b  __  0 

{a  - 6)  (6  - c)  (c  - a)  (a  - 6)  (6  - c)  (c  - a) 


Examples.— li. 


1 + 0.  1-0  1-0^ 
1 1 2x 


26 


463 


0-6  0 + 6 0^  + 63  0^  + 6*’ 


1—x  1 + x 1+x^' 


5-  + 


+ - 


II. 


cc 


1-iC  1-x^  1+x^' 


y x + y x^  + xy 
, x + 3 cc-4  x + b 
a:  + 4'^a:-3'*’x  + 7’ 


x-1  x-2  x-3 

o:-2^£c-3'^a:-4‘ 


3 4o 


5o3 


x-a  {x-  a)‘^  {x  — o)3* 
11  3 


cc  - 1 cc  + 2 (a:  + 1)  (x  + 2)’ 

1 3 


(a:  + l)(a3  + 2)  (x  + 1)  (a;  + 2)  (o5  + 3)* 


X^  X X 

’-1  ^x-l"^x+l’ 


12. 

13- 


(o  + c)  (o  + d)  (o  + c)  (o  + e)‘ 

0-6  6- c c - o 

(6  + c)(c  + o)  (c  + o)(o  + 6)  (o  + 6)  (6  + c)' 
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1 4-  — 


x-a  x-b 


{a-hf 


15 


x-h  x-a  {x  - a)  (x- by 
x + y 2x  x“^y  - x® 

y ~x  + y y{x^~y^Y 


. a + b b + c c + a 

^ ' (b-c){c  — a)^(c  — a){a-b)^(a  — b){b-cy 


17- 


X 2xy 

x^  + xy  + y^  7?  — y^ 


T R -J—  4-  ——  4-  ——  4-  («-^)^  + (^-p)^  + (c-«)^ 
a-b^  b-c  c — a {a  — b){b  — c){c-a) 

a + b 2a  a~b-a^ 

19-  ~i  r+b'^^b^W 


(w+l)(?i  + 2)  (w  + l)(w  + 2)(n  + 3)  (w+l)(n  + 3)* 

— be  b^-  ac  — ab 

{a  + 6)  (oh-  c)  (6  + a)  (6  -f  c)  (c  -f-  b)  (c  -F  a)’ 


180.  Since 

ab  _ — ab 

T“^y 

From  this  we  learn  that  we  may'  change  the  sign  of  the 
denominator  of  a fraction  if  we  also  change  the  sign  of  the 
numerator. 

Hence  if  the  numerator  or  denominator,  or  both,  he  expres- 
sions with  more  than  one  term,  we  may  change  the  sign  of 
every  term  in  the  denominator  if  we  also  change  the  sign  of 
every  term  in  the  numerator 

For 

c-d  -(c-d) 

_—a  + b ^ 

— c + d ’ 

or,  writing  the  terms  of  the  new  fraction  so  that  the  positive 
terms  may  stand  first, 


b — a 
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1Q1  TTv-  rr  • Tf  x(a  + x)  5ax-x^ 

181.  xLX.  To  simplify . 

^ a-x  x — a 

Changing  the  signs  of  the  numerator  and  denominator  of  the 
second  fraction, 

x{a  + x)  — 5ax  + x^ 
a-x  a—x 

_ax  + x^-(  — 5ax  + x^)_ax  + x^  + 5ax  - x^ _ 6ax 
a — x a — x a-x' 

182.  Again,  since  —ab=  the  product  of  - a and  h, 

and  ab=  the  product  of  +a  and  b, 

the  sign  of  a product  will  he  changed  by  changing  the  signs  of 
one  of  the  factors  composing  the  product. 

Hence  (a  -b)(b-  c)  will  give  a set  of  terms, 

and  (b -a)  {b- c)  will  give  the  same  set  of  terms  with  dif- 
ferent signs 

This  may  he  seen  by  actual  multiplication  : 

(a  - b)  {b  - c)  = ab  - ac  -b‘^  + be, 

(b-a)  {b-c)=  -ab  + ac  + b^-  be. 

Consequently  if  we  have  a fraction 

1_ 

{a  - b)  (1)  - c)’ 

and  we  change  the  factor  a-b  into  b-a,  we  shall  in  effect 
change  the  sign  of  every  term  of  the  expression  which  would 
result  from  the  multiplication  of  {a  - b)  into  {b  - c). 

Now  we  may  change  the  signs  of  the  denominator  if  we  also 
change  the  signs  of  the  numerator  (Art.  180) ; 

1 -1 

" (a-b)  {b-c)  (b-  a)  (b-c)' 

If  we  change  the  signs  of  two  factors  in  a denominator,  the 
sign  of  the  numerator  will  remain  unaltered,  thus 

1 1 
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183.  Ex.  Simplify 

{a  -b){b-c)'^  (b  -a)  {a-  c)  (c  -a){c-  b)' 

Fir.-^t  change  the  signs  of  the  factor  (6 -a)  in  the  second 
liaction,  changing  also  the  ^ign  ol'  the  numerator  ; and  change 
tiie  signs  of  the  factor  (c-a)  in  the  third  fraction,  changing 
iilso  the  sign  of  the  numerator, 

the  result  is  ^ ^ 

Next,  change  the  signs  of  the  factor  (c  - 6)  in  the  third, 
changing  also  the  sign  of  the  numerator, 

the  result  is  r^-r — r + r"— 7 ^ -7 777 — ;• 

(a  -b)  {b-  c)  (a  -b)  (a-  c)  {a  -c)  {b-  c) 

L.c.M.  of  the  three  denominators  is  (a  — b){b-  c)  (a  - c), 

_ a-c  -b+c  a-b 

~ (a- b)(b- c)  (a-c)'^  (a-  b)  (a - c)  (6  - c)  (a -b)  {a- c)  {b - c) 
_a-c-b  + c-{a-b)_  0 

~ (a-b){b- c)  (a - c)  (a - 6)  (6 -c)  {a- c) ~~ 


X ^ x-y 
x-y  yFx' 


X 


Examples. — lii. 

3 + 2x  _ 2 - 3cc  16a; 

2-x  2 + a;"^  x^-A" 


o;+  1 1 — a;  ' — 1' 

1 2 


’ 4- 


5- 


6y  + a 2y-2  3 - Sy^‘ 
1 


(m  — 2)(m  — 3)  (m  — 1)(3  — m)  (m— l)(m  — 2)' 


, 1 1 a^  + b^  2ab^  , 2a% 

(fl^b){x  + b)^  (b-a){x  + a)'  7-  + 


,8. 


4(l+x)  4(x-l)  ' 2(l  + x2| 


1 ^ 1 ^ I 

i^-y)  {y-^)'^  (y-^) 


^ 10. 


1 


a(a-b)(a-c)  b (jb~a)  (6-c)  c (c-a)  (c-6)’ 
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184.  Ex.  To  simplify 

1 

- 1 lee  + 30  £c‘^  - 12a:  + 35' 

Here  tlie  denominators  may  be  expressed,  in  factors,  and.  we 
have 


The  L.C.M.  of  the  denominators  is  (cc-5)  (*  — 6)  (x  — 7),  and 
we  have 


1 


1 


(x  — 5)  (x  — 6)  (x  — 5)  (x  — 7)’ 


(x-5)  (x-6)  (x-7)  (x-5)  (x-6)  (x-7) 

2x-13 


X— 7 X— 6 


(x-5)  (x-6)  (x-7)' 


Examples.— liii. 


1 


1 


''  x‘'^  + 9x  + 20'’'x2+12x  + 35' 


1 


1 


x^— 13x  + 42'*'x2— 15x  + 54‘ 


x^  + 7x  — 44"^x^  — 2x— 143' 

1 2x  1 


x^  + 3x  + 2 x^  + 4x  + 3 x^  + 5x  + 6' 


2m  2wi^ 


1+x  , 1-x  2 


7'  3(l-x)  1 + x^3x2  + 3 3x2-3' 


8(x-l)‘^4(3-x)''‘8(x-5)'''(l-x)(x-3)  (x-5)‘ 


XII.  ON  FRACTIONAL  EQUATIONS. 


185.  We  shall  explain  in  this  Chapter  the  method  of 
solving,  first,  Equations  in  which  fractional  terms  occur,  and 
secondly.  Problems  leading  to  such  Equations. 

186.  An  Equation  involving  fractional  terms  may  he 
reduced  to  an  equivalent  Equation  without  fractions  hy  mul- 
tiplying every  term  of  the  equation  by  the  Lowest  Common 
Multiple  of  the  denominators  of  the  fractional  term.s. 

This  process  is  in  accordance  with  the  principle  laid  down 
in  Ax.  III.  page  58  ; for  if  both  sides  of  an  equation  he  multi- 
plied hy  the  same  expression,  the  resulting  products  will,  hy 
that  Axiom,  he  equal  to  each  other. 

187.  The  following  examples  will  illustrate  the  process  of . 
clearing  an  Equation  of  Fractions. 


The  L.c.M.  of  the  denominators  is  6. 
Multiplying  both  sides  hy  6,  we  get 


or. 


3a3  + £c  = 48, 


or, 


4*  = 48  ; 

.-.  x=]2. 


The  L.c.M.  of  the  denominators  is  14. 
Multiplying  both  sides  hy  14,  we  get 


14x  14x  + 14 


= Ux-28, 


2 7 
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or, 


or. 


or, 


7a:  + 2x  + 2 = 14x  - 28, 
7a;  + 2x-  14x=  -28-2, 
-5x=  -30. 


Changing  the  signs  of  both  sides,  we  get 
5x=30; 


188.  The  process  may  he  shortened  from  the  following 
considerations.  If  we  have  to  multiply  a fraction  by  a multiple 
of  its  denominator,  we  may  first  divide  the  multiplier  hy  the 
denominator,  and  then  mnltiply  the  numerator  by  the  quotient. 
The  result  will  be  a whole  number. 

Thus,  I X 12  = x X 4 = 4x, 


The  L.c.M.  of  the  denominators  being  12,  if  we  mnltiply  the 
numerators  of  the  fractions  by  6,  4,  and  3 respectively,  and  the 
other  side  of  the  equation  by  12,  we  get 


The  L.C.M.  of  the  denominators  is  12x.  Hence,  if  we  mul- 
tiply the  numerators  by  12,  6,  4,  and  x respectively,  we  get 
96~90-i-28  = 17x, 


^-^x56  = (x-l)x8=8x-8. 


Ex.  1, 


X X X 


= 39. 


6x  + 4x  + 3x  = 468, 


or, 


13x  = 468 

.-.  x = 36. 


or, 


or, 
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EXAMPLES. — liV. 


3® 

2.  ^=9. 


03  X _ 

3-  3 + 6 = ®- 


4- 

X x_ 

4-7-3.  5- 

4x  . 2x_l76-4x 

36 --9  =8.  6.  y—- 5 

7. 

2x  . 7x 
3+^=12  + ®- 

. x+2  x-1  x-2 

'7-  ~5-  + -7-=-2“- 

8. 

2 = ^ + 6. 
3 5 

9- 

3x  „ 5x  ^ 

T+S  = -6+2- 

x + 9 2x  3x-6  _ 

19.  ^ 5 +3. 

10. 

7x  9x 

17-3x  29-llx  281+14 
' 5 “ 3 2l  ■ 

II. 

?-«=«-§■ 

2x-10  ^ 

21.  — y— = 0. 

12. 

1-4-24-1. 

13- 

66-|-48-|. 

23.  --3  = --l. 

X X 

14.* 

3.  180-5.^2^^ 

4 6 

12  + x ^ 6 

24. 5=-. 

X X 

IS- 

3x  X - 8 

T“  2~* 

25-  jX+ix  + ix-40. 

16. 

X X X 13 

2 ■‘■3  ■'■4  “12’ 

- „1  3 — X -5  ._1 

■ 26.  2^x+-^=3gX-43^. 

27. 

2®  ?_. 
4 X i 

28. 

2I+'"- 

2^  3 

29. 

X X 5: 
3 + 4“l 

30- 

7x  + 2 
10 

,I  1 3-ix  2 
'¥  + 3 + To“  + 5- 

,2=l|a;-68. 

3x  3x  + 13  l7x 
T 5~  4“* 


io8 
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189.  It  must  next  "be  observed  that  in  clearing  an  equation 
of  fractions,  wlieneyer  a fraction  is  preceded  by  a negative  sign, 
we  must  place  the  result  obtained  by  multiplying  that  nume- 
rator in  a bracket,  after  the  removal  of  the  denominator. 

For  example,  we  ought  to  proceed  thus : — 

Ex  i^  + 2_^c-2£c-1 

Multiply  by  70,  the  l.c.m.  of  the  denominators,  and  we  get 
14x  + 28  = 35x - 70  - (lOx - 10), 
or  14ic  + 28  = 35a: -70-10x4- 10, 
from  which  we  shall  find  x = 8. 

Ex.  2. 

5x  3x 

Multiplying  by  16x,  the  l.c.m.  of  the  denominators,  we  get 
51-6x-(20x  + 10)  = 15x, 
or  51  — 6x  — 20x  — 10=15x, 
from  which  we  shall  find  x=  1, 

Note.  It  is  from  want  of  attention  to  this  way  of  treating 
fractions  preceded  by  a negative  sign  that  beginners  make  so 
many  mistakes  in  the  solution  of  equations. 


EXAMPLES.— IV. 


2 4 4 2 


5x  5x  9 3 — X 


2.  X — 


3 — X „2 
-3-=®3- 


.5.  2— 


5x  — 4 _ 1 — 2a; 


4 


x-e2  14  3-|-5x 


5x-H3  3 — 4x  x_31  9 — 5x 

7-  ~“8  ^^2“T  6~* 


~7  5~~^' 


x-f5  x-2  x-f9 


x-fl  X — 4 x-l-4 


^ 3 ■ 7 5 * 


-x-f5  x-f2  X — 2 

' ~Y~~~4  3“' 
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a;  a:- 1 „ 

3-Tr=*-»- 

' IS- 

x+ 1 x-3  X 

2 3 “ 

a;  + 2 X — 2 x-1 

13-  —5—-— 2 7~' 

16. 

2x  X + 3 _ 

^ = 3x  - 

7 5 

X + 9 3x  - 6 2x 

. 17- 

2x  + 7 9x-8 

'‘*■4  o'*  7 

7-- 

18, 

8 + 15x_ 

7i-8 

13  ' 


8x-15  lla;-l_7a;  + 2 


^9-  -3- 


'7x  + 9 3a;  + 1 9a:  - 1 3 249  - 9a: 

20.  -g  T4  ' 


X XX  X 10 -cc  -^3 

.21.  _+10.  = g + 3+jg— ^ + 93^. 


190.  Literal  equations  are  those  in  which  known  quantities 
are  represented  hy  letters,  usually  the  first  in  the  alphabet. 
The  following  are  examples  : — 


Ex.  1. 

that  is, 
or, 

therefore. 


To  solve  the  equation 

ax  + bc  = bx  + ac, 
ax-bx=ac-bc, 
(a-b)x={a-b^, 
x—c.  ^ 


Ex.  2. 


that  is, 
or, 

therefore. 


To  solve  the  equation 

aH  + bx  - c = WxAcx-d, 
o?x  +bx-b^x-cx  = c-d, 
(a^  + b - ¥ - c)x  = c — d, 
_ c — d 

c* 


Examples.— ivi. 

1.  ax+bx=c.  4.  dm-5x  = bc-ax. 

2.  2a  — cx  = 3c— 55a;.  5.  abc~a^x  = ax  — a^b. 

3.  bc  + ax  — d—a-b-fx,  6.  3acx  — 6bcd=12cdx  + abc. 


no 
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7- 

8. 

9- 

10. 

11. 

12. 

13- 

14. 

15- 

1 6. 


W'  + Zackx  + 3/c  = lcx  A Sable  — le^  - achx. 

— ac^  + + abex  — abc  + cmx  — ac-x  + ¥c  — me. 

(a  + x + b)  (a  + b-x)  = {a  + x)  (b  — x)  — ab. 

(a  — x)  (a  + x)  = 2a^  + 2ax  — x^. 

{a^  + x)^  = x^  + + a^. 

(a^  - £^(a^  + x)  = + 2ax  - x^. 


ax-b  X + ac 

h = • 


Sa-hx  1 
ax  J^~2- 

^ 4ax  - 2b 
>6a = x. 


miv^x  + ot?)  mx^ 

17.  — ' = mqx-\ 

px  ^ p 

1 8.  — b = -j  — x. 
a d 


x^  — a 

^9-  -IT- 


- X _ 2x  a 
b ~ b x' 


&X+1  a(x^-l) 

ax = — — — 

X X 

ab  + x b^-x  x — b ab-x 


3 ab-x^  4x  — ac 


¥ a%  ~ a^ 

3ax  — 2b  ax  — a ax  2 


36 


26 


6 3‘ 


, ax  X „ 

23.  am-b--^-\ =0. 

6 m 


24. 

2a%"^ 

¥x  Sah 

3acx 

¥ 

- 2a¥x 

(^+6) 

a (a + 6)  -jtt  + 6 

~~b~ 

(a  + 6) 

25. 

ax2  ax  ^ 

T + a + — = 0. 

b — cx  c 

27. 

ab 

X 

= 6c  + cZ  H — . 

X 

26. 

a(d2  + 

x2)  ax 

-ac+ 

28. 

m(a-x) 

dx 

3a + x 

29.  (a  + x)  (6  + x)  - a (6  + c)  = -^  + x^. 


ace 


(a + 6)2.03 
a 


— 6x=ae-36x. 


191.  In  the  examples  already  given  the  l.c.m.  of  the 
denominators  can  generally  he  determined  by  inspection. 
When  compound  expressions  appear  in  the  denominators,  it 
is  sometimes  desirable  to  collect  the  fractions  into  two^  one 
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on  each  side  of  the  e(|uation.  When  this  has  been  done,  we 
can  clear  the  equation  of  fractions  by  multiplying  the  nu- 
merator on  the  left  by  the  denominator  on  the  right;  and  the 
numerator  on  the  right  by  the  denominator  on  the  left,  and 
making  the  produ  ts  equal. 

For,  if  T = it  is  evident  that  ad  — be. 

’ h dr 


4x4-5 

13x 

-6 

2x-3_ 

10 

7x4-4 

5 * 

4x4-5 

2x- 

3_ 

13x-6^ 

10 

5 

7x4-4  * 

4x4-5  - 

- (4x- 

-6), 

13x-6 

10  7x  + 4 * 

11  13a:- 6. 

" 10~  7a:-h4  ’ 


11  (7a; + 4)  = 10  (13a:- 6); 

whence  we  find 

53 


Examples.— Ivii. 


1 

2 

3 

4 

5 

11 

12 


3a;  + 7 3a;  + 5 
4a:  + 5 ~ 4a; + 3* 
a:  + 6 _ X 
2x  + 5~2x-5' 
2x  + 7 4x-l 
x + 2 ~2x-V 


6. 

7- 

8. 


1 - 5a;  1 - 2x 

a:-l  x-l-l  x^-l' 

4x  + 3_8x+19  7x-29 
~9  “Ts  ^WT2- 


5x  - 1 5x  - 3 
2x  + 3“2x-3‘ 
1 2 


3x  - 2 4x  - 3 


0=0. 


X x^-5x_^2 

3~3T-T“3' 
3x  + 2 2x  — 4 


x + 2 


_(x  + 3)-^(11-x)  = J(x-4)-^(x-3). 


-2  = 0. 


(x  + 1)  (2x  + 2) 
(x-3)  (x  + 6) 

2x  + 1 3x 


14. 


15- 


_3 x + l_  x2 

X+1  X— 1~1—  x^' 

2 8 _ 45 

1-x^  1 +x“l-"x^' 


13 
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4 3 5 2 

x-8'^2x-l6  ^24“3a:-24' 


- (4,x2  - 20x  + 24)  _ 
2x*  + 2x^  - 23x^  + 31x 


■2x  + 4 


= x2  + 2x-4. 
2x^  - 4x  - 3. 


x^  + 3x  - 4 
\ 2 X/  2 4 


192.  Equations  into  which  Decimal  Fractions  enter  do  not 
present  any  serious  difficulty,  as  may  be  seen  from  the  follow- 
ing Examples ; — 

Ex.  1.  To  solve  the  equation 

•5x  = -03x  + l’41. 


Turning  the  decimals  into  the  form  of  Vulgar  Fractions, 
we  get 

5x_  3x  141 

10“I()0'‘'lW' 

Then  multiplying  both  sides  by  100,  we  get 
50x  = 3x  + 141 ; 

therefore  47x=141; 

therefore  x=3. 

Ex.  2.  1 -2x - = -4x  + 8-9. 

•o 


First  clear  the  fraction  of  decimals  by  multiplying  its 
numerator  and  denominator  by  100,  and  we  get 


therefore 

therefore 

therefore 

T--therefore 


, „ 18x  — 5 . „ ^ 

1 -2x ^ — = -4x  + 8-9 ; 

50 

12x  18x-5_4x  89  _ 
5^~IO'^10’ 
60x-18x  + 5 = 20x  + 445; 
22x  = 440 ; 
x = 20. 
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Examples.— Iviii. 

.1.  •5x-2  = ’25x  + ’2x— 1. 

.2.  3-25x-5’l +CC  — •75x  = 3'9  + *5x. 

3.  ’125X+ •01a:  = 13— •2x+ -4. 

’4.  •3x+l-305x  + -5x  = 22-95 -'195x. 

5.  *2x  — •01x  + •005x=ll-7. 

6.  2 -4x  - = -8x  + 8-9. 


7.  2-4x- 10-75  = -25x. 
4-05 


8.  *5x  + 2 — •75x=’4x  — 11. 


9x 


+ 3-875  = 4-025. 


To. 


II. 

8-5  -2 

2 X 

13- 

2-3x 

1-5 

14. 

24-08 

X 

1 l--lx 

= 4 . 

4 X 

5x  2x  — 3_x  — 2 
r25  c 


•«*_L-+=1993. 
o 2 


1- 


[5.  -5x  + 


•45x--75_l-2  -3x--6 
-6  -2  -9  * 


^ ^ 3-5x  24 -3x 

-5-^2 3— =-375x.  , 

„ •136x-'226  -36  '092:--18 

17.  -Kx+ ^ = ^ 

193.  To  sheio  that  a simple  equation  can  onhj  have  one  root. 
Let  x=a  be  the  equation,  a form  to  -wbicb  all  equations  of 
the  first  degree  may  be  reduced. 

Now  suppose  a and  to  be  two  roots  of  the  equation. 
Then,  by  Art.  109, 

a = a,  0 

and  i8  = a, 

therefore  <^ = /^  ; 

in  other  words,  the  two  supposed  roots  are  identical. 

.rS.A.l  H 


XIII.  PROBLEMS  IN  FRACTIONAL 
EQUATIONS. 


194.  We  shall  now  give  a series  of  Easy  Problems  resulting 
for  the  most  part  in  Fractional  Equations. 

Take  the  following  as  an  example  of  the  form  in  which,  such. 
Problems  should  be  set  out  by  a beginner. 

“ Find  a number  such  that  the  sum  of  its  third  and  fourth 
parts  shall  be  equal  to  7.” 

Suppose  X to  represent  the  number. 

Then  | will  represent  the  third  part  of  the  number, 

O 

tC 

and  I will  represent  the  fourth  part  of  the  number. 

Hence  | + ^ will  represent  the  sum  of  the  two  parts. 

But  7 will  represent  the  sum  of  the  two  parts. 

'Therefore 

Hence  4x  + 3x  = 84, 

that  is,  7x  = 84, 

that  is,  x = 12, 

and  therefore  the  number  sought  is  12. 

Examples.— lix. 

1.  What  is  the  number  of  which  the  half,  the  fourth,  and 
the  fifth  parts  added  together  give  as  a result  95  ? 

2.  What  is  the  jgumber  of  which  the  twelfth,  twentieth, 
and  fortieth  parts  added  together  give  as  a result  38  ? 

3.  What  is  the  number  of  which  the  fourth  part  exceeds 
the  fifth  part  by  4 ? 


PROBLEMS  IN  FRACTIONAL  EQUATIONS.  I15 


4.  What  is  the  imiiiber  of  which  the  twenty-fifth  part 
exceeds  the  thirty- fifth  part  by  8 ? 

5.  Divide  60  into  two  such  parts  that  a seventh  part  of  one 
may  be  equal  to  an  eighth  part  of  the  other. 

6.  Divide  50  into  two  such  parts  that  one-fourth  of  one 
part  being  added  to  five-sixths  of  the  other  part  the  sum  may 
be  40. 

7.  Divide  100  into  two  such  parts  that  if  a third  part  of  the 
one  be  subtracted  I'rom  a fourth  part  of  the  other  the  remainder 
may  be  11. 

8.  What  is  the  number  which  is  greater  than  the  sum  of  its 
third,  tenth,  and  twelfth  parts  by  58  \ 

9.  When  I have  taken  away  from  33  the  fourth,  fifth,  and 
tenth  parts  of  a certain  number,  the  remainder  is  zero.  What 
is  the  number  ] 

10.  What  is  the  number  of  which  the  fourth,  fifth,  and 
sixth  parts  added  together  exceed  the  half  of  the  number 
by  112  ? 

11.  If  to  the  sum  of  the  half,  the  third,  the  fourth,  and  the 
twelfth  parts  of  a certain  number  I add  30,  the  sum  is  twice  as 
large  as  the  original  number.  Find  the  number. 

12.  The  difference  between  two-  numbers  is  8,  and  the  ^ 
quotient  resulting  from  the  division  of  the  greater  by  the  less  ^ 
is  3.  What  are  the  numbers  ? 

1 3.  The  seventh  part  of  a man’s  property  is  equal  to  his 
whole  property  diminished  by  ^1626.  What  is  his  property? 

14.  The  difference  between  two  numbers  is  504,  and  the 
quotient  resulting  from  the  division  of  the  greater  by  the  less 
is  15.  What  are  the  numbers  ? 

15.  The  sum  of  two  numbers  is  5760,  and  their  difference 
is  equal  to  one-third  of  the  greater.  What  are  the  numbers  ? 

16.  To  a certain  number  I add  its  half,  and  the  result  is  as  t 
much  above  60  as  the  number  itseK  is  below  65.  Find  tll9 
number, 
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17.  The  difference  between  two  numbers  is  20,  and  one- 
seventli  of  the  one  is  equal  to  one-third  of  the  other.  What 
are  the  numbers  ? 

18.  The  sum  of  two  numbers  is  31207.  On  dividing  one 
by  the  other  the  quotient  is  found  to  be  15  and  the  remainder 
1335.  What  are  tlie  numbers  1 

19.  The  ages  of  two  brothers  amount  to  27  years.  On 
dividing  the  age  of  the  elder  by  that  of  the  younger  the  quo- 
tient is  3|-.  What  is  the  age  of  each  ? 

20.  Divide  237  into  two  such  parts  that  one  is  four-fifths  of 
the  other. 

21.  Divide  J1800  between  A and  i?,  so  that  5’s  share  may 
be  two-sevenths  of  J.’s  share. 

22.  Divide  46  into  two  such  parts  that  the  sum  of  the 
quotients  obtained  by  dividing  one  part  by  7 and  the  other  by 

3 may  be  equal  to  10. 

23.  Divide  the  number  a into  two  such  parts  that  the  sum 
of  the  quotients  obtained  by  dividing  one  part  by  m and  the 
other  by  % may  be  equal  to  &. 

24.  The  sum  of  two  numbers  is  a,  and  their  difference  is  h. 
Find  the  numbers. 

25.  On  multiplying  a certain  number  by  4 and  dividing 
the  product  by  3,  I obtain  24.  What  is  the  number  ? 

/<  5 

26.  Divide  £864  between  A,  B,  and  G,  so  that  A gets  — 

of  what  B gets,  and  (7’s  share  is  equal  to  the  sum  of  the  shares 
of  A and  B. 

27.  A man  leaves  the  half  of  his  property  to  his  wife,  a 
sixth  part  to  each  of  his  two  children,  a twelfth  part  to  his 
brotlier,  and  the  rest,  amounting  to  £600,  to  charitable  uses. 
What  was  the  amount  of  his  property  ? 

28.  Find  two  numbers,  of  which  the  sum  is  70,  such  that 
the  first  divided  by  the  second  gives  2 as  a quotient  and  1 as 
a remainder. 

29.  Find  two  numbers  of  which  the  difference  is  25,  such 
that  the  second  divided  by  the  first  gives  4 as  a quotient  and 

4 as  a remainder, 
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30.  Divide  the  luunher  208  into  two  parts  such  that  the  ^ 
sum  of  the  fourth  of  the  greater  and  the  third  of  the  less  is 
less  by  4 than  four  times  the  difference  between  the  two  parts. 

31.  There  are  thirteen  days  between  division  of  term  and 
the  end  of  the  first  two-thirds  of  the  term.  How  many  days 
are  there  in  the  term  ? 

32.  Out  of  a cask  of  wine  of  which  a fifth  part  had  leaked 
away  10  gallons  were  drawn,  and  then  the  cask  was  two-thirds 
full.  How  much  did  it  hold  ? 

33.  The  sum  of  the  ages  of  a father  and  son  is  half  what  it 
will  be  in  25  years  ; the  difference  is  one-third  what  the  sum 
will  be  in  20  years.  Find  the  respective  ages. 

34.  A mother  is  70  years  old,  her  daughter  is  exactly  half 
that  age.  How  many  years  have  passed  since  the  mother  was 
3^  times  the  age  of  the  daughter  ? 

35.  A is  72,  and  B is  two-thirds  of  that  age.  How  long  is 
it  since  A was  5 times  as  old  as  B1  ^ 

Note  I.  If  a man  can  do  a piece  of  work  in  x hours,  the 
part  of  the  work  which  he  can  do  in  one  hour  will  be  repre- 
sented by  i. 

Thus  if  A can  reap  a field  in  12  hours,  he  will  reap  in  one 
hour  ^ of  the  field.  ' . 

Ex.  A can  do  a piece  of  work  in  5 days,  and  B can  do  it 
in  12  days.  How  long  will  A and  B working  together  take  to 
do  the  work  1 

Let  X represent  the  number  of  days  A and  5 will  take. 

Then  ^ will  represent  the  part  of  the  tvork  they  do  daily. 

Now  i represents  the  part  A does  daily, 

and  ^ represents  the  part  B does  daily. 
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Hence  ^ i will  represent  the  part  A and  B do  daily. 

O Vu 

Consequently  ^ + 


5 12  a* 


Hence 


12x  + 5cc=60, 
17X-60; 


or 


g 

That  is,  they  will  do  the  work  in  days. 


36.  A can  do  a piece  of  work  in  2 days.  B can  do  it  in  3 
days.  In  what  time  will  they  do  it  if  they  work  together  ? 

37.  A can  do  a piece  of  work  in  50  days,  B in  60  days, 
and  O'  in  75  days.  In  what  time  will  they  do  it  all  working 
together  ? 

38.  A and  B together  finish  a work  in  12  days  ; A and  (7 
in  15  days  ; B and  G in  20  days.  In  what  time  will  they 
finish  it  all  working  together  \ 

39.  A and  B can  do  a piece  of  work  in  4 hours  ; A and  0 

3 1 

in  3-  hours  ; B and  G in  5=  hours.  In  what  time  can  A do 
5 7 

it  alone  ? 

40.  A can  do  a piece  of  work  in  2^  days,  B in  3^  days, 

3 

and  G in  3^  days.  In  what  time  will  they  do  it  all  working 
together  1 

3 

41.  A does  ^ of  a piece  of  work  in  10  days.  He  then  calls 

o 

in  jB,  and  they  finish  the  work  in  3 days.  How  long  would  B 
take  to  do  one-third  of  the  work  by  himself  ? 

Note  II.  If  a tap  can  fill  a vessel  in  x hours,  the  part  of 
the  vessel  filled  by  it  in  one  hour  will  be  represented  by  ^ . 

Ex.  Three  taps  running  separately  will  fill  a vessel  in  20, 
30,  and  40  minutes  respectively.  In  what  time  will  they  fill  it 
when  they  all  run  at  the  same  time  1 
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Let  X repretjeut  the  number  of  minutes  they  will  take. 

Then  - will  represent  the  part  o%|the  vessel  filled  in  > 


niiuute. 


Now  represents  the  part  filled  by  the  first  tap  in  1 minute, 
second 


1 

30 

40 


third , 


Hence 


20'^  k)'‘'40  V 


or,  multiplying  both  sides  by  120a;, 

6a:  + 4a;  + 3x  = 120, 
that  is,  13a;  =120; 


120 


Hence  they  will  take  9^^  minutes  to  fill  the  vessel. 


42.  A vessel  can  be  filled  by  two  pipes,  running  separately, 
in  3 hours  and  4 hours  respectively.  In  what  time  will  it  be 
filled  when  both  run  at  the  same  time  { 

43.  A vessel  may  be  filled  by  three  different  pipes : by  the 
first  in  1^  hours,  bj"  the  second  in  3^  hours,  and  by  the  third 

O o 

in  5 hours.  In  what  time  will  the  vessel  be  filled  when  all 
three  pipes  are  opened  at  once  ? 

44.  A bath  is  fi^ed  by  a pipe  in  40  minutes.  It  is  emptied 
by  a waste-pipe  in  an  hour.  In  what  time  will  the  bath  be 
full  if  both  pipes  are  opened  at  once  ? 

45.  If  three  pipes  fill  a vessel  in  a’ I,  c minutes  running 
separately,  in  what  time  will  the  vessel  be  filled  when  all  three 
are  opened  at  once  1 
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46.  A vessel  containing  755  ^ gallons  can  be  filled  by  three 

pipes.  The  first  lets  gallons  in  3^  minutes,  the  second 

15^  gallons  in  2^  minutes,  the  third  17  gallons  in  3 minutes  : 

o'"  Z 

in  what  time  will  the  vessel  be  filled  by  the  three  pipes  all 
running  together  ? 

47.  A vessel  can  be  filled  in  15  minutes  by  three  pipes, 
one  of  which  lets  in  10  gallons  more  and  the  other  4 gallons 
less  than  the  third  each  minute.  The  cistern  holds  2400  gallons. 
How  much  comes  through  each  pipe  in  a minute  ? 


Hote  III.  In  questions  involving  distance  travelled  over  in 
a certain  time  at  a certain  rate,  it  is  to  be  observed  that 
Distance 
Rate 

That  is,  if  I travel  20  miles  at  the  rate  of  5 miles  an  hour, 

20 

number  of  hours  I take= 


Ex,  A and  B set  out,  one  from  ISTewmarket  and  the  other 
from  Cambridge,  at  the  same  time.  The  distance  between  the 
towns  is  13  miles.  A walks  4 miles  an  hour,  and  R 3 miles  an 
hour.  Where  will  they  meet  1 

Let  X represent  their  distance  from  Cambridge  when  they 
meet. 

Then  13 -cc  will  represent  their  distance  from  Newmarket, 

Then  |=time  in  hours  that  B has  been  walking. 


And  since  both  have  been  walking  the  same  time, 
£c_13-x 


or  4x=39-3x, 
or  7x  = 39; 
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4 

That  is,  they  meet  at  a distance  of  5-  miles  from  Cam- 
bridge. 

48.  A person  starts  from  Ely  to  walk  to  Cambridge  (which 

4 

is  distant  16  miles)  at  the  rate  of  4-  miles  an  hour,  at  the 

same  time  that  another  person  leaves  Cambridge  for  Ely 
walking  at  the  rate  of  a mile  in  18  minutes.  Where  will  they 
meet  1 

49.  A person  walked  to  the  top  of  a mountain  at  the  rate 

of  2^  miles  an  ho’ur,  and  down  the  same  way  at  the  rate  of 
«3  ^ 

3^  miles  an  hour,  and  was  oiit  5 hours.  How  far  did  he  walk 

altogether  % 


50.  A man  walks  a miles  in  h hours.  Write  down 

(1)  The  number  of  miles  he  will  walk  in  c hours. 

(2)  The  number  of  hours  he  will  be  walking  d miles. 

51.  A steamer  which  started  from  a certain  place  is  fol- 
lowed after  2 days  by  another  steamer  on  the  same  line.  The 
first  goes  244  miles  a day,  and  the  second  286  miles  a day.  In 
how  many  days  will  the  second  overtake  the  first  % 


52. 


A messenger  who  goes  31-  miles  in  5 hours  is  followed 


after  8 hours  by  another  who  goes  22^  miles  in  3 hours.  When 
will  the  second  overtake  the  first  ? 


53.  Two  men  set  out  to  walk,  one  from  Cambridge  to 
London,  the  other  from  London  to  Cambridge,  a distance  of 
60  miles.  The  former  walks  at  the  rate  of  4 miles,  the  latter 

3 

at  the  rate  of  3-  miles  an  hour.  At  what  distance  from  Cam- 

4 

bridge  will  they  meet  ? 

54.  A sets  out  and  travels  at  the  rate  of  7 miles  in  5 hours. 
Eight  hours  afterwards.  B sets  out  from  the  same  place,  and 
travels  along  the  same  road  at  the  rate  of  5 miles  in  3 hours. 
After  what  time  will  B overtake  4 ? 
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Note  IV.  In  problems  relating  to  clocks  the  chief  point  to 
be  noticed  is  that  the  minute-hand  moves  12  times  as  fast  as 
the  hour-hand. 

The  following  examples  should  he  carefully  studied. 

Find  the  time  between  3 and  4 o’clock  when  the  hands  of  a 
clock  are 

(1)  Opposite  to  each  other. 

(2)  At  right  angles  to  each  other. 

(3)  Coincident. 


Fig.  I. 

OB  represents  the  position  of  the  hour-hand  in  Fig.  I. 

M marks  the  12  o’clock  point. 

T 3 o’clock 

The  lines  OM,  OT  represent  the  position  of  the  hands  at 
3 o’clock. 

Now  suppose  the  time  to  be  x minutes  past  3. 

Then  the  minute-hand  has  since  3 o’clock  moved  over  the 
arc  MDN. 

And  the  hour-hand  has  since  3 o’clock  moved  over  the 
arc  TD. 

Hence  arc  MDN  = twelve  times  arc  TD. 

If  then  we  represent  MDN  by  x, 
we  shall  represent  TD  by 

Also  we  shall  represent  MT  by  15, 
and  DN  by  30. 
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Now  MDN  = MT  + TJJ  + 1)N, 

that  is,  a:=15  + ^ + 30, 

or  12x  = 180  + x + 360 
or  llx  = 540; 

540 

Hence  the  time  is  49  mi  mites  past  3. 


(2)  In  Fig.  II.  the  description  given  of  the  state  of  the 
clock  in  Fig.  I.  applies,  except  that  BN  will  he  represented  by 
15  instead  of  30. 

Now  suppose  the  time  to  be  x minutes  past  3. 

Then  since 

MBN=  MT+TD  + BN, 
a;=15  + ^-  + 15. 

from  which  we  get 

360 

that  is,  the  time  is  32—  minutes  past  3. 

(3)  In  Fig.  III.  the  hands  are  both  in  the  position  ON. 
Now  suppose  the  time  to  be  x minutes  past  3. 

Then  since 

MN=  MT+  TN, 


or 


x = 15 


12x=180 


X 

'12’ 

Ax, 


or 


^0 

11  ’ 


that  is,  the  time  is  16^  minutes  past  3. 

55.  At  what  time  are  the  hands  of  a watch  opposite  to 
each  other, 

(1)  Between  1 and  2, 

(2)  Between  4 and  5, 

(3)  Between  8 and  9 ? 
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56.  At  what  time  are  the  hands  of  a watch  at  right  angles 
to  each  other, 

(1)  Between  2 and  3. 

(2)  Between  4 and  5, 

(3)  Between  7 and  8 1 

57.  At  what  time  are  the  hands  of  a watch  together, 

(1)  Between  3 and  4, 

(2)  Between  6 and  7, 

(3)  Between  9 and  10  ? 

58.  A person  buys  a certain  mimher  of  apples  at  the  rate 
of  five  for  twopence.  He  sells  half  of  them  at  tAvo  a penny, 
and  the  remaining  half  at  three  a penny,  and  clears  a penny 
by  the  transaction.  How  many  does  he  buy  1 

59.  A man  gives  away  half  a sovereign  more  than  half  as 
many  sovereigns  as  he  has : and  again  half  a sovereign  more 
than  half  the  sovereigns  then  remaining  to  him,  and  now  has 
nothing  left.  How  much  had  he  at  first  1 

60.  What  must  be  the  value  of  n in  order  thab-.^^^~*l^  ■ 

^ 3n + 69a 

mav  be  equal  to  ^ when  a is  ^ ? 

61.  A body  of  troops  retreating  before  the  enemy,  from 
which  it  is  at  a certain  time  25  miles  distant,  marches  18  miles 
a day.  The  enemy  jAursues  it  at  the  rate  of  23  miles  a clay, 
but  is  first  a day  later  in  starting,  then  after  2 days  is  forced 
to  halt  for  one  day  to  repair  a bridge,  and  this  they  have  to  do 
again  after  two  days’  more  marching.  After  how  many  days 
from  the  beginning  of  the  retreat  Avill  the  retreating  force  be 
overtaken  1 

62.  A person,  after  paying  an  income-tax  of  sixpence  in  the 
pound,  gave  away  one-thirteenth  of  his  remaining  income,  and 
had  .£540  left.  What  was  his  original  income  ? 

63.  From  a sum  of  money  I take  aAvay  £50  more  than  the 
half,  then  from  the  remainder  £30  more  than  the  fifth,  then 
from  the  second  remainder  £20  more  than  the  fourth  part : 
rn<l  nt  last  only  £10  remains.  What  was  the  original  sum'l 
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64.  I bought  a certain  number  of  eggs  at  2 a penny,  and 
the  same  number  at  3 a penny.  I sold  tliem  at  5 for  twopence, 
and  lost  a penny.  How  many  eggs  did  I buy  ? 

65.  A cistern,  holding  1200  gallons,  is  filled  by  3 pipes 
A,  B,  G in  24  minutes.  The  pipe  A recpiires  30  minutes  more 
than  G to  fill  the  cistern,  and  10  gallons  less  run  through  G per 
minute  than  through  A and  B together.  What  time  would 
each  pipe  take  to  fill  the  cistern  by  itself?^ 

66.  A,  B,  and  G drink  a barrel  of  beer  in  24  days.  A and 
B drink  |rds  of  what  G does,  and  B drinks  twice  as  much  as  A. 
In  what  time  woidd  each  separately  drink  the  cask  ? 

67.  A and  B shoot  by  turns  at  a target.  A puts  7 bullets 
out  of  12  into  the  centre,  and  B piits  in  9 out  of  12.  Between 
them  they  put  in  32  bullets.  How  many  shots  did  each  fire? 

68.  A farmer  sold  at  market  100  head  of  stock,  horses, 
oxen,  and  sheep,  selling  two  oxen  for  every  horse.  He  obtained 
on  the  sale  £2,  7s.  a head.  If  he  sold  the  horses,  oxen,  and 
sheep  at  the  respective  prices  £22,  £12, 10s.,  and  £1, 10s.,  how 
many  horses,  oxen,  and  sheep  respectively  did  he  sell  ? 

69.  In  a Euclid  paper  A gets  160  marks,  and  B just  passes. 
A gets  full  marks  for  book-work,  and  twice  as  many  marks 
for  riders  as  B gets  altogether.  Also  B,  sending  answers 
to  all  the  questions,  gets  no  marks  for  riders  and  half  marks 

for  book-work.  Supposing  it  necessary  to  get  ~ of  full  marks 
in  order  to  pass,  find  the  number  of  marks  which  the  paper 
carries. 

70.  It  is  between  2 and  3 o’clock,  but  a person  looking  at 
the  clock  and  mistaking  the  hour-hand  for  the  minute-hand, 
fancies  that  the  time  of  day  is  55  minutes  earlier  than  the 
reality.  What  is  the  true  time  ? 

71.  An  army  in  a defeat  loses  one-sixth  of  its  number  in 
killed  and  wounded,  and  4000  prisoners.  It  is  reinforced  by 
3000  men,  but  retreats,  losing  a fourth  of  its  number  in  doing 
so.  There  remain  18000  men.  What  was  the  original  force? 

72.  The  national  debt  of  a country  was  increased  by  one- 
fourth  in  a time  of  war.  During  twenty  years  of  peace  which 
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follov/ed  ^£25,000,000  was  paid  off,  and  at  the  end  of  that  time 
tlie  interest  was  reduced  from  4J  to  4 per  cent.  It  was  then 
found  that  the  interest  was  the  same  in  amount  as  before  the 
war.  What  was  the  amount  of  the  debt  before  the  war  ? 

73.  An  artesian  well  supplies  a brewery.  The  consump- 
tion of  water  goes  on  each  week-day  from  3 A..M.  to  6 p.m.  at 
double  the  rate  at  which  the  water  flows  into  the  well.  If 
the  well  contained  2250  gallons  when  the  consumption  began 
on  Monday  morning,  and  it  was  just  emptied  when  the  con- 
sumption ceased  in  the  evening  of  the  next  Thursday  but  one, 
what  is  the  rate  of  the  influx  of  water  into  the  well  in  gallons 
per  hour  ? 
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195.  In  this  Chapter  we  shall  treat  of  various  matters  con- 
nected with  Fractions,  so  as  to  exhibit  the  mode  of  applying 
the  elementary  rules  to  the  simplification  of  expressions  of  a 
more  complicated  kind  than  those  which  have  hitherto  been 
discussed. 


196.  The  attention  of  the  student  must  first  be  directed 

to  a point  in  which  the  notation  of  Algebra  differs  from  that  of 

Arithmetic,  namely  when  a whole  number  and  a fraction  stand 

side  by  side  with  no  sign  between  them. 

3 3 

Thus  in  Arithmetic  2-  stands  for  the  sum  of  2 and  y. 


But  in  Algebra  stands  for  the  product  of  x and 

So  in  Algebra  3—^  stands  for  the  product  of  3 and  ; 

, . „cH-  & 3a-f  36 

that  IS,  3 = — — 

’ c c 
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Examples.— lx. 

Simplify  the  following  fractions : 


. a + x + 3- 

3.  ^--1  + 2-^-. 

X 

X x-y 

a^  + ax  ^x- a 

^a  + b ^a'^-¥ 

'•  n ^ * 

X 

a-b  a^  + b^' 

197.  A fraction  of  which  the  Numerator  or  Denominator 
is  itself  a fraction,  is  called  a Complex  Fraction. 

y X 

Thus  and  - are  complex  fractions. 
ad  m 

6 n 


A Fraction  whose  terms  are  whole  numbers  is  called  a 
Simple  Fraction. 

All  Complex  Fractions  may  be  reduced  to  Simple  Fractions 
by  the  processes  already  described.  We  may  take  the  follow- 
ing Examples ; 


(1) 


a 

h a , m_a  n _an 
m b ' n b m bm 
n 


a c 

6 d_Ca  c\  ^ (m  p\_ad-bc  , mq-np 

^ ' m p \b  d/  \n  q)~  bd  ‘ nq 
n q 

_ad  — bc  ^ nq  _nq  (ad  - be) 
bd  mq  - np  bd  (mq  — wp)* 

(3) 

X 

1+CC  X x(l^-x) 
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(4) 


_1 1 

1 -a;  1+x 


+x  I 1 1 \ / X 1 \ 

1 ~\l-x  1 + xJ  ' \l-x'^  1+x) 


1-X  1+iB 


l + cc-l  + a:  x + x’^+1 


l—x^ 


1 - X“ 
2cc 


2x  1 — X _ 

1 — ^ 1 + 1 + x^' 


(5) 


1 + - 


1 + 


1 — X 


1 j 1 , 3(]^x)  3j- 

1 -x  + 3 l-x  + 3 4-x 

1 -X 

3(4-x)  12 -3x 


'4-X  + 3 - 3x  4-X+3-3X  7-4x‘ 

4 — X 


Examples. — Ixi. 


Simplify  the  following  expressions : 

-4 

5 X 
7 - 1* 
'^23 

2. 

y X 
x-y 

!-x2 

1+4 

X 

. >(;•■) 

5- 

^ 1 
5 + X4--0 

1 

6 

1 

j- 

1.4 

X 

1 

X X 

d o 

8. 

x+a  x-a 

2x 

2x 

X2+  ^ 

a 

x^-a^ 

X - 1 

X 

II. 

^-y  , a;  + y 
x + 1/  x-y 
x-y  x+y 
x+y  x-y 
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12. 


1+x  + x^ 


1 + -4 
X 


13. 


a + l b 

1 1 * 

— ^ r 
a 0 


2w  - 3 + — 
m 

m 

J_  i_  Jl 

a6  ac  6c 
15-  •g2Z(&~c)2-- 

ah 


198.  Any  fraction  may  be  split  up  into  a number  of  frac- 
tions equal  to  the  number  of  terms  in  its  numerator.  Thus 

a;^  + a;2  + x + l_a:®  x^  x \ 

~ x‘‘ 

=1  A Jl 

~ x^^  x^^  x^’ 


Examples.— Ixii. 

Split  up  into  four  fractions,  each  in  its  lowest  terms,  the 
following  fractions  : 


+ 3a^  + 2a^  + 5a 

^ ' 

a^c  + ab^d  + abc^  + hcd^ 
abed 

x^  - 3x^y  + 3xy^  — 


9a^-12a^  + 6a~3 
108 

18p^+12g2-36r^  + 72g2 
3pqrs 

10x3  - 25x2 + 75x- 125 
1000 


199.  The  quotient  obtained  by  dividing  the  unit  by  any 
fraction  of  that  unit  is  called  The  Eeciprocal  of  that  fraction. 

Thus  i,  that  is,  is  the  Eeciprocal  of 


200.  We  have  shewn  in  Art.  158,  that  the  fraction  symbol 
is  a proper  representative  of  the  Division  of  a by  b.  In 
[S.A.] 


1 
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Chapter  IV.  we  treated  of  cases  of  division  in  which  the  divisor 
is  contained  an  exact  number  of  times  in  the  dividend.  We 
now  proceed  to  treat  of  cases  in  which  the  divisor  is  not  con- 
tained exactly  in  the  dividend,  and  to  shew  the  proper  method 
of  representing  the  Quotient  in  such  cases. 

Suppose  we  have  to  divide  1 by  1-a.  We  may  at  once 

1 


represent  the  result  by  the  fraction 


l-( 


But 


we  may 


actually  perform  the  operation  of  division  in  the  following 
way. 

1 (^1  + ct -|- -H  -1* 

1-a 


The  Quotient  in  this  case  is  interminable.  We  may  carry 
on  the  operation  to  any  extent,  but  an  exact  and  terminable 
Quotient  we  shall  never  find.  It  is  clear,  however,  that  the 
terms  of  the  Quotient  are  formed  by  a certain  law,  and  such 
a succession  of  terms  is  called  a Series.  If,  as  in  the  case 
before  us,  the  series  may  be  indefinitely  extended,  it  is  called 
an  Infinite  Series. 

If  we  wish  to  express  in  a concise  iomi  the  result  of  the 
operation,  we  may  stop  at  any  term  of  the  quotient  and  write 
the  result  in  the  following  way. 

1 _ a 
l-a~  ^1-a’ 


_2 

1- 

1 

l-a 

1- 


— 1 -t-  a + — ■ 


1+c 


1 

+ a^  + ~. 


= l + a-TO^  + a^  + 


l-a’ 
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always  being  careful  to  attach  to  that  term  of  the  quotient,  at 
which  we  intend  to  stop,  the  remainder  at  that  point  ol  the 
division,  placed  as  the  numerator  of  a fraction,  ol  which  the 
divisor  is  the  denominator. 


Examples.— Ixiii. 

Carry  on  each  of  the  following  divisions  to  5 terms  in  the 
quotient. 


I. 

2 by  1 + a. 

7- 

1 by  1 + 2x  - 2x^. 

2. 

m by  m + 2. 

8. 

1 + X by  1 - X + x^. 

3- 

a-h\)j  a + h. 

9- 

1 + 6 by  1-26. 

4- 

by 

10. 

x^  — 6^  by  X + 6. 

5- 

ax  by  a - x. 

II. 

a^  by  X - 6. 

6. 

6 by  a + X. 

12. 

by  (a  + x)^. 

13.  If  the  divisor  he  x-a,  l^e  quotient  and  the 

remainder  4a^,  what  is  the  dividend  ? 

14.  If  the  divisor  be  m - 5,  the  quotient  + 5m^  + 15m  + 34, 

and  the  remainder  75,  what  is  the  dividend  ? 


201.  If  we  are  required  to  multiply  such  an  expression  as 

X 

^■’■3''  4 


1 , cc  1 

’’y  2-3’ 


we  may  multiply  each  term  of  the  former  by  each  term  of  the 
latter,  and  combine  the  results  by  the  ordinary  methods  of 
addition  and  subtraction  of  fractions,  thus 


x^  X 1 


2 3 

a?  x"^  X 


^_x  1 

T~9“l2 


4 


t32 
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Or  Ave  may  first  reduce  the  multiplicand  and  the  multiplier 
to  single  fractions  and  proceed  in  the  following  way  : 

f X 1\  ( X 1\ 

_6a;2  + 4x  + 3^  3x-2_  18x^  + a:-6 

12  n 

72  "^72  72“  4 ‘*'72  12' 

This  latter  process  will  be  found  the  simpler  by  a beginner. 


Examples.— ixiv. 

Multiply 
x^  X 1 , X 

I-  T + ^ + 

a 


iL  a 1 , a 1 

y-6  + 3 '^5'4-6- 

„ 11,  1 
3-  ^ + ^ + 

h 


4-  a2-l+^  by  032  + 1+^ 

5-  n2  + X.2  „2  h2  • 


62 

1 1 , 1 n 1,1,1 

6,  — j~-\ — by  “ + r H — 


a b 


h U 


7.  1 +-  + -^  by  1 --  + ^. 

8.  l+|xfix2by  l-|o3  + ix.2-^x3. 

3 7 , 

9'  9^2  nr  ^ ^ nr‘^  x 2" 


2a;2  " a;  3 
62 


lo-  i:^  + -^  + 2byr2 2"-2. 

62  «2  62 

202.  If  we  have  to  divide  such  an  expression  as 

. o 3 1 

a;3  + 3a'  + - + -^ 


by  cc  + p we  may  proceed  as  in  the  division  of  whole  numbers, 

carefully  observing  that  the  order  of  descending  powers  of  x 
is 

1 1 1 


/Y»3  /y>2  /y»  ^ 

^ £C’  £c2  ’ x3  ■ 
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Any  isolated  digits,  as  1,  2,  6 ...  will  stand  between  x 
and 

X 

Thus  the  expression 

4 + x3  + -\  + 3r2  + -^  + 5a:  + -, 
x^  x^  X 

arranged  according  to  descending  powers  of  x,  will  stand  thus, 

+ 3x2  + 5aj  + 4 + - + 4,  + A- 

X X-  x^ 

The  reason  for  this  arrangement  will  be  given  in  the  Chapter 
on  the  Theory  of  Indices. 

Ex.  x + - )x3  + 3x  + - + -,(  x2  + 2 + i 

X/  X X-*  ^ x^ 

X^+  X 


2x  + - 

X 


2x  + - 


1 1 


1 

X x^ 


Or  we  may  proceed  in  the  follovring  way,  which  will  be 
found  simpler  by  the  beginner, 

(^*  + 3=^  + | + s)-(*  + j) 

x6  + 3x*+3x2+l  x2  + l 


X^ 

x6  + 3x'‘  + 3x2  + 1 


X 

X 

x2  + 1 


X*  + 2x2  + 1 X*  2x2  1 0^1 

= 2 = -2  + -^  + -2  = iC^  + 2 + -s. 

x2  x2  x2  x2  X“ 
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Divide  : 


Examples.— Ixv. 


9 1 I 1 

I-  ^ + 

2 1 V 1 

2.  «2_  l3ya_ 


. 1 1-  1 
5,  g + 2 + !-:byM 


A 9- 


^ 1 1 

m^  + -^  DV  m + -, 

inl  ^ n 

a;3  yZ 


6.  4 


J:_  At.  1_J_  a 

ab'^'W 


7.  -3-^3-3-+3^by--^. 

y X y X 


3x5 


77  , 43 


33 


8.  — 4x'^  + — x3-— x2-— x + 27  by --X  + 3. 


, a b 
p+^3byj+“- 


1 1 1 
1 O.  o 4“  TO  4~  O “ 


3,111 

by-  + r + -. 
a b c 


abc 


203.  In  dealing  with  expressions  involving  Decimal  Frac- 
tions two  methods  may  be  adopted,  as  will  be  seen  from  the 
following  example. 

Multiply  -lx  - ‘2y  by  -03x  + ‘4y. 

We  may  proceed  thus,  applying  the  Eules  for  Multiplication, 
Addition,  and  Subtraction  of  Decimals. 


•lx  — "2^ 

•03x  + Ay 

*003x^  — -006x2/ 

+ -04  xy  — '08y^ 

•003x2  4-  4334xy"^08^2  * 

Or  thus, 

_x  — 2?/  _ 3x4-402/ 

“~1^^“I00~ 

_ 3x2  ^ 24xy  — 802/2 
1000  ■ 

= •003x2  4- -034x2/ --082/2. 


The  latter  method  will  be  found  the  simpler  for  a beginner. 
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Examples.— Ixvi. 

Multiply  ; 

(.  'lx  - -3  by  '5x+  '07,  2.  'OScc  + V by  •2r-,  -3, 

3.  -3*  - -2ij  by  -4x  + •7y,  4.  4‘3x  + 5'2y  by  •04®  - -OQy. 

5.  Find  the  value  of 

- 6®  + c®  + Sabc  when  a = '03,  b=‘l,  and  c = ’07. 

6.  Find  the  value  of 

X®  - 3ax®  + 3a®x  - a®  when  x = ’7  and  a = '03. 

204.  When  any  expression  £ is  put  in  a form  of  which  / is 
E 

a factor,  then  -j  is  the  other  factor. 

Thus  aAb  = a{^^^~^ 

=“(A> 

So  abAac  + bc  = ahc 

abc 

and  ^+Zxy  + f^x^.(L±^^ 

Examples.— ixvii. 

1.  Write  in  factors,  one  of  which  is  ai®,  the  series 

aiX  + <*2®®  + «3®®  + «4®^  + . . . 

2.  Write  in  factors,  one  of  which  is  xyz,  the  expression 

xy-xzA  yz. 

3.  Write  in  factors,  one  of  which  is  ®^,  the  expression 

®®  + ®y  + y®. 

4.  Write  in  factors,  one  of  which  is  oH-  6,  the  expression 

(a  Abf -c  {a  + hf  -d{a  + b)+e. 
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205.  We  shall  now  give  two  examples  of  a process  by 
which,  when  certain  fractions  are  known  to  be  equal,  other 
relations  between  the  quantities  involved  in  them  may  be 
determined. 

This  process  will  be  found  of  great  use  in  a later  part  of 
the  subject,  and  the  student  is  advised  to  pay  particular 
attention  to  it. 


(1)  If  shew  that 

a + 6 _ c + d 
a — b c.  — d' 


Let 

h~^' 

Then 

^ = \ ; 
d 

a = \b, 

and  c = \d. 

Xow 

a + b_\b  + b &(X  + 1)  X + 1 

a-b  \h-b~bl\-l)~\-V 

c + _Xc^  + cZ_£^ (X+ 1)  X + 1 
c-d~\d-d~ 

-u-  a + & , c + (l  , . , , X + 1 

being  each  equal  to  are  equal  to 

one  another. 


(2)  If  = shew  that  m + w + r=0. 

a-bb-cc-a 


Let 


a-b 


= \ 


b-i 


=\ 

c-a  ’ 

then  m — \a-\h, 

n = \b-  Xc, 

T=\c-\a ; 

TO  + w + r=Xa-X&  + X6-Xc  + Xc-Xa=0, 
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Examples. — Ixviii. 


I.  If  j = ^ prove  tlie  following  relations : 


. . a-b  c-d 

(') 


8a  + b _ 8c + d 
4a  + 7b~  4c  + 7d' 


, . a c 

(2)  ;ttt= 


(3) 


(4) 


a + b c + d' 
3a  3c 


4a  -5b  4c-  5d' 

a^-W~c^-dP' 


2.  If 


n 


, > 11a + 6 13a + & 

w)  TT7IL“i7 


(8) 


llc  + cZ  13c  + c?' 
a“^-ab  + b^  c^-cd  + dP 


a-b  b-{ 


aP  + ab  + b^  c^  + cd  + d^' 
then  l + m + n=0. 


-r  r a c e CO  la  + mc  + ne 

3.  11  prove  that 


' lb + md  + nf 


^ Tj,a  + & b + c c + a ,,  , , 

4..  11 — -^=— ^ = prove  that  a = o = c. 

^ &1  62  ^3’  61  261  + 362  + 463 


6.  Kt 


that 


j he  in  descending  order  of  magnitude,  shew 
^-^J  ^-J.is  less  than  ^ and  greater  than^. 


Tf^i  ^2  X.  ^dXi  + S'i/i  4x2  + 51/2 

7.  If  - = shew  tnat  ^ = 

2/1  2/2  7xi  + 9?/i  7x2  + 9i/2 

j,.a  c , , a^  + ab  ab-  ¥ 

0.  J-1  r = -1,  shew  that  -5 = — , — 

b d’  c^  + cd  cd-d^ 


jf  CO  c I .-t  ,Va  + 6 7c  + cZ 
9.  If  T = -y,  shew  that  _ — ^ . 

V b d -J- 


3a  + 56  3c  + 5d' 
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10.  If  ^ be  a proper  fraction,  shew  that  is  greater 

a . * 

than  p c being  a positive  quantity. 

11.  If  ^ be  an  improper  fraction,  shew  that  i® 

than  p c being  a positive  quantity. 


208.  AVe  shall  now  give  a series  of  examples  in  the  working 
of  which  most  of  the  processes  connected  with  fractions  will 
be  introduced. 


Examples.— Ixix. 


I.  Find  the  value  of  ^ when 

c 


a = 4,  & = -,  c = L 

2x^  + — 8*  + 5 a^-39cH-70 

Simplify and 

3.  Simplify  + 

^ \a-p  a + p/  \a-p  a + p/ 


4.  Add  together 

y“^ 

4 “ 6'*‘8’  4~" 


6+8“'^  4+6+8’ 


and  subtract  ^ from  the  result. 


T-,.  T ,,  . + b‘^ — d + 2ah  , 

5.  Find  the  value  ol^^-p-^^^wheit 

a=4,  6 = c = l. 

6.  Multiply  |x^  + 3ax  - i^y  2x^  - ax  - 

2 o 2 

^3 A3 

7.  Shew  that  7 = a + 26  + r. 

' ia-hy  a-b 
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8.  Simplify  + 

^ X x-y  x^-  xy^ 

oi  60x3-1 7a;2- 403  + 1 ok  1 

\4  9.  Shew  that ^ = 12x  - 25  + 


5x3  + 9x  - 2 

x^-9x3  + 7x3  + 9x-8 
, 10.  Simplify^, -,^3 

II.  Simplify  ^j+-l — 


x + 2 


1 -X- 


1 + X — i; 

1 -X 


1 2.  Simplify  a + ab  + h^  (a  + ab  + 

13.  Multiply  together  (j,  + (^P  + ^ 

1+  Add  together  ^-r,  if 

OJ'-ri  0-ri  C"i“i 

sum  be  equal  to  1,  then  abc  = a + b + c + 2. 

X b &3  5 52 

15.  Divide--! 9+-  + -^byx-a. 

a a X x^ 


16.  Simplify  ^ 


ah  c , 

r4-c-| ‘-a-\ ’-b 

0 c a 

^ c ct  A 

— '-c  + TA■a^ — '-h 
b c 


and  shew  that  it  is  equal 


be 

17.  Shew  that  ^ 


4a^ 


1 1 \ 1 \ 1 

1 H 1 1 H Y~. — 2 

a+-x  0.+-X  a^-7-x^ 


_ c,.  ,.„a  + 6 a-b  ^aP-b^ 

1 8.  Simplify r H r - 2-s — 

^ a-b  a + h a^  + b^ 

b a + b a^  + ¥ 

19.  Simplify -^-^-  + 2-;^^^. 

V TP  a^-ab  + b^  a^-h^ 

^ 20.  Simplify 
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21.  Simplify— 2 


(*2-1)2  2*2-4x  + 2 1-*2* 

23.  Simplify  1 ^ 


24.  Find  the  value  of  (^ — ^) 


a + & 


* - 2a  + 6 , 

, when  X = 

x + a-2b'  2 


a^-{h-c)‘^  l)^-{a-cY  C--{a-lSf 

25.  Stmphfy^p-^,  + ^.;j^;:^^ 


26.  Simplify 


27.  Simplify 


(*2  — 4x)  (a;2  - 4)2 
(*2  — 2x)2 

(a2_l)(^6_l) 

(a + 1)2  {a^-af 


28.  Simplify -^  + i-- 

X */  rpo  r^u  rf 


1 x-1 


*2  aj  + 1)2  *2  ^ a;2  (*2  + i)2* 


20.  Divide  — „ ■ 


30.  Simplify 


-I -0  by . 

. X x^  a X 


a-b  252  )a  — h 

+ -TT- 


a + b 

2{a  — b)  2 (a  + 6)  ' a2_52j  2b 


Simplify  +f)fy+_(5  - c)2  + (c - g)2  + (g - &)2 

31.  teimpmy  a^  + b^  + c^ 

. l-*-3*2  1 + 3*2  + 2*3 

32.  lakCy^ sr“W5  Il’Om 


(3 -2* -7*2)3  (3 -2* -7*2)^’ 


33- 


Simplify  (I 


- + y2  x^  — y 


■\  (x  + y ^-y\ 
'/  ■ \x-^l  x + vE 


'-x-y  x + y/ 

f 3 . \ / 0»2  ^ 


34.  Simplify  (^  - 1)  (£_- 1 ) + (|  - i)  ^ 

35.  Simplify 

N-ab  a^  + ab  + b"^  / 2a^  i \ A ^ 

a^-b^^  a + b ^\a^  + 63  / \ ^ N + ab  + I?/' 


0 
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36.  Simplify 

1 


- + -T-; 


1 


2(cc-l)^  4{x—l)  4(a;  + l)  (a;  — l)^(x  + 1)' 


37.  Prove  that 
1 1 


ahx  a{a  — h){x-a)  b(b  — a)  {x-b)  x{x~  a)  {x  - b)° 

38,  If  s = a 4 i + c + . . . to  terms,  slieAv  that 

s~a  s-b  s-G  /111  \ 

i — j 1 h ...  =sJ  — I"tH ...  ) — n. 

a b G \a  b c / 

39.  Multiply  ) by  g,- 


40.  Simplify 


, a-x  ^ 

1 I 1 + .9  o 

a + x . 4 x^ 

_a-x  ■ _ 

a + x + 


+ yV  " {x^-yy  + {x^  + yY 

a?-x^ 


41.  Divide  + ^3  - - x^  + 4^cc  4-  by  a;  + - 

42.  If  s = a + 5 4-  c 4-  ...  to  n terms,  shew  that 

s — a s — b s - c 

+ + +...=n-l. 

s s s 


43.  Divide  (— y - ) hy  ( -^^  2 + 

\x  — v x + vl  xx^^  + ir  x-'-vN 


I — 


-y  x + y 
2xy 

44.  SimpUfy— 

'^(x-yf 


a + b + c + d 


«•  prove  that 

1 r H f T 

abed 

46.  Simplify 

^4  + 4^3g  4.  gp2g2  ^ 4pg3  4.  g4  ^ p3  + 3p2g  ^ 3pg2  ^ g3 

^4  - 4jp\  + - 4p(f  4-  2^  ' p^-  3p^q  + 3pq^  - q^' 


l-2a;  a:4l 

47.  Keduce  — r,-Twv  + ^ + ; 


Z(x^-x+l)  ' 2(x2  + l)  6(x4-iy 
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48.  Simplify 


1 1 ?/  + X + a) 

X + IT  x + - ■' 

1 y 

y+z  ^ 


_1 1 , a; y 

c^.  a-x  a-y  (a  — x)^  (a-yV 

49.  Simplify j ^ j 

{a-y){a-xf  {a-yf{a-x) 


ahc  3-a-b  — c 

50.  Simplify  ^ . 


be  ca  ah 


1 + T 

51.  Simplify  ^{a^-b^. 

a — 


XV.  SIMULTANEOUS  EQUATIONS  OF 
THE  FIRST  DEGREE. 


207.  To  determine  several  unknown  quantities  we  must 
have  as  many  independent  equations  as  there  are  unktiown 
quantities. 


Thus  if  we  had  this  equation  given, 
x + y = Q, 

we  could  determine  no  definite  values  of  x and  y^  for 


x = 2 
y = A 


x = 4)  x = 3) 

’”,=2}’ ”,=3}’ 


or  other  values  might  he  given  to  x and  y,  consistently  with 
the  equation.  In  fact  v’e  can  find  as  many  pairs  of  values  of 
X and  y as  we  please,  which  will  satisfy  the  equation. 


OF  THE  FIRST  DEGREE. 


H3 


We  must  have  a second  equation  independent  of  the  first, 
and  then  we  may  find  a pair  of  values  of  x and  y which  will 
satisfy  both  equations. 

Thus,  if  besides  the  equation  x + y = Q,  we  had  another 
equation  x-y  — 2,  it  is  evident  that  the  values  of  x and  y 
which  will  satisfy  both  equations  are 
x — A ) 

since  4 + 2 = 6,  and  4-2  = 2. 

Also,  of  all  the  pairs  of  values  of  x and  y which  will  satisfy 
one  of  the  equations,  there  is  hut  one  pair  which  will  satisl'y 
the  other  equation. 

We  proceed  to  shew  how  this  pair  of  values  may  he  found. 

208.  Let  the  proposed  equations  be 
2x+  7^  = 34 
5x  + 9y  = 51. 

Multiply  the  first  equation  by  5 and  the  second  equation  by 
2,  we  then  get 

10cc  + 35i/  = l70 
10x+18i/=102. 

The  coefficients  of  x are  thus  made  alike  in  both  equations. 

If  we  now  subtract  each  member  of  the  second  equation 
from  the  corresponding  member  of  the  first  equation,  we  shall 
get  (Ax.  II.  page  58) 

35^-18^  = 170-102, 
or  17^  = 68; 

^ = 4. 

We  have  thus  obtained  the  value  of  one  of  the  unknown 
symbols.  The  value  of  the  other  may  be  found  thus  : 

Take  one  of  the  original  equations,  thus 

2x+  7i/  = 34. 

Now,  since  2/ = 4,  7^=28; 

.'.  2x  + 28  = 34; 
x=3. 

Hence  the  pair  of  values  of  x and  y which  satisfy  the 
equations  is  3 and  4. 


144 


SIMUL TANEOUS  EQ UA  TIONS 


Note.  The  process  of  thus  obtaining  from  two  or  more 
equations  an  equation,  from  which  one  of  the  unknown  quanti- 
ties has  disappeared,  is  called  Elimination. 

209.  We  worked  out  the  steps  fully  in  the  example  given 
in  the  last  article.  We  shall  now  work  an  example  in  the  form 
in  which  the  process  is  usually  given. 

Ex.  To  solve  the  eqtiations 

3x+  7y  = 67 
5x  + 4y  — 58. 

Multiplying  the  first  equation  by  5 and  the  second  by  3, 

15x  + 35^  = 335 
15x-l-  12y  = 174. 

Subtracting,  23?/=  161, 

and  therefore  ?/  = 7. 

Now,  since  3x+  7y  = 67, 

3a: + 49  = 67, 

.-.  3x=18, 

.•.  x = 6. 

Hence  cc=6  and  y=7  are  the  values  required. 

210.  In  the  examples  given  in  the  two  preceding  articles 
we  made  the  coefficients  of  x alike.  Sometimes  it  is  more  con- 
venient to  make  the  coefficients  of  y alike.  Thus  if  we  have 
to  solve  the  equations 

29cc  + 2?/  = 64 
13a:  + y = 29, 

we  leave  the  first  equation  as  it  stands,  and  multiply  the 
second  equation  by  2,  thus 

29x  + 2?/  = 64 
26x  + 2?/  = 58. 

Subtracting,  3x  = 6, 

and  therefore  a: =2. 

Now,  since  13x  + y=29, 

26  + y = 29, 
y = 3. 

Hence  a:  = 2 and  ?/  = 3 are  the  values  required. 
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Examples  — Ixx. 


I,  2cc  + 7y=41 
3x  + 4?/  = 42. 

4.  14a;  + 9j/  = 156 
7a; + 2^  = 58, 

7,  6x+  4^  = 236 
3x  + 15'^  = 573. 


2.  5a; + 8?/ = 101 
9x  + 2?/  = 95. 

5.  a;+15y  = 49 

3a;+  7y  = 71. 

8.  39a:  + 27?j  = 105 
52a;  + 29y  = 133. 


3.  13x+l7i/=189 
2x+  i/  = 21. 

6.  15a;4-19?/  = 132 
35x  + 17i/  = 226. 

9.  72a; + 14^7  = 330 
63a;  + 77  = 273. 


211.  We  shall  now  give  some  examples  in  whicli  negative 
signs  occur  attached  to  the  coefficient  of  y in  one  or  both  of 
the  equations. 

Ex.  To  solve  the  equations : 

6a; + 357  = 177 
' 8x-21y=  33. 

Multiply  the  first  equation  hy  4 and  the  second  by  3, 

24a;-fl40y  = 708 
24a;-  63y=  99. 

Subtracting,  203i/  = 609, 

and  therefore  2/ = 3. 

The  value  of  x may  then  be  found. 


Examples.— Ixxi. 


I.  2x  + 72/  = 52 
3x-  5y  = 16. 

4.  4x+  9y  = 79 
7x-  172/  = 40. 

7.  171x-213?/  = 642 
114x-3262/  = 244. 
rs.A.l 


2.  7x-  4?/ = 55 

15x-  13y  = 109. 

5.  x + 19y  = 97 
7x-53y  = 121. 

8.  43x+  2?7  = 266 
12x-  177  — 4. 


3.  x + 7 = 96 
x-7  = 2. 

6.  29x-14?7  = 175 
87x-56y=497'. 

9.  5x  + 97  = 188 
13x-2y  = 57. 
k: 
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212.  We  have  liitherto  taken  examples  in  which  the 
coefficients  of  x are  both  positive.  Let  us  now  take  the  folljw- 
ing  equations  : 

5x-7y  = 6 
9y-2x=10. 

Change  all  the  signs  of  the  second  equation,  so  that  we  get 
bx  — 7y  = 6 
2x  — 9y=  - 10. 

Multiplying  by  2 and  5, 

10a:-  14?/  = 12 
I0x-45y=-b0. 

Subtracting, 

- 14y  t-  45^  = 12  + 50, 
or,  Sly  = 62, 
or,  y = 2. 

The  value  of  x may  then  be  found. 


Examples.— Ixxii. 


I.  4x  — 7y  = 22 

2, 

9x  — 5y  = 52 

3.  l7a:  + 3^  = 57 

7y  — 3x=\. 

8y-3x  = 8. 

16y-3x=23. 

4.  7y-\-3x  = 78 

5- 

5x  - 3y  = 4 

6.  3x  + 2y=39 

19^ -7a;  =136. 

12y-7a;=10. 

3y-2x=13. 

7.  by  — 2x  = 2\ 

8. 

9y-  7x=13 

9.  12a;  + 7y=l76 

\3x-4y  = l20. 

lbx-7y  = 9. 

3y-19x=3. 

213.  In  the  preceding  examples  the  values  of  x and  y have 
heen  positive.  We  shall  now  give  some  equations  in  which  x 
or  y or  both  have  negative  values. 


Ex.  To  solve  the  equations : 

2x  — 9y  = ll 
Zx-4y  = 7. 

Multiplying  the  equations  by  3 and  2 respectively,  we  get 
6x-27y  = Z3 
6x—  8y  = 14. 
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Subtracting, 

-1%=19, 
or,  19y  = — 19, 
or,  ^ - 1. 

Now  since  9y=  - 9, 

2x  - 9y  will  be  equivalent  to  2x  - ( - 9)  or,  2x  + 9. 

Hence,  from  the  first  equation, 

2x  + 9 = ll, 


Examples.— Ixxiii 


I.  2x  + Sy  = 8 
Zx  + 7y  = 7. 

4.  7i/-3a;=139 
2x  + 5y  = 91. 

7.  l7a;+12i/  = 59 
19x-  4^  = 153. 


2.  5a; -2^  = 51 

19x-3i/  = 180. 

5.  4x+  9^=106 
8x+17y  = 198. 

8.  8x  + Sy=3 
12x  + 9?/  = 3. 


3,  3x- 5^  = 51 
2x  + 7y  = 3. 

6.  2x-7y—8 
4y-9x=19. 

9.  69i/-l7x=103 
Ux-13y=  -41. 


214,  We  shall  now  take  the  case  of  Fractional  Equations 
involving  two  unknown  quantities. 


Ex. 


To  solve  the  equations. 


Zy=9 


x-2 

3 ' 


First,  clearing  the  equations  of  fractions,  we  get 
10x  — y + 3=20 
9y=27-x+2, 

from  which  we  obtain, 

10x~y=l7 
x + 9y  = 29, 

and  hence  we  may  find  x=2,  y = 3, 
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Examples.— Ixxiv. 


I -+y-=7 
2^3 

^ , ?/_Q 

3 + 2-^- 

4.  ^-^  + 5 = 10 


2.  10x  + |=210  3.  ^+7^  = 251 


102/ -2  = 290. 


I + 7a;  = 299. 


7x  + ?^  = 413  6.  ?^^=10-| 


39x=  141/ -1609 


4y  — 3x  3x 


+ 1. 


y - 2 _ 

7.  = 5 

. x+10 

4!,— 3-=3. 

8.  | + 8=|-12 


x + 7/  1/  2x-y 

— + l = — t-^  + 35. 
5 3 4 


10.  ^|^  + 8i/  = 31 


4 

2x-i/ 


+ 10x  = 192. 

+ 3x  = 2y  -6 


y + Bv_^^_ 


6 


= 2x-8. 


3x-5y  2x  + y 

9.  -y-  + 3 

x-2'i/  X y 

® 4”“2  + 3- 


X — 2 10  — x_2/  — 10 

_ _ ____ 

2i/  + 4_4x  + 2/4-  13 
~3  8 ' 


.3.  5?__®h-3*=4!,-2 


5x  + 6y  3x-  2y 


6 4 

5x  — 3 3x— 19 


= 2y-2. 


14.  — H- 


2 2 3 

2x  + 2/  9x  - 7 _ 3i/  + 9 4x  + 52/ 
“2  ^"~4~  “16“”* 


4x  + 5y 

15.  -40-  = ^-^ 


2x  — y 


+ 2y- 
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215.  We  have  now  to  explain  tlie  method  of  solving  Literal 
Equations  involving  two  unknown  quantities. 

Ex.  To  solve  the  equations, 

ax  + by  = c 
px  + qy  = r. 

Multiplying  the  first  equation  by  p and  the  second  by  a,  we 
get 

apx  + bpy  = cp 
apx  + aqy  — ar. 

S ubtracting,  bpy  — aqy  = cp  — ar, 

or,  (bp  - aq)y  = cp  - ar ; 

_ cp-  ar 
^ bp  — aq’ 

We  might  then  find  x by  substituting  this  value  of  y in  one 
of  the  original  equations,  but  usually  the  safest  course  is  to 
begin  afresh  and  make  the  coefficients  of  y alike  in  the  original 
equations,  multiplying  the  first  by  q and  the  second  by  b, 
which  gives 

aqx  + bqy  = cq 
bpx  + bqy  = br. 

Subtracting,  aqx  — bpx  = cq-  br, 

or,  (aq -bp)x  = cq-br; 

cq-br 
x=— — 
aq-bp 


Examples.— Ixxv. 


I.  mx+ny=e, 
px  + qy^f. 


2.  ax  + by  = c 
dx  - ey  =/. 


3.  ax-hy=m 
cx  + ey  = n. 


4.  cx  = dy 
x + y = e. 


5.  mx-ny  = r 
mfx  + n'y=i^ 


6.  x + y = a 
x-y  = b. 


7.  ax  + by=c 


dx+fy=c^. 


8.  abx  + cdy=2 
d-b 

ax-cy==-^: 


a _ b 
b + y 3a + 03 

ax  + 2by  = d. 


9- 
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lo.  bcx  + 2b-cy  — 0 li.  (b  + c)(x  + c — b)  + a(y  + a)  = 2a^ 


bcm^ 


Wx  - + (b  + c + m)  my^m^x  + (b  + 2m)bm. 

216.  We  now  proceed  to  the  solution  of  a particular  class 
of  Simultaneous  Equations  in  which  the  unknown  S3mihols 
appear  as  the  denominators  of  fractions,  of  which  the  following 
are  examples. 

Ex.  1.  To  solve  the  equations, 


Multiplying  the  first  by  m and  the  second  by  a,  we  get 

am  hm 
— H =cm 


a b 


~ + ~=c 
X y 


X 


y 


am  rim. 


Subtracting, 


or,  bm  + an  = (cm-ad)y, 


bm  + an 


cm  - ad' 


Then  the  value  of  x may  be  found  by  substituting  this  value 
of  y in  one  of  the  original  equations,  or  by  making  the  terms 
containing  y alike,  as  in  the  example  given  in  Art.  215. 
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Ex.  2.  To  solve  the  equations: 

X Sy  27 

1 l^U 
4x^y  T2i 

Multiplying  the  second  equation  hy  8,  we  get 
X 3y~27 

2 8_n 

X y~  9' 


Subtracting, 


3y  y~27 


nn  • • 5 8 11  4 

Changing  signs,  3^  + -=^- 

5 + 24^33-4 
3y  27  ’ 


whence  we  find  2/=9> 

and  then  the  value  of  x may  be  found  by  substituting  9 for  y 
in  one  of  the  original  equations. 


Examples.— Ixxvi. 


- + --10 
a:  y 

2. 

1 2 

_ + -=a 

X y 

a h 

- + - = 20. 
X y 

3 4 , 
— 1 — = &. 
X ^ 

X y 

a b 
- + -=m 
X y 

5- 

a:  y 

6. 

3x  by 

a %h 

=^^. 

X y 

X 2/ 

7 1 

6x  10y~ 

2 

7-  — + 

' ax 

3 _ 
by 

5 

8. 

m 71 

— 1 =m  + n 

nx  my 

5 

ax 

2 _ 
by~ 

3. 

n m no 

-H =to2  + 

X 7/ 

3. 
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217.  There  are  two  other  methods  of  solving  Simultaneous 
Equations  of  which  we  have  hitherto  made  no  mention,  because 
they  are  not  generally  so  convenient  and  simple  as  the  method 
which  we  have  explained.  They  are 

I.  The  method  of  Substitution. 

If  we  have  to  solve  the  equations 

x + 3y=  7 
2x  + 47j  = 12 

we  may  find  the  value  of  x in  terms  of  y from  the  first  equa- 
tion, thus 

x = 7 - 3y, 


and  substitute  this  value  for  x in  the  second  equation,  thus 
2 (7 -37/) + 41/ = 12, 

from  which  we  find 

y = l. 

We  may  then  find  the  value  of  x from  one  of  the  original 
equations.  ^ 

II.  The  niethod  of  Comparison. 

If  we  have  to  solve  the  eqiiations 
5x  + 2t/  = 16 
7x-3?/=  5 


we  may  find  the  values  of  x in  terms  of  y from  each  equation, 
thus 


x=— , from  the  first  equation. 
x = ^-^-,  from  the  second  equation. 


Hence,  equating  these  values  of  x,  we  get 
16  - 2y_5  + Zy 

an  equation  involving  only  one  unknown  symbol,  from  which 
we  obtain 

y=^, 

and  then  the  value  of  x may  be  found  from  one  of  the  original 
equations. 


OF  THE  FIRST  DEGREE. 


153 


218.  If  there  be  three  unknown  symbols,  their  values  may 
be  found  from  three  independent  equations. 

For  from  two  of  the  equations  a third,  which  involves  only 
tivo  of  the  unknown  symbols,  may  be  found. 

And  from  the  remaining  equation  and  one  of  the  others 
a fourth,  containing  only  the  same  two  unknown  symbols,  may 
be  found. 

So  from  these  two  equations,  which  involve  only  two  un- 
known symbols,  the  value  of  these  symbols  may  be  found,  and 
by  substituting  these  values  in  one  of  the  original  equations 
the  value  of  the  third  unknown  symbol  may  be  found. 

Ex.  5a; -6^  + 42  = 15 

Tc  + 4xj-Zz=19 
2x+  ^J  + 6z  = 46. 

Multiplying  the  first  by  7 and  the  second  by  5,  we  get 
35x-42y  + 282  = 105 
35x  + 20y  - 153  = 95. 

Subtracting, 

-62y  + 433  = 10 (1). 

Again,  multiplying  the  first  of  the  original  equations  by  2 
and  the  third  by  5,  we  get 

10x-12y-|-8^  = 30, 
lOx  + 5y  + 302  = 230. 

Subtracting,  - 17y  - 22z=  -200 (2). 

Then,  from  (1)  and  (2)  we  have 

62y-432=-  -10 
17y  + 222  = 200, 

from  which  we  can  find  y = 4 and  2 = 6. 

Then  substituting  these  values  for  y and  2 in  the  first  equa- 
tion we  find  the  value  of  x to  be  3. 

Examples.— Ixxvii. 


1.  5x+7y-  22  = 13 
8x  + Sy+  2 = 17 

x-4y -I- 102  = 23. 

2.  5x  -t-  3y  — 62  = 4 
3x—  y + 2z  = 8 

x — 2y  + 2z  = 2. 


3.  5x  — 3y  + 2z  = 21 
8x—  y—3z=  3 
2x  -f-  3y  + 22  = 39. 

4.  4x  — ?nj  + 2z=  6 
2x  + 3y-  2 = 20 
7x-4y  + 3z  = 35. 
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5 £c+  y-¥  »=  6 

• 1 t 0~ OO 


8.  4a;  — 3^/+  »=  9 


5x+  4y  + 2z  = 22 
15x  + 10?/ + 6^  = 53. 


9x+  ^-5z  = 16 
X-  4y  + 'iz=  2. 


6.  8x  + 4^  - 3^  = 6 


g.  12x  + 5y  — 4z  = 29 


•X  + 3y  — X!  = 7 
4x-5y  + 4z  — 8. 


13x-2y  + 52  = 58 
17x-  ?/—  2 = 15. 


7.  x+  2=30 


10.  y -x  + z=  - 5 


8x  + 4?/  + 22  = 50 
27x  + 9?/  + 32  = 64. 


z-y  -x=  -25 
x + ?/  + 2 = 35. 


XVI.  PROBLEMS  RESULTING  IN  SIMUL- 
TANEOUS EQUATIONS. 

219.  In  the  Solution  of  Problems  in  which  we  represent 
two  of  the  numbers  sought  by  unknown  symbols,  usually  x and 
y,  we  must  obtain  two  independent  equations  from  the  condi- 
tions of  the  question,  and  then  we  may  obtain  the  values  of 
the  two  unknown  symbols  by  one  of  the  processes  described  in 
Chapter  XV. 

Ex.  If  one  of  two  numbers  be  multiplied  by  3 and  the 
other  by  4,  the  sum  of  the  products  is  43 ; and  if  the  former  be 
multiplied  by  7 and  the  latter  by  3,  the  difference  between  the 
results  is  14.  Find  tbe  numbers. 

Let  X and  y represent  the  numbers. 

Then  3x  + 4y  = 43, 

and  7x  — '3y=  14. 

From  these  equations  we  have 


Subtracting, 

Therefore 


21x  + 28?/  = 301. 
21x-  9y  = 42.‘ 
37?/ = 259. 

= 


and  then  the  value  of  x may  be  found  to  be  5, 
Hence  the  numbers  are  5 and  7. 
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Examples.— Ixxviii. 

% 

1.  The  snra  of  two  numbers  is  28,  and  their  difference  is  4, 
find  the  numbers. 

2.  The  sum  of  two  numbers  is  256,  and  their  difference  is 
10,  find  the  numbers. 

3.  The  sum  of  two  numbers  is  13’5,  and  their  difference  is 
1,  find  the  numbers. 

4.  Find  two  numbers  sucli  that  tiie  sum  of  7 times  the 
greater  and  5 times  the  less  may  be  332,  and  the  product  of 
tiieir  difference  into  51  may  be  408. 

5.  Seven  years  ago  the  age  of  a father  was  four  times  that 
of  liis  S(m,  and  .seven  years  lienee  the  age  of  the  lather  will  be 
double  that  of  the  son.  Find  their  ages. 

6.  Find  three  numbers  such  that  the  sum  of  the  first  and 
second  sliall  be  70,  of  the  tir.st  and  third  80,  and  of  the  second 
and  tidrd  90. 

7.  Three  persons  A,  B,  and  G make  a joint  contribution 
which  in  the  whole  amounts  to  £400.  Of  tins  sum  B contri- 
butes twice  as  much  as  A and  £20  more  ; and  G as  much  as  A 
and  B together.  What  sum  did  each  contribute? 

8.  If  A gives  B ten  shillings,  B will  have  three  times  as 
much  money  as  A.  if  B gives  A ten  shillings,  A will  have 
twice  as  much  money  as  B.  What  has  each  ? 

9.  Tlie  sum  of  £760  is  divided  between  A,  B,  G.  The 
shares  of  A and  B together  exceed  the  share  of  G by  £240, 
and  the  shares  of  B and  G together  exceed  the  share  of  A by 
£360.  What  is  the  share  of  each  ? 

10.  The  sum  of  two  numbers  divided  by  2,  gives  as  a quo- 
tient 24,  and  the  difference  between  them  divided  by  2,  gives 
as  a quotient  17.  What  are  the  numb'ers? 

11.  Find  two  numbers  such  that  when  the  greater  is 
divided  by  the  less  the  ([uotieiit  is  4 and  the  remainder  3,  and 
when  the  sum  of  the  two  numbers  is  increased  by  38  and  the 
result  divided  by  the  greater  of  the  two  numbers,  the  Cj^uotient 
is  2 and  the  remainder  2. 

12.  Divide  tiie  number  144  into  three  such  parts,  that 
when  the  first  is  divided  by  the  second  the  quotient  is  3 and 
the  remain. ler  2,  and  when  the  third  is  divided  by  the  sum 
of  the  other  two  parts,  the  quotient  is  2 and  the  remainder  6, 
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13.  A and  B buy  a horse  for  £120.  A can  pay  for  it  if  B 
will  advance  half  the  money  he  has  in  his  pocket.  B can  pay 
for  it  if  A will  advance  two-thirds  of  the  money  he  has  in  his 
pocket.  How  much  has  each  ? 

14.  ‘‘How  old  are  you?”  said  a son  to  his  father.  The 
father  replied,  “Twelve  years  hence  you  will  be  as  old  as  I was 
twelve  years  ago,  and  I shall  be  three  times  as  old  as  you  were 
twelve  years  ago.”  Find  the  age  of  each. 

15.  Eequiredjtwo  numbers,  such  that  three  times  the 
greater  exceeds  twice  the  less  by  10,  and  twice  the  greater 
together  with  three  times  the  less  is  24. 

16.  The  sum  of  the  ages  of  a father  and  son  is  half  what  it 
will  be  in  25  years.  The  difference  is  one-third  what  the  sum 
will  be  in  20  years.  Find  their  ages. 

17.  If  I divide  the  smaller  of  two  numbers  by  the  greater, 
the  quotient  is  ’21  and  the  remainder  '0157.  If  I divide  the 
greater  number  by  the  smaller,  the  quotient  is  4 and  the 
remainder  '742.  Find  the  numbers. 

18.  The  cost  of  6 barrels  of  beer  and  10  of  porter  is  £51 ; 
the  cost  of  3 barrels  of  beer  and  7 of  porter  is  £32,  2s.  How 
much  beer  can  be  bought  for  £30  ? 

19.  The  cost  of  7 lbs.  of  tea  and  5 lbs.  of  coffee  is  £1,  9s.  Ad. ; 
the  cost  of  4 lbs.  of  tea  and  9 lbs.  of  coffee  is  £1,  7s. : what  is 
the  cost  of  1 lb.  of  each  ? 

20.  The  cost  of  12  horses  and  14  cows  is  £380 : the  cost  of 
5 horses  and  3 cows  is  £130  : what  is  the  cost  of  a horse  and  a 
cow  respectively? 

21.  The  cost  of  8 yards  of  silk  and  19  yards  of  cloth  is 
£18,  4s.  2d.:  the  cost  of  20  yards  of  silk  and  16  yards  of  cloth, 
each  of  the  same  quality  as  the  former,  is  £25,  16s.  8d.  How 
much  does  a yard  of  each  cost? 

22.  Ten  men  and  six  women  earn  £18,  18s.  in  6 days,  and 
four  men  and  eight  women  earn  £6,  6s.  in  3 days.  What  are 
the  earnings  of  a man  and  a woman  daily? 

23.  A farmer  bought  100  acres  of  land  for  £4220,  part  at 
£37  an  acre  and  part  at  £45  an  acre.  How  many  acres  had 
he  of  each  kind? 
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Note  I.  A nvimber  consisting  of  two  digits  may  be  repre- 
sented algebraically  by  10a:  + y,  where  x and  y represent  the 
significant  digits. 

For  consider  such  a number  as  76.  Here  the  significant 
digits  are  7 and  6,  of  which  the  former  has  in  consequence  of 
its  position  a local  value  ten  times  as  great  as  its  natural 
value,  and  the  number  represented  by  76  is  equivalent  to  ten 
times  7,  increased  by  6. 

So  also  a number  of  which  x and  y are  the  significant  digits 
will  be  represented  by  ten  times  x,  increased  by  y. 

If  the  digits  composing  a number  10a:  + y be  inverted,  the 
resulting  number  will  be  \0y  + x.  Thus  if  we  invert  the  digits 
composing  the  number  76,  we  get  67,  that  is,  ten  times  6,  in- 
creased by  7. 

If  a number  be  represented  by  lOx  + y,  the  sum  of  the 
digits  will  be  represented  \>j  x + y. 

A number  consisting  of  three  digits  may  be  represented 
algebraically  by 

lOOo;  + lOy  + z. 

Ex.  The  sum  of  the  digits  composing  a certain  number  is 
5,  and  if  9 be  added  to  the  number  the  digits  will  be  inverted. 
Find  the  number. 

Let  lOcc  + y represent  the  number. 

Then  x + y will  represent  the  sum  of  the  digits, 

and  lOy  + CC  will  represent  the  number  with  the  digits  inverted. 

Then  our  equations  will  be 

x + y=5, 

10x  + y+9  = l0y  + x, 
from  which  we  may  find  cc  = 2 and  y = S ; 

23  is  the  number  required. 

24.  The  sum  of  two  digits  composing  a number  is  8,  and  if 
36  be  added  to  the  number  the  digits  will  be  inverted.  Find 
the  number. 

25.  The  sum  of  the  two  digits  composing  a number  is  10, 
and  if  54  be  added  to  the  number  the  digits  will  be  inverted. 
What  is  the  number  ? 
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26.  The  sum  of  the  digits  of  a tiumher  less  than  100  is  9, 
and  if  9 he  added  to  the  number  the  digits  will  be  inverted. 
What  is  the  number? 

27.  The  sum  of  the  two  digits  composing  a number  is  6, 
and  if  the  uuinl)er  be  divided  by  ihe  sum  ot  the  digits  the 
quotient  is  4.  What  is  the  number  ? 

28.  The  sum  of  the  two  digits  composing  a number  is  9,, 
and  if  the  numi'er  be  divided  by  the  sum  of  the  digits  the 
quotient  is  5.  What  is  the  number  ? 

29.  ff  T divide  a certain  number  by  the  sum  of  the  two' 
digits  of  wliich  it  is  composed  the  quotient  is  7.  If  1 invarfc 
the  order  of  the  digits  and  iheii  divide  the  resulting  number 
diminished  by  12  by  the  ditl'eience  oi  the  digits  of  the  original 
number  the  quotient  is  9.  What  is  the  number? 

30.  If  I divide  a certain  ninnber  by  the  sum  of  its  two 
digits  tlie  (piotient  is  6 and  the  remainder  3.  If  I invert  the 
digits  and  divi<le  the  resuliing  number  b\  the  srun  of  the  digits 
the  quotient  is  4 and  the  remainder  9.  Find  tlie  number. 

31.  If  I divide  a certain  number  by  the  sum  of  its  two 
digits  diminished  by  2 the  quotient  is  5 and  the  remainder  1, 
If  I invert  the  digits  and  divide  the  resulting  number  by  the 
sum  of  tlie  digits  increased  by  2 the  quotient  is  5 and  the  re- 
mainder 8.  Find  the  number. 

32.  Two  digits  which  form  a number  change  places  on  the 
addition  of  9,  and  the  sum  of  these  two  numbers  is  33.  Find 
the  numbers. 

33.  A number  consisting  of  three  digits,  the  absolute  value 
of  each  digit  being  the  same,  is  37  times  the  square  of  any 
digit.  Find  the  number. 

34.  Of  the  three  digits  composing  a number  the  second  is 
double  of  the  third  : the  sum  of  the  first  and  third  is  9 : the 
sum  of  all  the  digits  is  17.  Find  the  numbex’. 

35.  A number  is  composed  of  three  digits.  The  sum  of  the 
digits  is  21  : the  sum  of  the  first  and  second  is  greater  than  the 
third  by  3;  and  if  198.be  added  to  the  number  the  digits  will 
be  inverted.  Find  the  number. 
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Note  II.  A fraction  of  wliich  tlie  terms  are  nnknown  may 


be  represented  by 


Ex.  A certain  fraction  becomes  ^ when  7 is  added  to  its 

denominator,  and  2 when  13  is  added  to  its  numerator.  Pind 
the  fraction. 


Let  - represent  the  fraction 
Then 


X 1 


are  the  equations ; from  which  we  may  find  x = 9 and  ^=11. 
9 


That  is,  the  fraction  is 


ir 


36.  A certain  fraction  becomes  2 when  7 is  added  to  its 
numerator,  and  1 when  1 is  subtracted  from  its  denominator. 
What  is  the  fraction  ? 

37.  Find  such  a fraction  that  when  1 is  added  to  its 
numerator  its  value  becomes  and  when  1 is  added  to  the 

denominator  the  value  is  i. 

38.  What  fraction  is  that  to  the  numerator  of  which  if  1 be 
added  the  value  will  be  ^ : but  if  1 be  added  to  the  denominator, 

the  value  will  I*®  ^ ? 

39.  The  numerator  of  a fraction  is  made  equal  to  its 
denominator  by  the  addition  of  1,  and  is  half  of  the  deno- 
minator increased  by  1.  Find  the  fraction. 

40.  A certain  fraction  becomes  ^ when  3 is  taken  from  the 
numerator  and  the  denominator,  and  it  becomes  | when  5 
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is  added  to  the  numerator  and  the  denominator.  What  is  the 
fraction  % 


41.  A certain  fraction  becomes  ^ when  the  denominator  is 

20 

increased  by  4,  and  — when  the  numerator  is  diminished  by 
15  : determine  the  fraction. 

42.  What  fraction  is  that  to  the  numerator  of  which  if  1 be 
added  it  becomes  and  to  the  denominator  of  which  if  17  be 

added  it  becomes  ^ ? 

Note  III.  In  questions  relating  to  money  put  out  at 
simiple  interest  we  are  to  observe  that 

^ Principal  x Eate  x Time 
Interest= jjjg , 

where  Eate  means  the  number  of  pounds  paid  for  the  use  of 
.£100  for  one  year,  and  Time  means  the  number  of  years  for 
which  the  money  is  lent. 

43.  A man  puts  out  £2000  in  two  investments.  For  the  first 
he  gets  5 per  cent.,  for  the  second  4 per  cent,  on  the  sum 
invested,  and  by  the  first  investment  he  has  an  income  of 
£10  more  than  on  the  second.  Find  how  much  he  invests  in 
each  case. 

44.  A sum  of  money,  put  out  at  simple  interest,  amounted 
in  10  months  to  £5250,  and  in  18  months  to  £5450.  What 
was  the  sum  and  the  rate  of  interest  ? 

45.  A sum  of  money,  put  out  at  simpie  interest,  amounted 
in  6 years  to  £5200,  and  in  10  years  to  £6000.  Find  the  sum 
and  the  rate  of  interest. 

Note  IV.  When  tea,  spirits,  wine,  beer,  and  such  com- 
modities are  mixed,  it  must  be  observed  that 

quantity  of  ingredients  = quantity  of  mixture, 
cost  of  ingredients  = cost  of  mixture. 


Ex.  I mix  wine  which  cost  10  shillings  a gallon  with 
another  sort  which  cost  6 shillings  a gallon,  to  make  100 
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gallons,  which  I may  sell  at  7 shillings  a gallon  without  profit 
or  loss.  How  much  of  each  do  I take  % 

Let  X represent  the  number  of  gallons  at  10  shillings  a gallon, 


and  y 6 

Then  ® + 2/  = 100, 

and  10x  + 62/  = 700, 


are  the  two  equations  from  which  we  may  find  the  values  of 
X and  y to  be  25  and  75  respectively. 

46.  A wine-merchant  has  two  kinds  of  wine,  the  one  costs 
36  pence  a quart,  the  other  20  pence.  How  much  of  each  must 
he  put  in  a mixture  of  50  quarts,  so  that  the  cost  price  of  it 
may  be  30  pence  a quart  ] 

47.  A grocer  mixes  tea  which  cost  him  Is.  2d.  per  lb.  with 
tea  that  cost  him  Is.  6d.  per  lb.  He  has  30  lbs.  of  the  mixture, 
and  by  selling  it  at  the  rate  of  Is.  8d.  per  lb.  he  gained  as 
much  as  10  lbs.  of  the  cheaper  tea  cost  him.  How  many  lbs. 
of  each  did  he  put  in  the  mixture  ? 

Note  V.  If  a man  can  row  at  the  rate  of  x miles  an  hour 
in  still  water,  and  if  he  be  rowing  on  a stream  that  runs  at  the 
rate  of  y miles  an  hour,  then 

x-\-y  will  represent  his  rate  down  the  stream, 
x-y up 

48.  A crew  which  can  pull  at  the  rate  of  twelve  miles  an 
hour  down  the  stream,  finds  that  it  takes  twice  as  long  to  come 
up  a river  as  to  go  down.  At  what  rate  does  the  stream  flow  ] 

49.  A man  sculls  down  a stream,  which  runs  at  the  rate  of 
4 miles  an  hour,  for  a certain  distance  in  1 hour  and  40  minutes. 
In  returning  it  takes  him  4 hours  and  15  minutes  to  arrive  at 
a point  3 miles  short  of  his  starting- place.  Find  the  distance 
he  pulled  down  the  stream,  and  the  rate  of  his  pulling. 


50.  A dog  pursues  a hare.  The  hare  gets  a start  of  50  of 
her  own  leaps.  The  hare  makes  six  leaps  while  the  dog  makes 
5,  and  7 of  the  dog’s  leaps  are  equal  to  9 of  the  hare’s.  How 
manv  leaps  will  the  hare  take  before  she  is  caught? 

[s.A.j 
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51.  A greyhound  starts  in  pursuit  of  a hare,  at  the  distance 
of  50  of  ills  own  leaps  from  her.  He  makes  3 leaps  while  the 
hare  makes  4,  and  he  covers  as  much  ground  in  two  leaps  as 
the  hare  does  in  three.  How  many  leaps  does  each  make 
before  the  hare  is  caught  ? 

52.  I lay  out  half-a-crown  in  apples  and  pears,  buying  the 
apples  at  4 a penny  and  the  pears  at  5 a penny.  I then  sell 
half  the  apples  and  a third  of  the  pears  for  thirteen  pence, 
wdiich  was  the  price  at  which  I bought  them.  How  many  of 
each  did  I buy  ? 

53.  A company  at  a tavern  found,  when  they  came  to  pay 
their  reckoning,  that  if  there  had  been  3 more  persons,  each 
would  have  paid  a shilling  less,  but  had  there  been  2 less, 
each  would  have  paid  a shilling  more.  Find  the  number  of 
the  company,  and  each  man’s  share  of  the  reckoning. 

54.  At  a contested  election  there  are  two  members  to  be 
returned  and  three  candidates.  A,  B,  and  G.  A.  obtains  1056 
votes,  B,  987,  C,  933.  Now  85  voted,  for  B and  G,  744  for 
B only,  98  for  G only.  How  many  voted  for  A and  (7,  for 
A and  B,  and  for  A only  ? 

'<  55.  A man  walks  a certain  distance:  had  his  rate  been 

half  a mile  an  hour  faster,  he  wmuld  have  been  1^  hours  less 
on  the  road ; and  had  it  been  half  a mile  an  hour  slower,  he 
would  have  been  2^  hours  more  on  the  road.  Find  the  distance 
and  rate. 

56.  A certain  crew  pull  9 strokes  to  8 of  a certain  other 
crew,  but  79  of  the  latter  are  equal  to  90  of  the  former.  Which 
is  the  faster  crew  1 

Also,  if  the  faster  crew^  start  at  a distance  equivalent  to 
four  of  their  own  strokes  behind  the  other,  how  many  strokes 
will  they  take  before  they  bump  them  ? 

57.  A person,  sculling  in  a thick  fog,  meets  one  barge  and 
overtakes  another  which  is  going  at  the  same  rate  as  the 
former ; shew  that  if  a be  the  greatest  distance  to  which  he 
can  see,  and  b,  b'  the  distances  that  he  sculls  between  the 
times  of  his  first  seeing  and  passing  the  barges, 
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58.  Two  trains,  92  feet  long  and  84  feet  long  respectively, 
are  moving  with  uniform  velocities  on  parallel  rails  in  opposite 
directions,  and  are  observed  to  pass  each  other  in  one  second 
and  a half ; hut  when  they  are  moving  in  the  same  direction, 
their  velocities  being  the  same  as  before,  the  faster  train  is 
observed  to  pass  the  other  in  six  seconds;  find  the  rate  in 
miles  per  hoiir  at  which  each  train  moves. 

59.  The  fore-wheel  of  a carriage  makes  six  revolutions 
more  than  the  hind-wheel  in  120  yards  ; but  only  four  revolu- 
tions more  when  the  circumference  of  the  fore-wheel  is  increased 
one-fourth,  and  that  of  the  hind-wheel  one-fifth.  Find  the 
circumference  of  each  wheel. 

60.  A person  rows  from  Cambridge  to  Ely  (a  distance  of 
20  miles)  and  back  again  in  10  hours,  and'  finds  he  can  row 

2 miles  against  the  stream  in  the  same  time  that  he  rows 

3 miles  with  it.  Find  the  rate  of  the  stream,  and  the  time  of 
his  going  and  returning. 

61.  A number  consists  of  6 digits,  of  which  the  last  to  the 
left  hand  is  1.  If  this  number  is  altered  by  removing  the  1 
and  putting  it  in  the  unit’s  place,  the  new  number  is  three 
times  as  great  as  the  original  one.  Find  the  number. 


XVII.  ON  SQUARE  ROOT. 

220.  In  Art.  97  we  defined  the  Square  Boot,  and  explained 
the  method  of  taking  the  square  root  of  expressions  consisting 
of  a single  term. 

The  square  root  of  a positive  quantity  may  be,  as  we 
explained  in  Art.  97,  either  positive  or  negative. 

Thus  the  square  root  of  4a^  is  2a  or  - 2a,  and  this  ambiguity 
is  expressed  thus, 

\/4a^=  ± 2a. 

In  our  examples  in  tnis  chapter  we  shall  in  all  cases  regard 
the  square  root  of  a single  term  as  a positive  quantity. 
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221.  The  square  root  of  a product  may  he  found  by  taking 
the  square  root  of  each  factor,  and  multiplying  the  roots,  so 
taken,  together. 

Thus  J q21)-2  _ 

V 8 1x^1/ V = 9x^yz\ 

222.  The  square  root  of  a fraction  may  be  found  by  taking 
the  square  root  of  the  numerator  and  the  square  root  of  the 
denominator,  and  making  them  the  numerator  and  denominator 
of  a new  fraction,  thus 


/4ft^ 

y8w'' 


2a 

W 

_ 5xy^ 
7a®  ’ 


Examples. — Ixxix. 

Find  the  Square  Eoot  of  each  of  the  following  expressions : 


I.  4x‘^y'^. 

4. 

9a^ 

7'  1662- 

^6^2 

Y89f' 


2.  8la%^. 

5.  7l289aW. 

8 JL 

625^2 


3.  121m^V2r^b 
6.  169aiW2. 
25a^&® 
121x®2/^®’ 


223.  We  may  now  proceed  to  investigate  a Rule  for  the 
extraction  of  the  square  root  of  a compound  algebraical 
expression. 

We  know  that  the  square  of  a + h is  a^  + 2ab  + ¥,  and  there- 
fore a + & is  the  square  root  of  0.2  -j-  2ah  + ¥. 

If  we  can  devise  an  operation  by  which  we  can  derive  a + b 
from  + 2ab  + ¥,  we  shall  be  able  to  give  a rule  for  the 
extraction  of  the  square  root. 

Now  the  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  square,  i.e.  a is  the  square  root  of  a^. 


Hence  our  rule  begins  : 

“ Arrange  the  terms  in  the  order  of  magnitude  of  the  indices 
'■of  one  of  the  quantities  involved,  then  take  the  square  root  of  the 
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first  term  and  set  down  the  result  as  the  first  term  of  the  root : 
subtract  its  square  from  the  given  expression,  and  bring  down  the 
remainder thus 

+ 2a6  + b'^  {a, 


2a6  + 6^ 

Now  this  remainder  may  be  represented  thus  6(2oh-&): 
hence  if  we  divide  2ab  + 6^  hy  2a  + 6 we  shall  obtain  + b,  the 
second  term  of  the  root. 

Hence  our  rule  proceeds  : 

‘‘  Doxible  the  first  term  of  the  root  and  set  f,own  the  result  as  the 
first  term  of  a divisor:’'  thus  our  process  up  to  this  point  will 
stand  thus  : 

+ 2a6  + 6^  (^os 


2a  I 2a6  + 6^ 

Now  if  we  divide  2a6  by  2a  the  result  is  h,  and  hence  we 
obtain  the  second  term  of  the  root,  and  if  we  add  this  to  2a 
we  obtain  the  full  divisor  2a  + b. 

Hence  our  rule  proceeds  thus  ; 

“ Divide  the  first  term  of  the  remainder  by  this  first  term  of  the 
divisor,  and  add  the  result  to  the  first  term  of  the  root  and  also  to 
the  first  term  of  the  divisor  thus  our  process  up  to  this  point 
will  stand  thus  : 

a^  + 2a6  + 6^  (a  + 6 


2a  + & j 2ab  + 

If  now  we  multiply  2a  + 6 by  & we  obtain  2ab  + P‘,  which  we 
subtract  from  the  first  remainder. 

Hence  our  rule  proceeds  thus  : 

“ Multiply  the  divisor  by  the  second  term  of  the  root  and  sub- 
tract the  result  from  the  first  remainder : ” thus  our  process  will 
stand  thus  : 
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+ 2ab  + b^i^a  + l 


2a+  h 


2ab  + 
2ab  + 


If  tliere  is  now  no  remainder,  the  root  has  been  found. 

If  there  he  a remainder,  consider  the  two  terms  of  the  root 
already  found  as  one,  and  proceed  as  before. 


224.  The  following  examples  worked  out  will  make  the 
process  more  clear. 


(1) 


— 2ab  + b^i^a-h 


2a -b 


— 2ab + b^ 

— 2ab  + 


Here  the  second  term  of  the  root,  and  consequently  the 
second  term  of  the  divisor,  will  have  a negative  sign  prefixed, 

, - 2ab  , 

because  — _ — = -b. 

2a 


(2) 


6p  + 4g 


9p2  + 24pg  + 162^  (3p  + 4g 

24p2  + 16?^ 

24p2  + 16?^ 


(3) 


25a;2-60a;  + 36(5a;-6 
25a:‘'‘ 


lOx-6 


- 60x  + 36 

— 60x  + 36 


Next  take  a case  in  which  the  root  contains  three  terms. 
+ 2ab  + b^  — 2ac  - 2bc  + c^l^a  + b — c 


2a + b 


2ab  + ¥ — 2ac  - 2bc  + c® 
2ab  + b^ 

— 2ac  — 2bc  + 

— 2ac  — 2bc  + 


2a  + 26-c 
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When  we  ohtiined  the  remeiinihr-,  we  took  the  donhle 

• of  a + b,  considered  as  a single  term,  and  set  down  the  result  as 
the  first  part  of  the  SfiC'Qad  divisor.  We  then  divided  tlie  first 
teriii  of  the  renaaiiider,  —2ac,  hv  tlie  first  term  of  the  new 
dn  isor,  2a,  and  set  down  the ’■result,  - c,  attached  to  the  part 
ol  the  riiot  already  fouiid'a^d  also  to  the  new  divisor,  and  then 
.imilti^lied  the  coiuplefctdl  divisor  by  — c. 

■»  similarly  we  -nn^  proceed  when  the  root  contains  4,  h of 
.more  terms.  i 

Examples.— Ixxx. 

the  Scpiare  Root  of  the  following  expressions:: 


I. 

4a3  + 12u  6 + 963. 

6.  x^“-6x3  + 19x3-^30x  + 25. 

2. 

16/c'0-24/£3Z3  + 9^6. 

■7,  9x^  + 1 2x3  + 3 0x3  g.  4 jj  _|_ 

3- 

a263+  162a6  + 6561. 

8.  4r‘‘^i2r3+13r3-Cr  + L 

4- 

y^~38f  + 36l. 

"9.  4n^  + 4?i3  -4n  + 4. 

5- 

9siWc^  ^ 402abc  + 289.  to.  i - 6x  + 13x2  i2x3  + 4x*. 

II, 

X®  - 4x®  + 1 Ox^  - 1 ^x®  + 9x3. 

32. 

4?/'*  - 12^3j;  4 ^oyh'^  - 

■ 24yz^  + 16»h 

13.  ■ a^i\-^6ib  + 4b‘^  + 9c^  + 6ac+\2bc. 

h4-  4-  2a^b  + da'^b^  + 4a^¥  + 3a%'^  + 2ab^  + 6®. 

X®  — 4x®  + 6x®  + 8x- + 4a:  + 1. 

1 6.  4x^  + 8ax®  + 4a^x-  + 166%“  + 1 6a5^x  + 1 66\ 

17.  9-24x  + 58x2-  116x3+  129x^1  - I40x®  + lOOx®. 

1 8.  IBa*  — 40a3&  + 2m%‘^  ~'8()ah-x  + 64b'^x^+‘64a^bx. 

1 9.  9a^  - 24a3j)3  _ + 1 6ay^  + 40apH  + 25i^. 

2a  4;5f%3  _ I2y%3  ^ I7^2yj4  _ I2yx®  + 4x®. 

2 1..  25x*y^  — 30x3^3  + 29x^y^  — 1 2xy®  + 4^®. 

22.  16x^  — 24x3y  + 25x3^3 ^ I'^xy^  + 4^h 

23.  9a3  - 1 2ab  + 24iib  =- '!  66c  + 462  + I6c2 

24.  x'“  + ‘9x^  + 25  - 6x3  + i0a;2  _ 393.^ 

25 . 25x3  ~ 20xy  + 4f  + Qg?  _ 1 + 30xa 

26.  4x3  (x3  f (y  _ 2)  + y3  ^^^2  + 1)^ 
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225.  When  any  fractional  terms  are  in  the  expression  of 
which  we  have  to  find  the  Square  Root,  we  may  proceed  as  in 
the  Examples  just  given,  taking  care  to  treat  the  fractional 
terms  in  accordance  with  the  rules  relating  to  fractions. 


8 16 

Thus  to  find  the  square  root  of  x^-~^x  + 


, 8 16 


(a;- 


2X-; 


8 16 

8 16 


Since 


8 , „ 8.2  81  4 

9 • ^“9  ■ 1“9^2  9' 


8 16 

Or  we  might  reduce  — ^ to  a single  fraction,  ’which 


would  be 


81x2-72x+16 

81  ’ 


and  then  take  the  square  root  of  each  of  the  terms  of  the 
fraction,  with  the  followin  result : 

9x  — 4 , . 1 . 4 

— ^ — , which  IS  the  same  as  x - 

y y 


Examples.— Ixxxi. 


I.  + 

lb 


4-  t^  + 2 + ^. 


Ji,  — n 2 + - 

a^ 


i;.  x^  — 2x^  + 2x2-x  + -. 
^ 4 


3-  “‘-2+^- 


6.  x^  + 2x^  — X + 


¥ 

7.  Aa^  — 12a&  + ab^ "*■  ~ 
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1 ^ 00 

a;H8x^  + 24  + ^ + — 9. 


- 2>(E‘  - 2a^x  + ^a^x. 

16  9 «5 

J.  _4  ^_±  ±_]3 

^2  + y‘Z  ^2  XZ  yz‘ 

--  9 48m  , 12m|)  , 16  8p 

36m2 + — + — n + 

7^  5 25  5% 

« 

a2&2  _ 6a6cc^  + + ^ - — ^. 


13- 

14. 

15- 

16. 


4x^  9y' 


6y  12^ 


+ -5  + — o'  +4 -: 


4m^  9n^  . 16m  24n 

-^+  -J  + 4-  — + . 

n m 


JT  <?  d?  ah  2ac  ad  he  hd  cd 

T 16  ^ ^ T “ “ T ~ lO  T “ “5 ' 


49x‘‘ -28x3- 17x2 + 6cc  + ^. 

4 


17.  9x^  — 3ax3  + 6&x3  + -^ — abx^  + b^x\ 

1 8.  9x^  - 2x3  - + 2x  + 9. 


XVIII.  ON  CUBE  ROOT. 

226,  The  Cube  Eoot  of  any  expression  is  that  expression 
whose  cube  or  third  power  gives  the  proposed  expression. 

Thus  a is  the  cube  root  of  a^, 

3b  is  the  cube  root  of  2763. 

The  cube  root  of  a negative  expression  will  be  negative,  for 
since 

(~a)3=  — ax  —ax  -a=  —a®, 
the  cube  root  of  - «3  is  _ 
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So  also 

- 3x  is  the  cube  root  of  - 27x^, 
and  — 4a^  is  the  cube  root  of  — 64a%^. 

The  symbol  4/  is  used  to  denote  tbe  operation  of  extracting 
the  cube  root. 

Examples.— Ixxxii. 

Find  the  Cube  Foots  of  the  following  expressions: 

I.  8a^.  2.  27x^tj^.  3.  - 125mV. 

4.  -216cd^6^.  5.  6.  — lOOOa^SV^. 

7.  - 1728/n2in2b  8.  I33la%^^ 

227.  We  now  proceed  to  investigate  a Rule  for  finding  tbe 
cube  root  of  a compound  algebraical  expression. 

We  know  that  the  cube  of  a + & is  + 3a^b  + 3ab^  + b^, 
and  therefore  a + 6 is  the  cube  root  of  + 3a%  + 3a&2  + b^, 

W e observe  that  the  first  term  of  the  root  is  the  cube  root  of 
the  first  term  ol  tlie  cube. 

Hence  our  rule  begins : 

^‘Arrange  the  term.s  in  the  order  of  magnitude  of  the  indices  of 
one  of  th.e  quantities  involved,  then  take  the  cube  root  of  the  first 
term  and  set  doion  the  result  as  the  first  term  of  the  root:  subtract 
its  cube  from  the  given  expression,  and  bring  down  the  remainder;^* 

thus 

a^  + 3a^b  + 3a&2  + b^ 


Za-b  + 3a&2  + 

Now  this  remainder  may  be  re]-)resented  thus, 
b (Za^  + Zab  + b^)  ; 

hence  if  we  divide  Za%  + Zab^  + ¥ by  Za^  + Zab + b^,  we  shall 
obtain  + b,  the  second  term  of  the  root.  • 

Hence  our  rule  proceeds  : 

“ Multiply  the  square  of  the  first  term  of  the  root  by  3,  and  set 
down  the  result  as  the  first  term  of  a divisor:”  thus  our  process 
up  to  this  point  will  stand  thus  : 
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a3  + 3a2&  + 3a62  + 63 

3a2  I 3a26+3a62  + ftJ 

Now  if  we  divide  3a^&  by  3a^  the  result  is  6,  and  so  we 
obtain  the  second  term  of  the  root,  and  if  we  add  to  3a^  the 
expression  3ab  + we  obtain  the  full  divisor  3a^  + 3a&  + b'^. 

Hence  our  rule  proceeds  thus : 

“ Divide  the  first  term  of  the  remainder  by  the  first  term  of  the 
divisor j and  add  the  result  to  the  first  term  of  the  root.  Then  take 
three  times  the  product  of  the  first  and  second  terms  of  the  root, 
and  also  the  square  of  the  second,  term,  and  add  these  results  to 
the  first  term  of  the  divisor.”  Thus  our  process  up  to  this  point 
will  stand  thus : 

a^  + 3ai%  + 3a6^  + b^  {a + b 


3a^  + 3ab  + b^ 


3a%  + 3ab‘^  + b^ 


If  we  now  multiply  the  divisor  by  b,  we  obtain 
3a^b  + 3ab^  + b^, 

which  we  subtract  from  the  first  remainder. 

Hence  our  rule  proceeds  thus; 

“ Multiply  the  divisor  by  the  second  term  of  the  root,  and  sub- 
tract the  result  from  the  first  remainder:”  thus  our  process  will 
stand  thus : 


a?  + 3a^b  + 3ab^  -\-¥{a  + h 
a^. 


3a2  + 3a6  + 62 


3ab  + 3alS-  + 6® 
3a~b  + 3aU  + b^ 


If  there  is  now  no  remainder,  the.  root  has  been  found. 


If  theie  be  a remainder,  consider  the  two  terms  of  the  root 
already  found  as  one,  and  proceed  as  before. 


228.  The  following  Examples  may  render  the  process  more 
clear : 
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Ex.  1. 

3a2-12a  + 16 


a3_i2a2  + 48ct-64(a-4 


-12^2  + 48^-64 
-12a2  + 48a-64 


Here  observe  that  the  second  term  of  the  divisor  is  formed 
thus : 

3 times  the  product  of  a and  — 4 = 3xax  - 4=  — 12ct. 


Ex.  2. 


X®  — 6x3  + _ 20x2  + 15x2  — 6x  + 1 (x2  - 2x  + 1 


3x4 -6x2 + 4x2 

3x4-12x2 
+ 15x2-6x+l 


- 6x3  + 153,4  _ 20x2  + 15x2  _ 6x  + 1 

— 6x3  + ]^2x4  - 8x2 


3x4  _ ]^2x2  + 15x2  _ 0x  + 1 
3x4  _ I2x^  _J.  15x2  — 6x  + 1 


Here  the  formation  of  the  first  divisor  is  similar  to  that  in 
the  preceding  Examples. 

The  formation  of  the  second  divisor  may  be  explained  thus; 

Eegarding  x2  — 2x  as  one  term 
3 (X2  - 2X)2  = 3 (X4  - 4x2  +-43;2)  ^ 33.4  _ 12x3  + 12x2 
3 X (x2  — 2x)  X 1 = 3x2  _ 035 

12  = 1 

and  adding  these  results  "vve  obtain  as  the  second  divisor 
3x4 -12x2  + 15x2- 6x  + l. 


Examples.— Ixxxiii. 

Find  the  Cube  Eoot  of  each  of  the  following  expressions ; 
I,  -2a^b  + 3a¥  — ¥.  2.  + Qa  + \. 

3.  a2  + 24a26  + i92a&2  + 5i2&3, 

4.  a2  + + 3a&2  + h^  + 2ah  + 6ahc  + 3bh  + 3ac2  + 36^2  + c®. 

5.  x2  - 3x2?/  + 3x'^2  — y^  + 3x2s  — Qxyz  + 3yh  + 3x^2  — Zyz^  + 

6.  27x2  - 54x3  + 03aj4  _ 44^3  + 21x2  - 0x  + 1. 
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7.  l-3a  + 6a^-7a^  + 6a^-2a^  + a^ 

8.  - 3xhj  + Zx^f  — y^  + 82^  + Qxh  - \'2x^jz  + Qifz  + 12xz^  - I2ijz^. 

9.  ftO  _ 12a’-  + 54a^  - 1 12a3  + 108^2  - 48a  + 8. 

10.  8m®  — 36?a®  + 66m  ^ - 63m2  + 33m2  - 9m  + 1. 

11.  x2  + 6x‘^y  + 12x'^2  + 8^3  _ _ i2x^s  — 12^2jj  ^ ^ 

1 2.  8m®  - 36mhi  + b4mv?  — 27#  — ] 2mh  + S6mnr  — 27#r 

+ 6mr2  — 9?tr2  — r®. 


i^.  m2  + 3m2  — 5h — 


m' 


229.  The  fourth  root  of  an  expression  is  found  by  taking 
the  square  root  of  the  square  root  of  the  expression. 

Thus  4^16a®i^=  sJ4a%'^  — 2a'^h. 

The  sixth  root  of  an  expression  is  found  hy  taking  the  cube 
root  of  the  square  root  of  the  expression. 

Thus^  ^8a%^=2a%. 


Examples.— Ixxxiv, 

Find  the  fourth  roots  of 

1.  16a'i-  96a®x  + 216a2x2  - 2l6ax®  + 81x^. 

2.  l + 24a2^16a^-8a-32a3. 

3.  625  + 2000x  + 2400x2  + 1280x3  + 256x\ 

Find  the  sixth  roots  of 

4.  a®  - 6a®6  + 15a462  - 20a3&3  + 15^2^4  _ 6a6®  + &® 

5.  X®  + 6x® + 15x- + 20x3+ 15x2 + 6x+l. 

6.  m®  - 1 2m®  + 60?#  - 1 COm®  + 240m2  - 1 92m  + 64. 


XIX.  QUADRATIC  EQUATIONS. 


230.  A Quadratic  Equation,  or  an  equation  of  two  dimen- 
sions, is  one  into  which  the  square  of  an  unknown  symbol 
enters,  without  or  vnth  the  first  power  of  the  symbol. 

Thus  x2=16 

and  x2  + 6x  = 27 

are  Quadratic  Equations. 

231.  A Pure  Quadratic  Equation  is  one  into  which  the 
square  of  an  unknown  symbol  enters,  the  first  power  of  the 
symbol  not  appearing. 

Thus,  x^  = 16  is  a pure  Quadratic  Equation. 

232.  An  Adfected  Quadratic  Equation  is  one  into  which 
the  square  of  an  unknown  symbol  enters,  and  also  the  first 
power  of  the  symbol. 

Thus,  x^  + 6x  = 27  is  an  adfected  Quadratic  Equation. 

Pure  Quadratic  Equations. 

233.  When  the  terms  of  an  equation  involve  the  square 
of  the  unknown  symbol  only,  the  value  of  this  square  is  either 
given  or  can  be  found  by  the  processes  described  in  Cliapter 
XVII.  If  we  then  extract  the  square  root  of  each  side  of  the 
equation,  the  value  of  the  unknown  symbol  will  be  determined. 

234.  The  following  are  examples  of  the  solution  of  Pure 
Quadratic  Equations. 
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Ex.  1.  x2=16. 

Taking  the  square  root  of  each  side 
a:=±4. 

We  prefix  the  sign  ± to  the  number  on  the  right-hand  side 
of  the  equation,  for  the  reason  given  in  Art.  220. 

Every  pure  quadratic  equation  will  therefore  have  two  rootSy 
equal  in  magnitude,  but  with  ditterent  signs 

Ex.  2.  4x2  + 6 = 22. 

Here  4x2  = 22  — 6, 

or  4x2=16, 
or  x2  = 4; 

.'.  X = ± 2. 

That  is,  the  values  of  x which  satisfy  the  equation  are  2 
and  -2. 

Ex.  3.  = 

3x2  _ 4 5a;!i  _ 0* 

Here  128  (5x2 -6)  = 216  (3x2 -4), 

or  640x2  - 768  = 648x2  - 864, 
or  x2=  12  ; 
x=±  V12. 

Examples.— Ixxxv. 

I.  x2=64.  2.  x^  — a"b^.  3.  x2- 10000=0. 

4.  x2-3=46.  5.  5x2-9  = 2x2  + 24.  6.  Zaz^=l92a^c^ 

x2  — 12  x2-4 


7-  3 = 4 • 

II. 

mx^  + n=q. 

8.  (500 +x)  (500- x)  = 233359. 

12. 

x^  — ax  + b = ax(x-l). 

8112  „ 

9. =3x. 

13- 

45  57 

2x2  ^ 3 ' ■ 42J..  _ 5' 

10.  5^x2-18x  + 65  = (3x-3)2 

14. 

42  35 

x2-2"x2-3* 
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Adfected  Quadratic  Equatioas. 


235.  Adfected  Quadratic  Equations  are  solved  by  adding 
a certain  term  to  both  sides  of  the  equation  so  as  to  make  the 
left-hand  side  a perfect  square. 


Having  arranged  the  equation  so  that  the  first  term  on  the 
left-hand  side  is  the  square  of  the  unknown  symbol,  ajid  the 
second  term  the  one  containing  the  first  power  of  the  unknown 
quantity  (the  known  symbols  being  on  the  right  of  the  equa- 
tion), we  add  to  both  aides  of  the  equation  the  square  of  half  the 
coefficient  of  the  second  term.  The  left-hand  side  of  the  equa- 
tion then  becomes  a perfect  square.  If  we  then  take  the  square 
root  of  both  sides  of  the  equation,  we  shall  obtain  two  simple 
equations,  from  which  the  values  of  the  unknown  symbol  may 
be  determined. 

236.  The  process  in  the  solution  of  Adfected  Quadratic 
Equations  will  be  learnt  by  the  examples  which  we  shall  give 
in  this  chapter,  but  before  we  proceed  to  them,  it  is  desirable 
that  the  student  should  be  satisfied  as  to  the  way  in  which  an 
expression  of  the  form 

x^  + ax 

is  made  a perfect  square. 


Our  rule,  as  given  in  the  preceding  Article,  is  this  : add  the 
square  of  half  the  coefficient  of  the  second  term,  that  is,  the 

square  of  that  is,  We  have  to  shew  then  that 
x^  + ax  + — 

is  a perfect  square,  whatever  a may  be. 

This  we  may  do  by  actually  performing  the  operation  of 

a2 

extracting  the  square  root  of  x‘^  + ax  + —,  and  obtaining  the 
result  a:  -f- 1 with  no  remainder. 
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237.  Let  us  examine  this  process  by  the  aid  of  numericfil 
coefficients. 

Take  one  or  two  examples  from  the  perfect  squares  given 
in  page  48. 

We  there  have 

a;2+  18x+  81  which  is  the  square  of  a:+  9, 

x^  + 34a;  + 289 £C+  17. 

x^—  8x+  16 x-^  4, 

x2-36x  + 324 a;-18. 

In  all  these  cases  the  third  term  is  the  square  of  half  the 
coefficient  of  x. 


238.  Now  put  the  question  in  this  shape.  What  must  we 
add  to  x2  + ax  to  make  it  a perfect  square  ? 

Suppose  h to  represent  the  quantity  to  he  added. 

Then  + ax  + 6 is  a perfect  square. 

Now  if  we  perform  the  operation  of  extracting  the  square 
root  of  x2  + ax  + &,  our  process  is 


For 


324=(18)^=(fy. 


ax + 6 


[8.A.] 


M 
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Hence  in  order  that  b may  he  a perfect  square  we 

must  have 


That  is,  h is  equivalent  to  the  square  of  half  the  coefficient 
of  X. 

239.  Before  completing  the  square  we  must  be  careful 

(1)  That  the  square  of  the  unknown  symbol  has  no  coeffi- 
cient but  unity, 

(2)  That  the  square  of  the  unknown  symbol  has  a positive 
sign. 

These  points  will  be  more  fully  considered  in  Arts.  245  and 
246. 

240.  We  shall  first  take  the  case  in  which  the  coefficient  of 
the  second  term  is  an  even  number  and  its  sign  positive. 

Ex.  a;2  + 6x  = 40. 

Here  we  make  the  left-hand  side  of  the  equation  a perfect 
square  by  the  following  process. 

Take  the  coefficient  of  the  second  term,  that  is,  6. 

Take  the  half  of  this  coefficient,  that  is,  3. 

Square  the  result,  which  gives  9. 

Add  9 to  both  sides  of  the  equation,  and  we  get 
a;2  -1-  6a;  -f  9 = 49. 

Now  taking  the  square  root  of  both  sides,  we  get 
a+3=±7. 
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Hence  we  have  two  simple  equations, 


x + 3=+7 (1), 

and  a:4-3=-7 (2). 


From  these  we  find  the  values  of  x,  thus: 
from  (1)  x = 7-3,  that  is,  x = 4, 

from  (2)  x=  — 7 - 3,  that  is,  x=  - 10 

Thus  the  roots  of  the  equation  are  4 and  - 10.  > 

Examples. — Ixxxvi. 

I.  x^  + 6x  — 72.  2.  x“+12x  = 64,  3.  x^+14x=15. 

4.  x^  + 46x  = 96.  5.  x“+128x  = 393,  6.  x^  + 8x  — 65  = 0 

7.  x^  + 18x  — 243  = 0.  8.  + 16x  — 420  = 0. 

241.  We  next  take  the  case  in  which  the  coefficient  of  the 
second  term  is  an  even  numher  and  its  sign  negative. 

Ex.  x2-8x  = 9. 

The  term  to  be  added  to  both  sides  is  (8 4-2)2,  jg^  ^4^2^ 
that  is,  16. 

Completing  the  square 

x2  - 8x+  16  = 25. 

Taking  the  square  root  of  both  sides 
a;_4=±5. 


This  gives  two  simple  equations, 

a:-4=+5 (1), 

!C-4=  -5 (2), 

From  (1)  x=5  f 4,  .'.  x = 9; 

from  (2)  x=  -5  4-4,  .'.  x=  — 1. 

Thus  the  roots  of  Ihe  e(|uation  are  9 aud  — 


i8o 
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Examples.— Ixxxvii. 

I.  a;2-6x=7.  2.  x^-4a;=5.  3.  - 20x=21. 

4.  x2-2a3  = 63.  5.  a;2-12x  + 32  = 0.  6.  *2 _ 143,  + 45 ^ 0. 

7.  a;^-234x+ 13688  = 0.  8.  (x  - 3)  (x- 2)  = 3 (5x+ 14). 

9.  x(3x-17)-x(2x  + 5)  + 120  = 0. 

10.  (x-5)2  + (x  — 7)^  = x(x-8)  + 46, 

242.  We  now  take  the  case  in  which  the  coefficient  of  the 
second  term  is  an  odd  number. 

Ex.  1.  x^  — 7x  = 8. 

The  term  to  be  added  to  both  sides  is 


Completing  the  square 


o w OX 

or,  x^-7x~h-^=~. 

’ 4 4 


Taking  the  square  root  of  both  sides 


This  gives  two  simple  equations, 


(1), 


(2). 


from  (2) 


-2 


•.  x=  -1. 


Thus  the  roots  of  the  equation  are  8 and  - 1, 
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Ex.  2*  x^  — x=4:2. 

The  coefficient  of  the  second  term  is  1. 
The  term  to  be  added  to  both  sides  is 


9 1 1 

/.  x^  — x + ^ = 42  + - 
4 4 
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or,  x^-x  + -=  — ; 

1 .13 


Hence  the  roots  of  the  equation  are  7 and  ~ 6. 


Examples. — Ixxxviii. 

I.  a;2  + 7a;=30.  2.  x2-lla:=12.  3.  a;2  + 9a:  = 43 

4.  x2_33a;_i40.  5_  a;2-a;  = 72. 

7.  x2  + 37a; =3090.  8.  x2=56  + a;. 

9.  £c(5-a:)->-2a;(x-7)- 10(cc-6)  = 0. 

10.  (5a;  - 21)  (7x  - 33)  - (17a;  + 15)  (2x  - 3)  = 448. 

243.  Our  next  case  is  that  in  which  the  coefficient  of  the 
second  term  is  a fraction  of  which  the  numerator  is  an  even 
member. 


Ex. 


a;2  — -o;  = 21. 


The  term  to  be  added  to  both  sides  is 
2\2 


25’ 


, 4 4 629 


M 


i82 
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X — = + — . 

5 - 5 


Hence  the  values  of  x are  5 and  - 


21 


Examples. — Ixxxix. 


4.  X 


2 2 35 

-3^=9- 

08  8 n 


,26  16  . 
7.  =t*--<r  + -3=0. 


2.  X^-^-X—  - 


25‘ 


5.  ^^  + 3.^  = 7. 


„ 28x  1 ^ 

3-  ^'--^  + 3 = ^* 

, „ 16  16 
6.  - —X  = — . 

5 5 


8.  x2--x  = 45. 


244.  We  now  take  the  case  in  which  the  coefficient  of  the 
second  term  is  a fraction  whose  numerator  is  an  odd  number. 


Ex. 


2 7 136 

^'-3^==-3- 


The  term  to  he  added  to  both  sides  is 

/7\2 


, 7 49  136  49 

a;2--x  + :77;  = ^-  + — , 


36 

„ 7 49  1681 


7 ,41 

Hence  the  values  of  x are  8 and  — 


17 


Examples.— xc. 


I.  x^-^x=8. 


4.  x^  + -x=76. 


2.  x^  — ^x  = 98. 


5.  x2--x=16. 


3.  x2  + -a;  = 39. 

6.  x2--y:a:  + 6*=0. 


7.  x^ 


15 


x-34  = 0. 


Q 2 23  3 

8.  x^-jx=-^. 
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245.  The  square  of  the  unknown  symbol  'rami  not  he  'pre- 
ceded by  a negative  sign. 

Hence,  if  we  have  to  solve  the  equation 

Qx  — x-  — 9, 

we  change  the  sign  of  every  term,  and  we  get 
x2  — 6a:  = - 9. 

Completing  the  square 

- 6a:  + 9 = 9 — 9, 
or  — 6x  + 9 = 0. 

Hence  x-3  = 0, 

or  x = 3. 

Note.  We  are  not  to  be  surprised  at  finding  only  one 
value  for  x.  The  iuterin-etatioii  to  be  placed  on  such  a result 
is,  that  the  two  roots  of  the  equation  are  equal  in  value  and 
alike  in  sign. 

246.  The  square  of  the  unknown  symbol  must  have  no 
cocjjirient  but  iiuity. 

Hence,  if  we  have  to  solve  the  equation 
5x^  — 3x  = 2, 

we  must  divide  all  the  terms  by  5,  and  we  e. 

■ 3x  2 

^ 5 “5* 

2 

From  which  we  get  x = 1 and  x=  — 

5 

247.  In  solving  Quadratic  Equations  involving  literal  co- 
efficients of  the  unknown  symbol,  the  same  rules  will  apply  as 
in  the  cases  of  numerical  coefficients. 

Thus,  to  solve  the  equation 
X a 

Clearing  the  equation  of  fractions,  we  get 
2a2-x2-2ax  = 0 ; 

-x^  — 2ax=  -2a^, 
or  x2  + 2ax=2a'2. 


therefore 
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Completing  the  square 

+ 2ao3  + = 3c^2^ 

whence  x + a=± 

therefore  x= -a+  ,a,  or  x= —a- .a. 

The  following  are  Examples  of  Literal  Quadratic  Equations. 


Examples.— xci. 


2 

I.  x^  + '2.ax=al.  2.  x^-Aax^la^^.  3.  a;2  + 3mx  = -^-. 


„ bn  Zn^ 

4.  X2--X  = — . 

5.  x"^ + {a-l)x  = a. 

6.  x^+  {a-h)x  = ab. 


7-  zrT-w2- 


52 


= 0. 


(x  + a)2  (x  - ay 

8.  adx  — aar?  = hex  — bd. 

dC  . 7 \ o 

9.  cx  H ^ = (c6  + 6)  x^ 

^ a + & ^ •' 


10. 

11. 

12. 


(T'E‘  lax  W ^ 

-T2 + -2  = 0. 

c C2 

, 9 Sa^x  6a2  + a6-252  b’^x 
c G 

(4«2  - 9ccZ^)  x2  + (4a2c2  + Aabd^)  x + (ac^  + bd‘^y  = 0. 


248.  If  both  sides  of  an  equation  can  be  divided  by  the 
unknown  symbol,  divide  by  it,  and  observe  that  0 is  in  that 
case  one  root  of  the  equation. 

Thus  in  solving  the  equation 

gj3  _ 2x2  _ 33.^ 

we  may  divide  by  x,  and  reduce  the  equation  to  the  form 
x2  - 2x  = 3, 

from  which  we  get 

x=3  or  x=  - 1. 

Then  the  three  roots  of  the  original  equation  are  0,  3 and  - 1. 

We  shall  now  give  some  Miscellaneous  Examples  of  Quad- 
ratic Equations. 
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4- 

7. 

9- 

II. 

14. 

17. 

19. 

21. 

23- 

26. 


Examples.— xcii. 

a;2-7a:  + 2 = 10.  2.  - 5x  + 3 = 9.  3.  x2-llx-7  = 5. 

10  rA 

a;2-13x-6  = 8.  5.  a;2  + 7x-18  = 0.  6.  4a;-- — ^^  = 22. 

.a:  - 1 


a:^  - 9a:  + 20  = 0. 
a:‘‘^-6x-  14  = 2. 


_4^_  a:^7  _ 
a;  + 7 2a;  + 3 ~ 


8.  5a; -3 


a:  - 3 
7a; -6 


a;-  3 


4x  X -8 

10.  = 2. 

a;  + 3 2x  + 5 


4 + 3x  15  — a:  _ 7a;— 14 
a:  — 6 


10 


20 


12.  a;2-12  = lla:.  13.  14= 13a;. 

16.  2x2  = 18x-40. 
18.  3x2  = 24x-36. 


15.  3x-~ -=26. 

^ X 


3x  - 5 6x  _ 1 

9x  3x  - 25  3‘ 

4x-10  7-3x_7 
X + 5 X 2' 

x+ll_^  9 + 4x 


7 2x  - 5 3x  - 

20.  — = 

4 X + 5 2x 


22.  (x- 3)2  + 4x  = 44. 


24.  6x2  + x = 2. 


■x  = 210. 


25.  x^-^x= 

.8.  ^-11. 


X 

3 X 

-1 

29. 

X- 

I=^2+~ 

X 

30- 

1 

2 

3 

31- 

X- 

2 x + 2 

~5' 

32. 

10 

14 -2x 

22 

33- 

X 

X2 

“ 9‘ 

34- 

4x  20  - 4x 


= 15. 


35- 

37- 

39- 

41. 


8 ^ 32 

5-x"''4-x  x + 2‘ 
x^  + (a  + b)  X + ah  = 0. 

- 2ax  + a^  — b^  = 0. 
„ a '2.0^ 


x+60  3x-5‘ 

, X , 7-x  -9 

^ ■ 7 - x”^  X ~ 10‘ 
38.  x^  — (b-a)x-ab  = 0. 
40.  x2-((x2-a3)x  — 

a2  + &2 


42.  x“-- 


ab 


-X  H-1 = 0, 


K ICO 


XX.  ON  SIMULTANEOUS  EQUATIONS 
INVOLVING  QJADRATICS. 


249.  For  the  solution  of  Simultaneous  Equations  of  a de- 
gree higher  than  the  first  no  fixed  rules  can  be  laid  down.  We 
shall  ])oint  out  the  methods  of  solution  which  may  be  adopted 
witli  advantage  in  particular  cases. 

250.  If  the  simple  power  of  one  of  the  unknown  symbols 
can  be  expressed  in  terms  of  the  other  symbol  by  means  of  one 
of  the  given  equations,  the  Method  of  Substitution,  explained 
in  Art.  217,  may  be  employed,  thus: 

Ex.  To  solve  the  equations 

£c  + y = 50 
xy  — 600. 

From  the  first  equation 

x = bO-y. 

Substitute  this  value  for  x in  the  second  equation,  and  Ave 
get  (50-y)  . y = 600. 

This  gives  50y  - y^  = C00. 

From  which  we  find  the  values  of  y to  be  30  and  20. 

And  we  may  then  find  the  corresponding  values  of  a:  to  be 
20  and  30. 

251.  But  it  is  better  that  the  student  should  accustom’ 
himself  to  work  such  equations  symmetrically,  thus  : 


To  solve  the  equations 

x + y = 50 (1), 

xy  = 600 (2) 


From  (1)  x^  + 2xy  + y^  = 25Q0. 

From  (2)  4xy  =2400, 
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Subtracting,  x^-'2xy + = 

x-y—±  10. 

Then  from  this  equation  and  (1)  we  find 

a;  = 30  or  20  and  y=20  or  30. 


Examples. — xciii. 


I.  x + ^ = 40  2.  £C  + ^ = 13  3.  £C  + ^=29 

xy  = 300.  xy  = 36.  xy—lOO. 

4.  x~y  = 19  5.  x-y  = 45  6.  x-y  = 99 

xy  = 6Q.  xy=25Q.  xy  = 100. 

252.  To  solve  the  equations 

x-y=12 (1), 

x^  + ^f  = 74c (2). 

From  (1)  x^-2xy-\-y^=144: ,.(3). 


Subtract  this  from  (2),  then 

2xy=  -70, 

4xy  = — 1^. 

Add  this  to  (3),  then 

x^  + 2xy  + y^=4, 
x + y=  ±2. 

Then  from  this  equation  and  (1)  we  get 

(c=7  or  5 and  y—  —5  or  — 7. 


I.  x-y=4 
x^  + y^  = 40. 
4.  x + y = 8 
a;2  + ^2  = 32. 


Examples.— xciv. 


2.  x-y=10 
x^-hy^  = l78. 
^ 5-  a:  + 2/=12 
X^  + y^=l04. 


^3.  a;-^=14 
a;2  + t/=436. 
6.  x + y = 49 
x^  + y^=1681. 


i88 
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253.  To  solve  the  equations 

a;3  + ^3=35 (1), 

x + y = b (2). 

Divide  (1)  by  (2),  then  we  get 

x^-xy  + y^=7  (3), 

From  (2)  x^  + 2xy  + y^  = 2b (4), 

Subtracting  (3)  from  (4), 

3x1/  = 18, 

4x1/ = 24. 


Then  from  this  equation  and  (4)  we  get 
x^  - 2xy  + 1/3  = 1, 
x-y=±l; 

and  from  this  equation  and  (2)  we  find 

x=3  or  2 and  y=2  or  3. 


Examples.— xcva 


I.  x3  + 1/3  = 91 

x + i/  = 7. 
4.  x3- 1/3  = 56 
x-y=2. 


2.  x3  + i/3  = 341 
x + i/  = ll. 
5.  x3  — ^3_93 
x-i/  = 2. 


3.  x3  + ^3  3^x008 
x + i/=12. 

6.  x^  -y^=279 
^ x — y = d. 


254,  To  solve  the  equations 

115 

— I — = -^ 

X y b 

x3  1/3  36 

From  (1),  by  squaring  it,  we  get 

i_  A 

X3  XI/  ^3  35 

From  this  subtract  (2),  and  we  have 
xy  36  ’ 

XV  36’ 


(1), 

,(2). 

.(3). 
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Now  subtract  this  from  (3),  and  we  get 

-1_A 

xy  ”^2/2  36  * 

•*  a;  y~~Q^ 

and  from  this  equation  and  (1)  we  find 

a:=2  or  3 and  y = Z or  2. 


Examples.— xcvi. 


1 1^^ 

o:'^^~20* 

1 _il 

a;2+  ^2—400* 

1-1=  L 

^ X 2/~12 

1 1 _ 7 

144' 


11  3 

a:'^2/  4' 

a;2  16 

5.  1-1  = 2- 
^ X y 2 

i--  = 8l 


1 1 ^ 

— I — = 5. 
a;  y 

-1  + -1=13. 

1-1  = 3. 

X M 

^-A=2L 

aj2  yZ 


255.  To  solve  the  equations 

x^  + Zxy=7  (1), 

xy  + 4y^=lS\ (2)=, 

If  we  add  the  equations  we  get 


x^  + 4xy  + 4y^  = 25. 

Taking  the  square  root  of  each  side,  and  taking  only  the 
positive  root  of  the  right-hand  side  into  account, 
x + 2y  = 5; 
x=b-2y. 

Substituting  this  value  for  x in  (2)  we  get 
(5-2^)2/  + 4t/2  = 18, 

an  equation  by  which  y may  be  determined. 

Note.  In  some  examples  we  must  subtract  the  second 
equation  from  the  first  in  order  to  get  a perfect  square. 


igo 
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256.  To  solve  tlie  equations 

x^-y^  = 26 '....(1), 

x^  + xy  + y^=lS (2). 

Dividing  (1)  by  (2)  we  get  a: -^  = 2 (3), 

squaring,  x‘^-2xy  + y^  = 4t  (4). 

Subtract  this  from  (2),  and  we  have 
Zxy  = 9 ; 

4xy  = 12. 


Adding  this  to  (4),  we  get  x^  + 2xy + y^=lQ; 

x + y=±4. 

Then  from  this  equation  and  (3)  we  find 

x=3  or  - 1,  and  i/  = l or -3. 


257.  To  solve  the  equations 

x2  + 2/2  = 65... (1), 

xy=28 (2). 

Multiplying  (2)  by  2,  we  have 


x^  + y^=65)^ 
2x1/ = 56  ) ’ 
.•.  x2  + 2xy  + y2  = i21) 
x^  — 2xy  + y^=  9)’ 


x + y=±ll (A), 

x-y=±  3 (B). 

The  equations  A and  B furnish  four  pairs  of  simple 
equations, 

x + i/=ll,  x + ^ = ll,  x + y=-l\,  x + y=~ll, 

x — y = Z,  x-y=-3,  x-y  = 3,  x-y=-3. 


from  which  we  find  the  values  of  x to  be  7,  4,  — 7 and  — 4, 
and  the  corresponding  values  of  y to  be  4,  7,  — 4 and  — 7. 

258.  The  artifice,  by  which  the  solution  of  the  equations 
given  in  this  article  is  etfected,  is  applicable  to  cases  in  which 
the  equations  are  homogeneous  and  of  the  same  order. 
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To  solve  the  equations 

xy-y^  = 2. 

Suppose  y=mx. 

Then  x^  + mx‘^=\h,  from  the  first  equation, 
and  mx2-mV=2,  from  the  second  equation. 

Dividing  one  of  these  equations  by  the  other, 
x^  + mx^  _15 
mx^  - mP'x’^  2 ’ 
x^  (1  +m)  _15 
x^  (in  - m^)  2 ’ 

1 + m 15 

or  

From  this  equation  we  can  determine  the  values  of  m. 

2 

One  of  these  values  is  and  putting  this  for  m in  the 
2 

equation  x^  + mx^  = 1 5,  we  get  x^  + - x^  = 15. 

O 

From  which  we  find  x=±3, 
and  then  we  can  find  y from  one  of  the  original  equations. 

259.  The  examples  which  we  shall  now  give  are  intended 
as  an  exercise  on  the  methods  of  solution  explained  in  the 
four  preceding  articles. 


Examples.— xcvii. 


2.  x2  + 6xi/  = 144  3.  x2  + xy=210 

6x^  + 36r/2  = 432.  y"^  + xy  = 

5.  x^  + y^  = l52  6.  4x2  + 9xy  = 190. 

x^  -xy  + y^=19.  4x-5y  = 10. 

8.  x^  + xy  — G6  9.  3x2  + 4xy  = 20. 

xy  — y'^  = 5.  5xy  + 2i/  = 12. 

10.  x^ -xy  + y^  = 7 ii.  x^  — xy  = 35  12.  3x^  + 4xy  + 5y2  = 7i. 

3x2  + 13x1/ + 8?/^=  162.  xy  + y^  — 18.  5x+7y  = 29. 

13.  x®  + ^2  = 2728  14.  x2  + 9xy  = 340  . 15.  x2  + ^2_225 

x2-xi/  + i/2  = 124.  7xy-i/2=l7l.  xy  = 108. 


I.  x3-i/3  = 37 

x^  + xy  + 1/2  = 37. 
4.  x2  + i/2=68 
XI/ = 16. 

7.  x2  + xy  + ^2  = 39 
8y^-5xy  — 25. 

^2 


XXL  ON  PROBLEMS  RESULTING  IN 
QUADRATIC  EQUATIONS. 


260.  The  method  of  stating  problems  resulting  in  Quad- 
ratic Equations  does  not  require  any  general  explanation. 

Some  of  the  Examples  which  we  shall  give  involve  one 
unknown  symbol,  others  involve  two.  ’ 


Ex.  1.  What  number  is  that  whose  square  exceeds  the 
number  by  42  ? 

%■ 

Let  X represent  the  number. 

Then  x^=x  + 42,  ‘ 

or,  x^  — x — 42‘, 


therefore 

whence 


1 169 


And  we  find  the  values  of  a;  to  be  7 or  — 6. 


Ex.  2.  The  sum  of  two  numbers  is  14  and  the  sum  of 
their  squares  is  100.  Find  the  numbers. 

Let  X and  y represent  the  numbers. 

Then  x + y = l4, 

and  a;2  4-i/2  = i00. 

Proceeding  as  in  Art.  252,  we  find 

a;=8  or  6,  y = 6 or  8. 

Hence  the  numbers  are  8 and  6. 
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Examples.— xcviii. 

1.  What  number  is  that  whose  half  multiplied  by  its  third 
part  gives  864  ? 

2.  What  is  the  number  of  which  the  seventh  and  eighth 
parts  being  multiplied  together  and  the  product  divided  by 

2 

3 the  quotient  is  298-1 

3.  I take  a certain  number  from  94.  I then  add  the 
number  to  94. 

I multiply  the  two  results  together,  and  the  result  is  8512. 
What  is  the  number  ? 

4.  What  are  the  numbers  whose  product  is  750  and  the 
quotient  of  one  by  the  other  3^  1 

5.  The  sum  of  the  squares  of  two  numbers  is  13001,  and 
the  difference  of  the  same  squares  is  1449.  Find  the  numbers. 

6.  The  product  of  two  numbers,  one  of  which  is  as  much 
above  21  as  the  other  is  below  21,  is  377.  Find  the  numbers. 

7.  The  half,  the  third,  the  fourth  and  the  fifth  parts  of  a 
certain  number  being  multiplied  together  the  product  is  6750. 
Find  the  number. 

8.  By  what  number  must  11500  be  divided,  so  that 
the  quotient  may  be  the  same  as  the  divisor,  and  the  re- 
mainder 51 1 

9.  Find  a number  to  which  20  being  added,  and  from 
which  10  being  subtracted,  the  square  of  the  first  result  added 
to  twice  the  square  of  the  second  result  gives  17475. 

10.  The  sum  of  two  numbers  is  26,  and  the  sum  of  their 
squares  is  436.  Find  the  numbers. 

11.  The  difference  between  two  numbers  is  17,  and  the 
sum  of  their  squares  is  325.  What  are  the  numbers  1 

1 2.  What  two  numbers  are  they  whose  product  is  255  and 
the  sum  of  whose  squares  is  514  1 

13.  Divide  16  into  two  parts  such  that  their  product 
added  to  the  sum  of  their  squares  may  be  208. 

[8.A.] 
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14.  What  number  added  to  its  square  root  gives  as  a 
result  1332  1 

g 

1 5.  What  number  exceeds  its  square  root  by  48^1 

,.<^^16.  What  number  exceeds  its  square  root  by  2550  ? 

, 17.  The  product  of  two  numbers  is  24,  and  their  sum 
•^multiplied  by  their  difference  is  20.  Find  the  numbers. 

18.  What  two  numbers  are  those  whose  sum  multiplied 
the  greater  is  204,  and  whose  difference  multiplied  by  the 

less  is  35  ] ' 

19.  What  two  numbers  are  those  whose  difference  is  5 
■"'Tind  their  sum  multiplied  by  the  greater  228  ? 

20.  Find  three  consecutive  numbers  whose  product  is 
equal  to  3 times  the  middle  number. 

21.  The  difference  between  the  squares  of  two  consecutive 
numbers  is  15.  Find  the  numbers. 

22.  The  sum  of  the  squares  of  two  consecutive  numbers  is 
481.  Find  the  numbers. 

23.  The  sum  of  the  squares  of  three  consecutive  numbers 
is  365.  Find  the  numbers. 


Note.  If  I buy  x apples  for  y pence, 

I will  represent  the  cost  of  an  apple  in  pence. 
If  I buy  X sheep  for  z pounds, 

^ will  represent  the  cost  of  a sheep  in  pounds. 


Ex.  A boy  bought  a number  of  oranges  for  16d.  Had  he 
bought  4 more  for  the  same  money,  he  would  have  paid 
one-third  of  a penny  less  for  each  orange.  How  many  did 
he  buy  1 

Let  X represent  the  number  of  oranges. 

Then  ^ will  represent  the  cost  of  an  orange  in  pence. 


Hence 


16 


or  16  (3x-f  12)  = 48x  + a;2  + 4cc,  x 


or  x^  + 4x=192, 


from  which  we  find  the  values  of  £c  to  be  12  or 
Therefore  he  bought  12  oranges. 


16. 
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24.  I buy  a number  of  handkercbiefs  for  £Z.  Had  I 
bought  3 more  for  the  same  money,  they  would  have  cost  one 
shilling  each  less.  How  many  did  I buy  'I 

25.  A dealer  bought  a number  of  calves  for  .£80.  Had  he 
bought  4 more  for  the  same  money,  each  calf  would  have  cost 
£1  less.  How  many  did  he  buy  1 

26.  A man’  bought  some  pieces  of  cloth  for  £33.  15s., 
which  he  sold  again  for  £2.  8s.  the  piece,  and  gained  as  much 
as  one  piece  cost  him.  What  did  he  give  for  each  piece  ? 

27.  A merchant  bought  some  pieces,  of  silk  for  £180. 
Had  he  bought  3 pieces  more,  he  would  have  paid  £3  less  for 
each  piece.  How  many  did  he  biiy  1 

— \ 

28.  For  a journey  of  108  miles  6 hours  less  would  have 
sufficed  had  one  gone  3 miles  an  hour  faster.  How  many 
miles  an  hour  did  one  go  ? 

29.  A grazier  boixght  as  many  sheep  as  cost  him  £60. 
Out  of  these  he  kept  15,  and  selling  the  remainder  for  £54, 
gained  2 shillings  a head  by  them.  How  many  sheep  did 
he  buy  1 

30.  A cistern  can  be  filled  by  two  pipes  running  together 
in  2 hours,  55  minutes.  The  larger  pipe  by  itself  will  fill  it 
sooner  than  the  smaller  by  2 hours.  What  time  will  each 
pipe  take  separately  to  fill  it  ] 

31.  The  length  of  a rectangular  field  exceeds  its  breadth 
by  one  yard,  and  the  area  contains  ten  thousand  and  one 
hundred  square  yards.  Find  the  length  of  the  sides. 

32.  A certain  number  consists  of  two  digits.  The  left- 
hand  digit  is  double  of  the  right-hand  digit,  and  if  the  digits 
be  inverted  the  product  of  the*  number  thus  formed  and  the 
original  number  is  2268.  Find  the  number. 

33.  A ladder,  whose  foot  rests  in  a given  position,  just 
reaches  a window  on  one  side  of  a street,  and  when  turned 
about  its  foot,  just  reaches  a window  on  the  other  side.  If  the 
two  positions  of  the  ladder  be  at  right  angles  to  each  other, 
and  the  heights  of  the  windows  be  36  and  27  feet  respectively, 
find  the  width  of  the  street  and  the  length  of  the  ladder. 


tg6 


ON  PROBLEMS  RESULTING,  6^c. 


34.  Cloth,  being  wetted,  shrinks  up  ^ in  its  length  and 

O 

If  the  surface  of  a piece  of  cloth  is  di- 


in  its  width, 
ib 

g 

minished  by  5^  square  yards,  and  the  length  of  the  4 sides 
by  4|  yards,  what  was  the  length  and  width  of  the  cloth  % 

35.  A certain  number,  less  than  50,  consists  of  two  digits 
whose  difference  is  4.  If  the  digits  be  inverted,  the  difference 
between  the  squares  of  the  number  thus  formed  and  of  the 
original  number  is  3960.  Find  the  number. 

36.  A plantation  in  rows  consists  of  10000  trees.  If  there 
had  been  20  less  rows,  there  would  have  been  25  more  trees  in. 
a row.  How  many  rows  are  there  ? 

37.  A colonel  wished  to  form  a solid  square  of  his  men. 
The  first  time  he  had  39  men  over : the  second  time  he  in- 
creased the  side  of  the  square  by  one  man,  and  then  he  found 
that  he  wanted  50  men  to  complete  it.  How  many  men  were 
there  in  the  regiment  ? 


XXII.  INDETERMINATE  EQUATIONS. 

261.  When  the  number  of  unknown  symbols  exceeds  that 
of  the  independent  equations,  the  number  of  simultaneous 
values  of  the  symbols  will  be  indefinite.  We  propose  to  ex- 
plain in  this  Chapter  how  a certain  number  of  these  values 
may  be  found  in  the  case  of  Simultaneous  Equations  involving 
two  unknown  quantities. 

Ex.  To  find  the  integral  values  of  x and  y which  will 
satisfy  the  equation 

3x  + 7^  = 10. 

Here  3x=10-7?/; 

J y 

Now  if  X and  y are  integers,  — — must  also  be  an  integer. 
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1 — w 

Let --—=m,  then  \—y  = 2m\ 
i 

y = \ — Zm, 

and  a:=3  — 2y  + m = 3 — 2 + 6m  + m = l + 7m; 

or  the  general  solution  of  the  equation  in  whole  numbers  is 
a:  = 1 + 7m  and  y = \ — 3m, 

where  m may  be  0,  1,  2 or  any  integer,  positive  or 

negative. 

If  m=0,  x=  1,  y=  1 ; 

if  m=l,  x=  8,y=  - 2; 

if  m=2,  cc=  15,  - 5 ; 

and  so  on , from  which  it  appears  that  the  only  positive  inte- 
gral values  of  x and  y which  satisfy  the  equation  are  1 and  1. 


262.  It  is  next  to  be  observed  that  it  is  desirable  to  divide 
both  sides  of  the  equation  by  the  smaller  of  the  two  coefficients 
of  the  unknown  symbols. 

Ex.  To  find  integral  solutions  of  the  equation 
7a: + 51/ = 31. 

Here  5i/  = 31-7a;; 

^ . l-2a: 


1 — 2:^; 

Let  — - — =m,  an  integer, 
o 

Then  1— 2a:=5m,  whence  2x=l-5m; 

1-m  - 

, . x=  — 2m. 

T . 1— m . , 

Let  =n,  an  integer. 

Then  1 - m = 2?^,  whence  m= 1 - 2n. 


Hence 

x—n-2m=n  — 2-{-4n=5n- 

y = 6-x  + m = 6-5n  + 2 + l 

Now  if 

n=0,  x=  —2,  y=a  9; 

if 

n=Ti,x=  3,1/=  2; 

if 

n=2,  x=  8,1/=— 5; 

and  so  on. 
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263.  In  how  many  ways  can  a person  pay  a hill  of  .£13 
with  crowns  and  guineas] 

Let  X and  y denote  the  number  of  crowns  and  guineas. 

Then  5a; + 21?/ = 260; 

5a;  = 260  — 21^; 

x = 52  - 4y  - 

Let  ^ = m,  an  integer. 

Then  y = 5m, 

and  a;  = 52  - 4y  — m = 52  - 21m. 

If  m = 0,  a;  = 52,  y=  0; 

m = l,  a;  = 31,  y=  5; 
m = 2,  a;  =10,  y = 10; 

and  higher  values  of  m will  give  negative  values  of  x. 

Thus  the  number  of  ways  is  three. 

264.  To  find  a number  which  when  divided  by  7 and  5 
will  give  remainders  2 and  3 respectively. 

Let  X be  the  number. 

^ 2 

Then  — =an  integer,  suppose  m j 

and  = an  integer,  suppose  n. 

Then  a;=7m  + 2 and  x = bn  + Z-, 

7?n.  + 2 = 5n  + 3; 

5?i = 7m  - 1,  whence 

5 

T , 2m  - 1 . , 

Let  — ^ — =p,  an  integer, 
o 

Then  2m = 5p  + 1,  whence  m = . 

2 

Let  “^=2,  an  integer. 

Then  p = 22~l, 

+ g—4g-2  + q = bg  — 2j 
a; = 7m  + 2 = 359' - 12. 
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Hence  if 
if 
if 


and  so  on. 


q = 0,  X—  — 12  ; 
9=1,  x=  23; 
q=2,x=  58; 


EXAMPLES.— XCIX. 

Find  positive  integral  solutions  of 


I.  5x4- 7^  = 29. 

3.  13x4- 197/ = 11 70. 
5.  14x-5?/  = 7. 

7.  11x4-77/ =308. 

9.  20x-9t/  = 683. 

II.  27x4-4t/  = 54. 


2.  7x  4- 197/ = 92. 

4.  3x  4-  5t/  = 26. 

6.  11x4-15^  = 1031. 
8.  4x-19t/  = 23. 

10.  3x4-7^  = 383. 

12,  7x4- 9)/ =653. 


13.  Find  two  fractions  with  denominators  7 and  9 and 

• 57 

their  sum 

63 

' 14.  Find  two  proper  fractions  with  denominators  11  and 
82 

13  and  their  difference 


15.  In  how  many  ways  can  a debt  of  £1.  9s.  be  paid  in 
florins  and  half-crowns  1 

16.  In  how  many  ways  can  .£20  be  paid  in  half-guineas 
and  half-crowns  ] 

17.  What  number  divided  by  5 gives  a remainder  2 and 
by  9 a remainder  3 ? 

18.  In  how  many  different  ways  may  £11.  15s.  be  paid  in 
guineas  and  crowns  ? 

19.  In  how  many  different  ways  may  £4.  11s.  6d.  be  paid 
with  half-guineas  and  half-crowns  ? 

20.  Shew  that  323x  — 527t/=1000  cannot  be  satisfied  by 
integral  values  of  x and  y. 
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21.  A farmer  buys  oxen,  sheep,  and  hens.  The  whole 
number  bought  was  100,  and  the  whole  price  JlOO.  If  the 
oxen  cost  £5,  the  sheep  £1,  and  the  hens  Is.  each,  how  many 
of  each  had  he  ? Of  how  many  solutions  does  this  Problem 
admit  ? 

22.  A owes  B 4s.  lOd.;  if  A has  only  sixpences  in  his 
pocket  and  B only  fourpenny  pieces,  how  can  they  best  settle 
the  matter  ? 

23.  A person  has  .£12.  4s.  in  half-crowns,  florins,  and  shil- 
lings ; the  number  of  half-crowns  and  florins  together  is  four 
times  the  number  of  shillings,  and  the  number  of  coins  is  the 
greatest  possible.  Find  the  number  of  coins  of  each  kind. 

24.  In  how  many  ways  can  the  sum  of  £5  be  paid  in 
exactly  50  coins,  consisting  of  half-crowns,  florins,  and  four- 
penny  pieces  1 

25.  A owes  B a shilling.  A has  only  sovereigns,  and  B has 
only  dollars  worth  4s.  Zd.  each.  How  can  A most  easily  pay  B? 

26.  Divide  25  into  two  parts  such  that  one  of  them  is 
divisible  by  2 and  the  other  by  3. 

27.  In  how  many  ways  can  I pay  a debt  of  £2.  9s.  with 
crowns  and  florins  1 

28.  Divide  100  into  two  parts  such  that  one  is  a multiple 
of  7 and  the  other  of  11. 

29.  The  sum  of  two  numbers  is  100.  The  first  divided  by 
5 gives  2 as  a remainder,  and  if  we  divide  the  second  by  7 the 
remainder  is  4.  Find  the  numbers 

30.  Find  a number  less  than  400  which  is  a multiple  of  7, 

and  which  when  divided  by  2,  4,  5.  6,  gives  as  a remainder 

in  each  case  1. 
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265.  The  number  placed  over  a symbol  to  express  the 
power  of  the  symbol  is  called  the  Index. 

Up  to  this  point  our  indices  have  in  all  cases  been  Positive 
Whole  Numbers. 

We  have  now  to  treat  of  Fractional  and  Negative  indices  ; 
and  to  put  this  part  of  the  subject  in  a clearer  light,  we  shall 
commence  from  the  elementary  principles  laid  down  in  Arts. 
45,  46. 

266.  First,  we  must  carefully  observe  the  following  results : 

X a^  — a^, 

For  a^xa^=a.a.a.a.a=a^, 

and  iaFf=a^.a^=a.a.a,a.a.a=a^. 

These  are  example  of  the  Two  Rules  which  govern  all 
combinations  of  Indices,  The  general  proof  of  these  Rules  we 
shall  now  proceed  to  give. 

267.  T)ep,  When  m is  a positive  integer, 

a”  means  a.  a,  a with  a written  m times  as  a factor. 

268.  There  are  two  rules  for  the  combination  of  indices. 

Rule  I.  a”*  X a” =«"*+”. 

Rule  II.  (ary=a”^\ 

269.  To  prove  Rule  I. 

a'^=a.a.a to  m factors, 

. a. a to  n factors. 


202 


THE  THEOR  Y OF  INDICES. 


Therefore 

o'"  X a”  = (a . a . a to  m factors)  x (ci.  a.  a ton  factors) 

— a.  a.  a to  (m  + ?i)  factors, 

= by  the  Definition. 

To  prove  Eule  II. 

(a’")”  = a™  ,oI  .al to  n factors, 

= (a.a.a to  m factors) (a.a.a  ,..to  m factors)  ... 

repeated  n times, 

=a.a  .a to  mn  factors, 

= a™",  by  the  Definition. 


270.  We  have  deduced  immediately  from  the  Definition 
that  when  m and  n are  positive  integers  a™  x a”  = a™+".  When 
m and  n are  not  positive  integers,  the  Definition  has  no  mean- 
ing. We  therefore  extend  the  Definition  by  saying  that  and 
a",  whatever  m and  n may  be,  shall  be  such  that  a"‘  x a.'*  = a“+", 
and  we  shall  now  proceed  to  shew  what  meanings  we  assign  to 
a™,  in  consequence  of  this  definition,  in  the  following  cases. 


271.  Case  I.  To  find  the  meaning  of  a’’,  p and  q 
positive  integers. 


p p p^p 


p p p p.p  p Pj^p,p. 


and  by  continuing  this  process, 


t 2 toytenns 

o?y.o?  X to  q factors  = a®'  * ^ 

= al. 


But  by  the  nature  of  the  symbol  ^ 

^a^  X ^a^  X to  q factors =a^; 

£ t 

;.  a*  X X to  q factors  = ^a^  x ^a^  x ...to  q factors ; 

P 
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272.  ' Case  II.  To  find  the  meaning  of  a~%  s being  a posi- 
tive number,  whole  or  fractional. 

We  must  first  find  the  meaning  of  a®. 

We  h ave  a”'  x ° 

Now  «*x 


273.  Thus  the  interpretation  of  a”  has  Leen  deduced  from 
Rule  I.  It  remains  to  he  proved  that  this  interpretation 
agrees  with  Rule  II.  This  we  shall  do  hy  shewing  that  Rule 
II.  follows  from  Ride  L,  whatever  m and  n may  be. 

274.  To  shew  that  (aTY  = a”'^  for  all  values  of  m and  n. 

(1)  Let  n be  a positive  integer  : then,  whatever  m may  be, 
(a™)” =a™  . a™  . a™ to  n factors 

. . . to  terms 


(2)  Let  w be  a positive  fraction,  and  equal  to  -,  p and  q 
being  positive  integers  ; then,  whatever  be  the  value  of  m, 

{a'^y  X {ary  x to  2 factors  = (oDy'^'^  + • • • *° 

= (a-)- 

= a”^p,  by  (1). 


But  a*  X a*  x to  2 factors  = a « 


that  is, 
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(3)  Let  n=  —s,  s being  a positive  number,  whole  or  frac- 
tional : then,  whatever  m may  be, 

= ^,  by  (1)  and  (2)  of  this  Article  ; 

that  is, 

) V / ^-mn 

275.  We  shall  now  give  some  examples  of  the  mode  in 
which  the  Theorems  established  in  the  preceding  articles  are 
applied  to  particular  cases.  We  shall  commence  with  exam- 
ples of  the  combination  of  the  indices  of  two  single  terms. 

276.  Since  x™  x x”=x”^, 

(1)  x'xx“-'=x'+“-'=x“. 

(2)  x'xx=x'+b 

(3)  ^6— g-t-c ^g-t-6— <H-g— ^ 

(4)  a""” . X a”-™ . 6""” . c 

^ ^m-n+n-m  ^ ^n-p+p-n  ^ q 

=aP.W.c 
= 1.1. c 
= c. 

277.  Since  (x”*)"=x’”“ 

(1)  (x®)^ = = x^^. 

(2)  (x^)^ =x^^=  x\ 

(3)  (a®*)^=a®*'^^=a2» 

p 

278.  Since  x»=  ^Ax? 

^ (1)  X2= 

(2) 
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Note.  When  Examples  are  given  of  actual  numbers  raised 
to  fractional  powers,  they  may  often  be  put  in  a form  more  fit 
for  easy  solution,  thus  : 

(1)  1442  =(144^)3=(  ^144)3=  123= 1728. 

(2)  125^  = (1253)2  = (4/125)3  = 52  = 25. 

279.  Since  (x”)"=a;”"*, 

(1)  j (o;™)"[ '’  = (*’””) '’  = x™"'’. 

(2)  j (a-™)-”  [P  = (a”*") " = 

(3)  I (x-”)”  = (x“"*’‘) " = X"””'’. 


280.  Since  x~"= — , 

X"’ 

we  may  replace  an  expression  raised  to  a negative  power  by 
the  reciprocal  (Art.  199)  of  the  expression  raised  to  the  same 
positive  power ; thus 


(1)  = ^ 


(2)  a-3=.^^. 


(3) 


Examples.— c. 

(1)  Express  with  fractional  indices ; 

1 . V*®  + 4/x2  + ( 3.  4/^  -f  ( 4/a)5  + a 

2.  4/x2/+  4/x3/.  4.  4/X7/322  + 

(2)  Express  with  negative  indices  so  as  to  remove  all  powers 
from  the  denominators : 


1 a 3 

If  — I — 2 "1 — q ■! — i’ 
X x3  x3  x^ 

x3  3x  4 

2.  H — 3 H — J-* 

y^ 


x3  5x3  X 
3‘  ^y2^2  + ^Jy^3  + y^' 


xy  , 1 

Zz^^bxY 


z 

xY' 


(3)  Express  with  negative  indices  so  as  to  remove  all  powers 
from  the  numerators  : 
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1 

I.  - + -0  + 
a a 


X x^ 


3a  ^x 

^xy  ^aW  ^a>%^ 

4- 


(4)  Express  with  root-symbols  and  positive  indices  : 


1 . 2x  3 + 3x^y  3 


2.  X ^+y 


3x" 


281 . Since  x”  cc”  = — = x™ . x“” = x“~“, 

(1)  x®-^x^  = x®“3  = x^ 

(2)  x^-^x®  = x^“®=x“5  = ^. 

(3)  X“  X®””  = ajm-(>n-«)  _ _ gj» 

(4)  a*  a’’+‘  = = «-<= = — . 

1 1 2_1  1 

(5)  x^-4-x^  — x^  ^—x^. 


(6)  x^-^x^ 


X- 


282.  Ex.  a®’'-a^’'-t-a’'- 1 % a’’-f  1. 

a®"  - -h  «*■  - 1 
fi’’’  -(- 1 


- a” 

+ a^'  -a^''  + a^-l 


EXAMPLES.— Ci. 

Multiply 

1.  x^p  + x^y^  -1-  y^^"  by  x®^  -x'^y^  -i-  y'^^. 

2.  a®”*  -1-  -I-  -)-  27y^’‘  by  a™  - 3^. 

3.  - 2ax^“‘  -t-  4a^  by  x^**  + 2ax^“  -i-  4a^ 
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4.  a“  + + C by  a™  — 5"  + cb 

5.  a™  + 6"  — 2c’"  by  2a”*  — 6 + c^. 

6.  by  x”  + 

7.  03^"  — x"^”  + by  x^"  4-  xy  + 

8.  by  + (^~K 

9.  Form  the  square  of  x^"  + x"  + 1. 

10.  Form  the  square  of  x^'’  — x^  + 1. 

283.  Ex.  Bividie  -Ihyx’^-l. 

x^  - x^  - 1 [x^p  + x^^  + X**  F f 

aj4p  _ ^3p 

~x^^  - 1 
x^p-x^p 

x^^-l 

x?p-xf 

xf-\ 

x?-l 


Examples.— cii. 

Divide 

1 . x*“  - by  X”*  -y”'.  3.  x®”  - by  x*'  - y\ 

2.  X®"  + 2/®"  by  X”  + 4.  a“^  + by  + 6^’. 

5.  x®^-243  by  x'^-S. 

6.  a^™  + 4a^”*x^"  + 1 6x*”  by  a^”*  + 2a“x”  + 4x^" 

7.  9x^  + 3x^P  + 14x®^  + 2 by  1 4-  Sx'’  4-  x^^. 

8.  14&^c’"  - 136®”*c2”*  - 5&®“  4-  462”*c®”*  by  6®”*  4-  - 26=*“c"‘. 

9.  Find  the  square  root  of 

4-  6a®”*  4-  15a‘™  4-  20a^  4-  15a*“  4-  6a”*  4- 1. 

10.  Find  the  square  root  of 

4-  6"’*  4-  c^”  4-  2a”'6’*  4-  2a”*c”  4-  26V. 
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Fractional  Indices. 

284.  Ex,  Multiply  + 1^  hy  b^. 


+ a%^  - a^b^ +b 


at  +6 


Examples.— ciii. 

Multiply 

1.  £c3  _ 2x^  + 1 by  a:'^ - 1. 

2.  y^  + y^  + y^+lhyyi-l. 

a^  - by  a^  4-  a^x^  + x^. 

4.  + b^  + c^  — a^b^  — - b^c^  by  4-  6^  4-  c^. 

5 . 6x^  4-  2x^y^  + 3x^y^  4-  by  - Zy^. 

4 51  52.  154  11 

6.  4-  4-  4-  m^n^  + n^  by  m®  — w®. 

7.  — 2d^m^  4-  by  4-  2cZ^m^  4-  4d^. 

8.  8a^4-4a^6^4-  SaH'^  4-  96^  by  2a^  - 3&^. 


Form  the  square  of  each  of  the  following  expressions : 

4 i 4 4 55 

9.  x^  + a^.  10.  a® -a®.  II.  x"+y°. 

12.  «4-&^.  13.  o^-2x^  + Z.  14.  2x^4- 3x^4- 4. 

16.  + 2y^  — ^ 


15.  x^  — y^  + z^. 


The  theory  of  indices. 


2G9 


285.  Ex.  Divide  a-bby  itja - !^b. 

Putting  for  ija,  and  &?  for  l^lb,  we  proceed  thus : 
— b^)  a — b + a^b^  + a^b^  + b^ 

a-ah^ 


ah^-b 

a^b^  - a^b^ 


a^l)i  - 6 
a^b^  — a^b^ 


a^bi-b 

a^bi-b 


EXAMPLES.— Civ. 


Divide 

1.  x^yhjx^  — y^. 

2.  a-b  hy  a^  + b^. 

3.  x-yhyx^-y^. 

4.  a-hb  hy  + b^. 

5.  x + yhyx^+y^. 


7.  X-  8ly  by  x^  - 3^^. 

8.  81a-166  by  3«i-26i 

9.  a - xhy  x^  + 

10.  m — 243  by  — 3. 

11.  ic  + 17x^  + 70  by  a;2  + 7. 


6.  m — nbym®— w®.  12.  a® +x^- 12  by  3. 

13.  6^  — 36^  + 36  - 6^  by  6^  — 1. 

14.  x + y+z-8x^y^z^  \>y  x^ + y^ + 

15.  x-5x^  — 46x3 -40  by  x^ + 4. 

16.  m + m^n2  + by  + nK 

17.  2>-4p^  + 6p'^-4p^  + l by pi-2p^4-l. 

18.  2x  + x^y^  -^y  — iy^^^  - x^z^  — is;  by  2x  ^ + 3y^  + z^. 

, 4 a 1 .2  2 1 a 4 

19.  x + yoy  x^  -x^'y^  +x^y^  —x^^y^’  +y^. 

[s.A.]" 


0 
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Negative  Indices. 

286.  Ex.  Multiply  x~^ + x~^y~'^  + x~'^y~^  + y~^  hy 
x~^  + x~“^y~^  + x~'^y~^  + y~^ 
x-^-y-^ 

x~^  + x~^y~~^  + x~hj~^  + x~~^y~^ 

- x~^y~~^  — x~^y~^  — x~~^y~^  - y~^ 

x~^  - y~^ 


Examples.— cv. 

Multiply 

I.  a~^  + b~^  by  a~'^  — b~K  2.  x~^  + b~^  by  x~^  - b~^. 

3.  x^  + x + x~^  + x~^  by  a:  — cc~^.  4,  a:^  - 1 + x~^  by  a:^  + 1+  x~^. 
5 . by  a~‘^  — b~\  6.  a~^  - b~'^  + c~^  by  a~^  + b~^  + c~\ 

7.  1 + ab~^  + by  1 — ab~^  + a%~^. 

8.  a%~^  + 2 + py  a%~^  - 2 - 

9.  4a;“^  + dx~^  + 2a:“^  + 1 by  x~^  — x~~^  + 1. 

I o.  |a:“2  + 3a;~^  - 1 lay  2a;“2  _ a;-i  - 1 

MO  jL 

287.  Ex.  Divide  x^  + 1 + x~^  by  x - \ + x~\ 

X-1+  x~^)  a;‘‘^  + 1 + x~^  (x  + 1 + x~^ 

x^  - X + 1 

x + x“2 

X - 1 + x~^ 

1-X~^  + X"2  ^ 

1 -X~l  + X“2 

Note.  The  order  of  the  powers  of  a is 

a^,  a^,  a^,  a^,  a~%  a~^ 

a series  Avhich  may  be  written  thus 
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examples.— cvi. 


Divide 

I.  — i.  6~2bya  — 

3.  'ml  + n~^  by  m + n~\  4.  - d~^  by  c - d~K 

5 . x^y~'^  + 2 + x~h/  by  + x~'^y. 

6.  + a-2&-2  + 6-4  by  a~^  - a-^h~^  + 6-2. 

7.  x^y~^  - x~^y^  — 3xy-4  + 2x~hj  by  xy^~^  - x~^y. 


77x-®  43x-2  33x-4 

-T— r-'-- ^-*-27 


by  -x-1  + 3. 


9.  + a~%^  by  a&-4  + a~'^b. 

10.  a~^  + 6~2  + c-3  _ by  a~^  + Ir^ + c~\ 

288.  To  shew  that  (aby  = N.  6”. 

(aby=ab  .ab  .ah... io  n factors 

= (a.  a.  a ...  to  n factors)  x(b  .b  .b  ...to  n factors) 

= a".6”. 

We  shall  now  give  a series  of  Examples  to  introduce  the 
various  forms  of  combination  of  indices  explained  in  this 
Chapter. 


Examples.— cvii. 


I 
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5.  Multiply  \x~^  + - 1 t>y  Zx~^  - 2ar^  - ^ 

VI  A . 

jvji+6  /y»o— 6 /y»e— 2a 

6.  Simplify  . 7.  Divide  by  af’+t/",  * 

8.  Multiply  (a^  + 6^)^  by  - 6^. 

9.  Divide  a- 6 by  ^a-  ^b.  10.  Prove  that  (a2)”*=(a”*)2. 

11.  If  a”*"=(a”*)”,  find  m in  terms  of  n. 

1 2.  Simplify  af 

13.  Simplify  4- 14.  Divide  4a*  by 

15.  Simplify  [|(a-‘)-f^]4-[}(a’»)"f-> 

1 6.  Multiply  a”*  + ft*"  - 2c"  by  2a”*  - 36. 

17.  Multiply  a”*'^6"“^  by 

.8.  Shew  that  = 

+ ^ a^6^ 

1 9.  Multiply  + 1 by  — a®  + 1 

and  their  product  by  - a;^  + 1, 

20.  Multiply  a”*  - ba^^x  + ca”^^x^  by  a”  4-  6a"“i  x - ca”~^x\ 

2 1 . Divide  — ^2?(p-i)  "by  afCi-v  + 

1 _i_ 

22.  Simplify  I (a”*)”  ”*i”*+i. 

23.  Multiply  x^'  + x^'y^  + x''y^^  + y^p  by  of — yP. 

24.  Write  down  the  values  of  625^  and  12~2. 

25.  Multiply  a:'”*“^*"  - y(’‘~^>”  by  a"  - y”*, 

26.  Multiply  x^  + 3x^  - 1 by  - 2x~^. 


XXIV.  ON  SURDS. 


289.  All  numbers  which  we  cannot  exactly  determine, 
because  they  are  not  multiples  of  a Primary  or  Subordinate 
Unit,  are  called  SurdS. 

290.  We  shall  confine  our  attention  to  those  Surds  which 
originate  in  the  Extraction  of  roots  where  the  results  cannot 
be  exhibited  as  whole  or  fractional  numbers. 

For  example,  if  we  perform  the  operation  of  extracting  the 
square  root  of  2,  we  obtain  1'4142...,  and  though  we  may 
carry  on  the  process  to  any  required  extent,  we  shall  never  be 
able  to  stop  at  any  particular  point  and  to  say  that  we  have 
found  the  exact  number  which  is  equivalent  to  the  Square 
Root  of  2. 


291.  We  can  approximate  to  the  real  value  of  a surd  by 
finding  two  numbers  between  which  it  lies,  differing  from  each 
other  by  a fraction  as  small  as  we  please. 

Thus,  since  ^^2  = 1 *4142 ..... . 

1^2  lies  between  ^ and  which  differ  ^ » 

also  between  and  which  differ  by  ; 

also  between  ^ and  which  differ  by 

And,  generally,  if  we  find  the  square  root  of  2 to  w places 
of  decimals,  we  shall  find  two  numbers  between  which  fJ2  lies. 

differing  from  each  other  by  the  fraction  . 
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292,  Next,  we  can  always  find  a fraction  differing  from  the 
real  value  of  a surd  by  less  than  any  assigned  quantity. 

For  example,  suppose  it  required  to  find  a fraction  differ- 


Now  2(12)‘‘^,  that  is  288,  lies  between  (16)*'^  and  (17)^, 


293.  Surds,  though  they  cannot  be  expressed  by  whole  or 
fractional  numbers,  are  nevertheless  numbers  of  which  we  may 
form  an  approximate  idea,  and  we  may  make  three  assertions 
respecting  them. 

(1)  Surds  may  be  compared  so  far  as  asserting  that  one  is 
greater  or  less  than  another.  Thus  is  clearly  greater  than 
a/2,  and  4^9  is  greater  than  a/8. 

(2)  Surds  may  be  multiples  of  other  surds ; thus  2 a/2  is 
the  double  of  a/2. 

(3)  Surds,  when  multiplied  together,  may  produce  as  a 
result  a whole  or  fractional  number : thus 

V2x  V2-2, 


294.  The  symbols  >/«,  /^a,  in  cases  where  the 

second,  third,  fourth,  and  n*'^  roots  respectively  of  a cannot  be 
exhibited  as  whole  or  fractional  numbers,  will  represent  surds 
of  the  second,  third,  fourth,  and  n*''^  order. 

These  symbols  we  may,  in  accordance  with  the  principles 
laid  down  in  Chapter  XXIII.,  replace  by  a^,  a^, 


ing  from  a/2  by  less  than 


:.  2 lies  between  and  ; 

.*.  /y/2  lies  between  ^ and  ^ ; 
a/2  differs  from  ^ by  less  than 


and 
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295.  Surds  of  the  same  order  are  those  for  which  the  root- 
symbol  or  surd-index  is  the  same. 

Tims  sja,  3 \/(3&),  4 sj{mn),  r^  are  surds  of  the  same  order. 

Like  surds  are  those  in  which  the  same  root-symbol  or  surd- 
index  appears  over  the  same  quantity. 

Thus  2 fja,  3 4a^  are  like  surds. 

296.  A whole  or  fractional  number  may  be  expressed  in 
the  form  of  a surd,  by  raising  the  number  to  the  power  denoted 
by  the  order  of  the  surd,  and  placing  the  result  under  the 
symbol  of  evolution  that  corresponds  to  the  surd-index. 

Thus  a=  sja^, 

b 

297.  Surds  of  different  orders  may  be  transformed  into  surds 
of  the  same  order  by  reducing  the  surd-indices  to  fractions 
with  the  same  denominator. 

Thus  we  may  transform  ffx  and  ^y  into  surds  of  the  same 
order,  for 

^x=‘^  = 

and  = = 

and  thus  both  surds  are  transformed  into  ‘surds  of  the  twelfth 
order. 

Examples.— cviii. 

Transform  into  Surds  of  the  same  order : 

I.  ffx  and  ^y.  2.  4/4  and  4/2.  3.  ^(18)  and  4/(50). 

4.  4/2  and  4/2.  5.  4/a  and  ffh.  6.  ff(a  + b)  and  ff{a—b), 

298.  If  a whole  or  fractional  number  be  multiplied  into  a 
surd,  the  product  will  be  represented  by  placing  the  multiplier 
and  the  multiplicand  side  by  side  with  no  sign,  or  with  a dot 
(.)  between  them. 

Thus  the  product  of  3 and  is  represented  by  3 ^2, 

of  4 and  5 V2 by  20  ^2, 

of  a and  ffc  by  a sjc. 
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299.  Like  suxds  may  be  combined  by  the  ordinary  pro- 
cesses of  addition  and  subtraction,  that  is,  by  adding  the 
coefficients  of  the  surd  and  placing  the  result  as  a coefficient 
of  the  surd. 

Thus  Va  + = 2 

cCa/c-  Vc  = (a:-1) 

300.  We  now  proceed  to  prove  a Theorem  of  great  im- 
portance, which  may  be  thus  stated. 

The  root  of  any  expression  is  the  same  as  the  product  of  the 
roots  of  the  separate  factors  of  the  expression,  that  is 

^J{ab)=  Ja.  sjh, 

^(xyz)=^x.^y. 

!f{pqr)=  ifp.ifq.^r. 

We  have  in  fact  to  shew  from  the  Theory  of  Indices  that 

1  11 
(a&)«  =a”.  6". 

Now  \(aby\"  = {aiy=ah, 

11  11  2 ” 
and  |a”.  6“ (6”)"  = a”.6’*=a.&; 

111 
(aby  =a” .b’^. 

301.  We  can  sometimes  reduce  an  expression  in  the  form 
of  a surd  to  an  equivalent  expression  with  a whole  or  frac- 
tional number  as  one  factor. 

Thus  V(V2)  = V(36  X 2)  = ^(36) . ^2  = 6 ^2, 

4^(128)  = 4/(64  X 2)  = 4/(64)  .4/2  = 4 4/2, 
i^(a”x)  = 'Hja^ . if x = a.  ^x. 
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Examples. — cix. 

Keduce  to  equivalent  expressions  with  a whole  or  fractional 
number  as  one  factor  : 


I. 

V(24).  2. 

^'(50). 

3.  V(4a^). 

4- 

V(125a4#).  5. 

6.  V(lOOOa). 

7- 

V(720c2).  8. 

7.V(396^)  9-  18.j(Aa,3^. 

10. 

II. 

>y/(a2  + 2a2a;  + aa:2). 

12. 

-2x^y  + xy^). 

13- 

V(50a2-100a&  + 5062). 

14. 

sJiQZd^y  — 42c2y2  + *ly^). 

15- 

4/(54a<562). 

16. 

4/(160®Y). 

17. 

4/(108m9?iio). 

18. 

19. 

+ 3x2y  + 3xY  4 xy^). 

20. 

302. 

An  expression  containing  two  factors,  one  a surd,  the 

other  a whole  or  fractional  number,  as  3^2,  a^x,  may  he 
transformed  into  a complete  surd. 

Thus  3 V2  = (32)^.  V2  = . V2  = V(18), 

a ^x-  ^^x=  ^{a^x). 


Examples.— cx. 


Eeduce  to  complete  Surds  : 

I. 

4V3.  2. 

3 V7. 

.3.  5 4^9. 

4- 

24^6.  ^ 5. 

3VI 

6.  3 

7. 

4a  sj(^x). 

8. 

9- 

10. 

II. 

p-y\  / x^  + xy 
\£C  + '?//  ’ \X^-2xV->rV^ 

2I8 
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303.  Surds  may  be  comvpared  by  transforming  them  into 
surds  of  the  same  order.  Thus  if  it  be  required  to  determine 
whether  ^2  be  greater  or  less  than  4^3,  we  proceed  thus  : 

V2  = 22=26=  4/23=  ^8, 

4/3  = 33  = 36=  4/32=  4/9. 

And  since  4^9  is  greater  than  4^8, 

4^3  is  greater  than 


Examples.— cxi. 


Arrange  in  order  of  magnitude  the  following  Surds  : 


1.  und  4/4. 

2.  VlO  and  4^15. 

3.  2 ^3  and  3 sj2. 

5.  3V7and4V3. 


6.  2 V87  and  3 JZZ. 

7.  2 4/22,  3 4/7  and  4 ^2. 

8.  3 V19,  5 4/I8  and  3 4/82. 

9.  2 4/14,  5 4/2  and  3 4/3. 
10.  I V2, 1 sj.2,  and  ^ ^4. 


304.  The  following  are  examples  in  the  application  of  the 
rules  of  Addition,  Subtraction,  Multiplication,  and  Division  to 
Surds  of  the  same  order. 


1.  Find  the  sum  of  V18,  V128,  and  ^32. 

^/(18)  + V(128)  + V(32)  = V(9  X 2)  + V(64  x 2)  + V(16  x 2) 
■ • =3V2  + 8V2  + 4^2 

= 15  V2. 

2.  From  3 a/(75)  take  4 V(12). 

3 V(75)  - 4 V(l-2)  = 3 V(25  x 3)  - 4 V(4  x 3) 

= 3.5.  V3-  4.2.  V3 
= 15  V3-8  V3 
=^7V3, 
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3.  Multiply  a/8  by  /v/(12). 

V8x  V(12)=  V(8xl2) 

= V(96) 

= V(16  X 6) 

= 4V6. 

4.  Divide  x^32  by  v'18. 

^/(32)  y/(16x2)^4V2  4 

V(18)"  V(9x  2)  3V2“3‘ 


EXAMPLES-- CXii. 


Simplify 

1.  V(27)+2V(48)  + 3V(108).  ii.  ^6x^8. 

2.  3 V(IOOO)  + 4 V(50)  + 12  V(288).  i 2.  jJ{U)  x ^(20). 

3.  a ^'(a^x)  + b s/{y^x)  -h  c ^{c^x).  1 3.  ^(pQ)  x a/(200) 

4.  4/(128)  + 4/(686)  + 4/(16). 

5.  7 4/(54) + 3 4/(16)+  4/(432). 

6.  V(96)-V(54). 


7.  V(243)-  V(48). 

8.  12  V(72)- 3^(128). 

9.  5 4/(16) -2  4/(54). 

10.  7 4/(81) -3  4/(1029). 


14.  4/(3(*26)  X 4/(9a&2). 

15.  v'(12ct&)  X 4/(8a^6^). 

16.  V(12)-^^/3. 

.I7-- V(18)-V(50). 

18.  4/(«26)+ 4/(a62). 

19-  ^(ci^b)^  ^{a¥). 

20.  + xhj)  +-  a/ (a:  + 2x2;/  + 


305.  We  now  proceed  to  treat  of  tbe  Multiplication  of 
Compound  Surds,  an  operation  which  will  be  frequently  re- 
quired in  a later  part  of  the  subject. 

The  Student  must  bear  in  mind  the  two  following  Rules : 


Rule  I.  sjax  sjh=  yv/(a&), 

Rule  II.  sjax  Ja  = a, 

which  will  be  true  for  all  values  of  a and  h. 
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Examples.— cxiii. 


Multiply 

1.  ^xhjsJy.  9- 

2.  s/{x-y)hj  ^y.  lo. 

3-  V(^  + 2/)  + II- 

4-  J{^-y)M 12- 

5.  13. 

6.  7 ^(^K  + l)  8Ay(a;-fl).  14. 

7.  10  by  9 v'(ic-l).  15. 


sjx  by  - ^x.  ~ 

\%-l)  by  - ^/(;/’,-l). 

3 by  -AmJx. 

- 2 v'tt  by  - 3 ^Ja. 

J{x  - 7)  by  - ^x. 

-2  v'(sc  + 7)  by  -3^*- 

- 4 _ 1)  by  — 2 - 


1)- 


8.  by  v'(4x).  16.  2 - 2cH- 3)  by  - 3 - 2a  + 3). 


306.  The  following  Examples  will  illustrate  the  way  of 
proceeding  in  forming  the  products  of  Compound  Surds. 

Ex.  1 , To  multiply  /^/cc  + 3 by  + 2. 

sjx  + ^ 

Jx  + 2 
x + 3 ,^/ic 
-f2^a:  + 6 
x-\-b  fJx  + Q 

Ex.  2.  To  multiply  4 v'*  + 3 v'y  by  4 - 3 Jy. 

4:  Jx  + Z sjy 
4 Jx-Z  fjy 

16a;  + 12  sj{xy) 

-12  V(a:y)-97y 
16a; -97/ 

Ex.  3.  To  form  the  square  of  v'Cic-T)  - ^x. 

^{x-l)~  sJx 
Jix-'l)-  sJx 
x-1  - 

- sJ{x‘^-'lx)+X 


2a:  - 7 - 2 ^/(x^  - 7x) 
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Examples.— cxlv. 

Multiply 

I.  V®  + '7  by  V^'^  + 2.  2.  - 5 by  v'»+ 8. 

3.  V(a  + 9)  + 3 by  a./(«  + 9)  - 3. 

4.  V(«-4)-V  by  V(«-4)  + 7. 

5.  Z yJx-1  by  v'«  + 4. 

6.  2 V(«-5)  + 4 by  3 V(a:-5)-6. 

7.  V(b‘  + a:)  + by  ^{Q  + x)  - Jx. 

8.  V(3x  + 1 ) + V(2«  - 1)  by  V3x  - - 1). 

9.  + V(^  - ®)  by  sjx  - ^{a  - £C). 

10.  V(3  + a"')  + \/x  by  a/(3  + as). 

11.  + Vl/  + by  Va:  - 

12.  v/(^-a:)+  y/x  hy  ^a-  /J{a-x)+  ^x. 


Form  the  squares  of  the  following  expressions  : 

13.  21+^(a;2-9).  17.  2^x-Z. 

14.  v^(x  + 3)+ v'(a:  + 8).  18.  ^(x  + y)  - ^{x-y). 

15.  fjx-\r  sJ{x-A).  19.  V®  . V(a:+ 1)  - V(*- !)• 

16.  sJ{X—%)+^X.  20.  /y/(X+  1)  + . ^(x  - 1). 


307.  We  may  now  extend  the  Theorem  explained  in 
Art.  101.  \Ve  there  shewed  how  to  resolve  expressions  of 
the  form 

a2-&2 

into  factors,  restricting  our  observations  to  the  case  of  perfect 
squares. 

The  Theorem  extends  to  the  difference  between  any  two 
quantities. 

Thus 


a-h  = {sja+  y/h)  {^a-  y/b). 
x^-y  = {x+  y/y)  (x-  Vl/)- 
1 -X=f(l  + Jx)  (1  - Jx). 
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308.  Hence  we  can  always  find  a multiplier  which  will 
free  from  surds  an  expression  of  any  of  the  four  forms 

1.  a+  or  2.  Ja-\-  Jb, 

3.  a—  or  4.  sja—  /Jb. 

I'or  since  the  first  and  tldi'd  of  these  expressions  give 
as  a product  a’-  — b,  which  is  free  from  surds,  and  since  the 
second  and  fourth  give  as  a product  a — b,  which  is  free  from 
surds,  it  follows  that  the  recpiired  multiplier  may  he  in  all 
cases  found. 

Ex.  1.  To  find  the  multiplier  which  will  free  from  surds 
each  of  the  following  expressions : 


5 + V3.  2.  + \/5. 

3.  2 - 

4.  V7-V2. 

The  multipliers  will  be 
5-^3.  2.  V6-V5- 

3.  2+  ^6. 

4-  V7  + 

The  products  will  be 
25-3.  2.  6-5. 

3.  4-5. 

4-  7-2. 

That  is,  22,  1,  - 1,  and  5. 

Ex.  2.  To  reduce  the  fraction  fo 

an  equivalent 

fraction  with  a denominator  free  from  surds. 

Multiply  both  terms  of  the  fraction  hy  b+  /^c,  and  it  be- 
comes 

ab  + a sjc 
b'^-c  ’ 

which  is  in  the  required  form. 

Examples. — cxv. 

Express  in  factors  : 

1.  c — d.  2.  c^  — d. 

4.  l-y.  5. 

7.  4a^  — 3x.  8.  9-8n. 

10.  - 4r,  11.  p — 


3.  c-d\ 

6.  5m^  — 1. 

9.  Iln2-16. 

12. 
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Redttce  the  following 

fractions 

i to 

equivalent 

fractions 

with 

denominators  free  from  i 

nirds. 

1 

Ja 

4 

+ 3V2 

a- 

- s'h- 

jja--  ^h' 

^5-  7 

- 2'V2' 

16 

2 

17- 

V3 

18  2 

- V2 

2-  V3‘ 

+ 

19. 

V«+  \^X 
\7a-  sjx 

22. 

V(m2+1)- 
+ 1)  - 

- 

f J{m^- 

■1) 

1) 

20. 

1 + 

1 - V*’ 

23- 

rt+ 

a - - 

■1) 

(oj  + a;)  + 

- ui) 

24. 

a+  sj{a^- 

*-) 

J{a  + a:)  - 

s!{a 

— x)' 

aD~^f{a?- 

X2)' 

309.  Tlie  squares  of  all  numbers,  negative  as  well  as  posi- 
tive, are  positive. 

Since  there  is  no  assignable  number  the  square  of  which 
would  be  a negative  quantity,  we  conclude  that  an  expression 
which  appears  under  the  form  /.J(  - a^)  represents  an  impossible 
cpantity. 

310.  All  impossible  square  roots  may  be  reduced  to  one 
common  form,  thus 

AVhere,  since  a and  are  possible  numbers,  the  whole 
impossibility  of  the  expressions  is  reduced  to  the  appearance  of 

- 1)  as  a factor. 

311.  Def.  By  /s/{-  1)  we  understand  an  expression  which 
when  multiplied  by  itself  produces  - 1. 

Therefore 

I v(-i)r^=  v(-i)-(-i).  >/(-!)=- -v(-i), 

so  on. 
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Examples.— cxvi. 

Multiply,  observing  that 

-ax  - ^!ah. 

1.  4+  V(-3)hy4- V(-3). 

2.  V3-2  V(-2)hy  V3  + 2 V(-2). 

3.  4V(-2)-2V2  1.yiv(-2)-3V2. 

4.  V(-2)+  V(-3)+  V(-4)liy  V(-2)-  V(-3)- 

5.  3 V(  - a)  + ^{-h)  by  4 V(  - o)  - 2 V(  - &)• 

6.  a + x''( - «)  by  a-  sj{-  a). 

7.  a ^{-a)  + h sj{-  b)  by  a ^{-a)-b  b). 

8.  a + (3^(-l)hya-(3^{-l). 

9.  1-  V(l-e2)by  1+  V(l-e"). 

I o.  bv  — e-^V(-D_ 

312.  AVe  shall  now  give  a few  Miscellaneous  Examples  to 
illustrate  the  principles  explained  in  this  Chapter. 


Examples.— cxvii. 


Simplify 

2.  Prove  that  {1+  V(-1)[^  = 0. 

, Simplify 

4.  Prove  that  ] 1 + V("  1)  j 1 ~ V(-  1)  V(~  16). 

5 . Divide  x‘^  + a'^  by  + ^'Hax  + a^. 

6.  Divide  by  — sj'i.mn  + 

7.  Simplify  (x^  - 2x^y  + xy^). 

',  — b a + b 


8.  Simplify 


y,fa-  ^b  /^a+  fjb' 


and  verify  by  putting 


i-=9  and  b = 4. 
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9.  Find  the  square  of  - sj{cd). 

10.  Find  the  square  of 


II.  Simplify 

sj{x^  + a^)+  ^{x^-aP)  s,’{x^  + a^)  - s,!{x^-a^) 

lj{x^  + a^)  - fj («2 _ a?)  ~^{x^  + a^)+ 


12.  Simplify 


1 

V(1  +i^) 


1 + 


1 


13.  Simplify 


14. 

15- 

16. 

17- 

18. 


iC+  1 


03-1  1-03 

i^X-1  03+  a/93 


Form  the  square  of  + 3^  - - s). 

Form  the  square  of  >J(x  + a)~  .^(x  - a). 
Multiply  by 

Eaise  to  the  5‘'’  power  — 1 — a a/(  - 1). 
Simplify  4^(81)-  4/(-512)+  4/(192). 

4o3^  - 8032  + 403\  , 


19T  Simplify 


3c3 


20.  Simplify  | 4/(3pli3^  - QBp^x^  + 441p^x  - 1020p-)  | . 

21.  Simplify  2fa  - 1>4'(  - _-^). 

22.  Simplify  2(?i  - 1)  V(63)  + i V(  1 12)  - 

W|n6(«-l)V|x|-2^(«). 

23.  Wbat  is  the  difference  between 

^/]17-  V(33)|x  Vjl7+  V(33){ 
and  4/|  65  + ^/(129)  [ X 4/]  65  - ^(129) [ 1 

[S.A.]  P 
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313.  We  have  now  to  treat  of  the  method  of  finding  th© 
Square  Eoot  of  a Binomial  Surd,  that  is,  of  an  expression  of 
one  of  the  following  forms  : 

m + m — 

where  m stands  for  a whole  or  fractional  number,  and  for 
a surd  of  the  second  order. 

314.  We  have  first  to  prove  two  Theorems. 

Theorem  I.  if  Ja  = m+  sjn,  m must  he  zero. 


Squaring  both  sides, 

a = m^  + 2m  >/n  + n ; 
.'.  2m  s/n  = a — 7ii^  — n ; 

a — m^  — n 


tjn-- 


2m 


that  is,  ijn,  a surd,  is  equal  to  a whole  or  fractional  number, 
which  is  impossible. 

Hence  the  assumed  equr^l^cah  never  hold  unless  y)?,  =>=0,  in 
which  case  /^/a=  /Jn. 


Theorem  II.  If  h+  ^ta=  ))i+  then  must  b^m,  and 
v'a=  s/n. 

For,  if  not,  let  h = m + x. 

Then  m + 9;+  ^a  = 7n+  ^n, 

or  a;  + s/a=  /sJn  ; 

which,  by  Theorem  I.,  is  impossible  unless  a;=:0,  in  which  case 
b = m and  ija=  Jn. 


315.  To  find  the  Square  Root  o/«+  Jh. 

Assume  \^h)—  Jy. 

Then  a+  iJb  = x + 2 sj{xy)  + y ; 


x + y = a (1), 

2V(r«/)-  sJh (2), 


from  which  we  have  to  find  x and  y. 
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Now  from  (1) 
*nd  from  (2) 


+ 2xy  + ]/^  = a?', 

4xy  = b ; 

x^-2xy  + 'i/  = a^  — b; 

x-y^  J{a^~b). 


Also,  x + y = a. 

From  these  equations  we  find 


a.  + ~ 

2 


and  y = 


a-  ^J{a^-b) 

2 ’ 


SimilaTly  we  may  show  that 


316.  The  practical  use  of  this  method  will  be  more  clearly 
seen  from  the  following  example. 

Find  the  Sqxiare  Root  of  18  + 2 V(77). 

Assume  v^|  18  + 2 V(77) } = + ,Jy. 

Then  18  + 2 V(77)=a;  + 2 V(a;y)  + y; 

:.  x + y = lS  ] 

2j{xy)^2J{11)y 

Hence  + 2xy  + y^  = 324  ) ^ 

4xy  = 308)  ’ 

.■.  a;*  - 2x^ + 1/2=16; 


.•.  a:  — y = ± 4 ; 

also,  !K  + ^ = 18. 

Hence  *5=11  or  7,  and  y — 7 or  11. 

That  is,  the  square  root  required  is  V(H)  + 
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Examples.— cxviii. 


roots  of  the  following  Binomial  Surds : 


Find  the  square 

I.  10  + 2V(21). 

4.  94-42V5- 

7.  14-4V6. 

o.  87-12^(42). 


2.  16  + 2^(55). 

5.  13-2^(30). 

8.  103-12^(11). 

n.  3|-V(10). 


3.  9-2V(14). 

6.  38-12V(10). 

9.  75-12^(21). 

12.  57-12^(15). 


317.  It  is  often  easy  to  determine  the  square  roots  of 
expressions  such  as  those  given  in  the  preceding  set  of 
Examples  Inj  inspection. 

Take  for  instance  the  expression  18  + 2 


What  we  want  is  to  find  two  numbers  Avhose  sum  is  18  and 
whose  product  is  77  : these  are  evidently  11  and  7. 

Then  18  + 2 V(V7)  = 11 + 7 + 2 V(H  x 7) 

= 1 V(ll)+ 

That  is  a/(11)+  sJI  is  the  square  root  of  18  + 2 

To  effect  this  resolution  by  inspection  it  is  necessary  that  the 
coefficient  of  the  surd  should  be  2,  and  this  we  can  always  ensure. 

For  example,  if  the  proposed  expression  be  4+  \/(15),  we 
proceed  thus ; 

1 I V(15)  + 5 + 3+2  V(5x  3) 

_ 

is  the  square  root  of  4+  V(15). 
v2 

Again,  to  find  the  Square  Root  of  28  - 10 
28-10V3  = 28-2V(V5) 

= 25  + 3-2  V(25x  3) 

= (5-  V3)2; 

5 - v^3  is  the  square  root  required. 
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318.  Any  equation  may  be  cleared  of  a single  surd,  by 
transposing  all  the  other  terms  to  the  contrary  side  of  the 
eqnafton,  and  then  raising  each  side  to  the  power  correspond- 
ing to  the  order  of  the  surd. 

The  process  will  be  explained  by  the  following  Examples. 

Ex.  1.  Jx  = A. 

Raising  both  sides  to  the  second  power, 

X=l(). 

Ex.  2.  4/a;  = 3. 

Raising  both  sides  to  the  third  power, 
a:  = 27. 

Ex.  3.  + 

Transposing  the  second  term, 

V(a;2  + 7)  = l+a;. 

Raising  both  sides  to  the  second  power, 
a;2  + 7 = 1 + 2x  -h  a:^, 
x = 3. 

J.  v/x=7. 

4.  4^x  = 2. 

7.  v/(x-f9)-6. 

10.  (x-9)^  -12 


Examples.— cxix. 


2.  Vx  = 9. 

5.  x^«=3. 

8.  V(x-7)«r. 

II.  4'(4x-16)  = 2. 


3. 

6.  4^x»4. 

9.  s/(x~15)-8. 
12.  20-3Vx=2, 
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13.  4/(2a:  + 3)  + 4 = 7. 

14.  lAcJx  — a. 


17.  </(4x^  + 5a3  — 2)  = 2x+ 1. 

18.  ^/(9,/j2-12a:-51)  + 3 = 3». 

1 9.  - ax  + l>)  - a — x. 

20.  s/(''25x^  - 3mx  + n)  - 5x  = m. 


15.  ^(x^-9)  + x — d. 

16.  >J{x^-ll)  = x-l. 


319.  When  two  surds  are  involved  in  an  equation,  one  at 
least  may  he  made  to  disappear  by  disposing  the  terms  in 
such  a way,  that  one  of  the  surds  stands  by  itself  on  one^  side 
of  the  e(|uation,  and  then  raising  each  side  to  the  power  cor- 
responding to  the  order  of  the  surd.  If  a surd  be  still  left,  it 
can  be  made  to  stand  by  itself,  and  removed  by  raising  each 
side  to  a certain  power. 

Ex.  1.  V(a:-16)+  x/a;  = 8. 

Transposing  the  second  term,  we  get 
V(a-lC)  = 8-  Jx. 

Then,  squaring  both  sides  (Art.  306), 

X-  16  = 64-16  ; 

therefore  1 6 Jx  = 64+16, 


or  16v^x  = 80, 
or  Qx  = 5 ; 
x = 25. 


Ex,  2.  J(x  - 5)  + ^/(x  + 7)  - 6. 

Transposing  the  second  term, 


^(x-5)  = 6- 


Squaring  both  sides,  x - 5 = 36  - 12  ,J(x  + 7)  + ce  + 7 ; 


therefore  12  ^{x  + 7)  = 36  + x + 7-  5c  + .5. 


Squaring  both  sides, 
therefore 


or 

or 


12  V(»  + 7)  = 48, 
/s/(a:+7)=4. 

« + 7 = 16  ; 
£r==«9. 
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Examples.— cxx. 


1.  V(16  + cc)+  v'x  = 8. 

2.  mJkx  - 16)  = 8 - v'cc. 

3.  */(x+ 15)+  V^c  = 15- 

4.  s]{x-'^\)=  ^]x-\. 

5.  \/(x— 1)  = 3—  \/(x  + 4). 


6.  1+ V(3a;  + 1)=  v/(4x  + 4). 

7.  1-  V(1-3x)  = 2V(1-*> 

8.  a-  sj(x- a)—  Vx. 

9.  v/x+  V(a:-m)  = y. 

10.  V(x  - 1)  + - 4)  - 3 = 0. 


320.  When  surds  appear  in  the  denominators  of  fractions 
in  equations,  the  equations  may  be  cleared  of  fractional  terms 
by  the  process  described  in  Art.  186,  care  being  taken  to 
folloAV  the  Laws  of  Combination  of  Surd  Factors  given  in 
Art.  305. 


Examples.— cxxi. 

t.  v/'^+ 3.  x/(^+7)+ 

2.  ^®+ V(*-21)=^-.  4.  V(»-15)+ 

5.  V^+V(x-4)=-^-^. 

Q/y 

6.  Jx  + v/(3a  + x) 77- 7 = 0. 

^ ' V(3c*  + x) 

+ h-a  s/^+lQ _ sJx  + Z% 

x + h b-  ^(ax)'  ^x  + 4 ~ 'Jx  + l2' 

8.  .0, 

321.  The  following  are  examples  of  Surd  Equations  result- 
ing in  quadratics. 

Ex.  1.  + 

Charing  the  equation  of  fractions,  2»  + 2=»6  */j5. 
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Squaring  both  sides,  we  get  4x^  + 8x  + 4:=2bx; 
whence  we  find  x = 4 or 

4 


Ex.  2.  ^{x  + 9)  = 2,Jx-'3. 


Squaring  both  sides, 
therefore 
or 


a;+  9 = 4x-  12  Qx  + 9 
12  sjx  = ^x, 

4 sjx=^x. 


Squaring  both  sides,  16x  = x^. 

Divide  by  X,  and  we  get  16  = x. 

Hence  the  values  of  x which  satisfy  the  equation  are  16 
and  0 (Art.  248). 


91 

Ex.  3.  V(2x  + 1)  +2  ^/x  = 


Clearing  the  equation  of  fractions, 

2x  + 1 + 2 a/(2x2  + x)  = 21 ; 
therefore  2 ,^/(2x2  + x)  = 20  - 2x, 

or  ^7(2x2  + x)  = 10  - X. 

Squaring  both  sides,  2x^  + x — 100  - 20x  + x% 
whence  x = 4 or  - 25. 


322.  We  shall  now  give  a set  of  examples  of  Surd  Equa- 
tions some  of  which  are  reducible  to  Simple  and  others  to 
Quadratic  Equations. 


Examples.— cxxii. 

1 . 4x  - 12  = 16.  4-  s/(6x  -11)=  V(249  - 2x*). 

2.  45-14  Vi^=-x.  5.  V(6-a:)  = 2-  ^/(2x-l). 

3.  3 V(7-I-2x2)  = 5 V(4sc-3).  6.  x- 2 V.(4- 3x)  + 12  = 0. 

7.  V(2x  + 7)  + V(3.x  - 18)  =V(7a;  + 1). 

8.  2 V(204  - 5x)  = 20  - Q{Sx  - 68). 
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9. 

10.  Jx+\\- 


33 


V«:  + 4’ 
608 


14.  Q{x  + 4r)^-  Q(2x-l)  = Q- 

15.  V(13*'l)-  V(2^-l)  = 5- 

16.  ^/(7x+l)-  V(3x+1)  = 2. 


11.  v/(^  + 5).  V(a;+^2)=r2 

12.  V(^  + 3)+ V(«;  + 8)=5Vx.  17-  V(4  + ^)+  = 

,3,  V(26  + a.)+  V(25-x)-8.  18.  ^/*+  + W6) 
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■9- 

16 

20.  V(a:'-l)  + 6 = -;7p3-i)- 

21.  ^\(x-aY  + 2ab  + h‘^\=x-a  + b. 

22.  iQ\{x  + aY-V’I‘nb-\-b'^\—b-a  — x. 

23.  /s/{x  + ^)  - fs/x— ^{x  + 

J^zl-  = x + i 26.  V(^*:  + 4)+  n/(«:  + 5)  = 9. 

>Jx-l  4 

8 

25.  V(4  + a:)-  V3=  27.  V(«=“4)-7(^)* 

28.  x2  = 21+  x/(x2-9). 

29.  ^/(50^-x)-  V(50-a;)=2. 

30.  x/(2cri-4)-^(|  + 6)  = l. 

31.  V(3  + x)  + ^(3  + x)- 

1 , 1 1 . 

32*  vFn) 

3^_v/(4x_-_^)  ^2.  34.  V*  + VI « - V(ax  + x2) ( = V«- 

33-  ^V(4x-x2) 
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323.  We  have  already  proved  that  a Simple  Equation  can 
have  only  one  root  (Art.  193) ; we  have  now  to  prove  that  a 
Quadratic  Equation  can  have  only  two  roots. 

324.  We  must  first  call  attention  to  the  following  fact : 

If  mn  = 0,  either  m — 0,  or  n — 0. 

Thus  there  is  an  ambiguity  ; hut  if  we  know  that  m cannot 
he  equal  to  0,  then  we  know  for  certain  that  7i  = 0,  and  if  we 
know  that  n cannot  he  equal  to  0,  then  we  know  for  certain 
that  m = 0. 

Further,  if  lm7i  = 0,  then  either  1=0,  or  m = 0,  or  n=0,  and 
so  on  for  any  number  of  factors. 

Ex.  1 . Solve  the  equation  (x  — 3)  (x  + 4) = 0. 

Here  we  must  have 

a;  ~ 3 = 0,  or  X + 4 = 0, 
that  is,  X = 3,  or  X = — 4. 

Ex.  2.  (x-3a)(5x-26)  = 0. 

Here  we  must  have 

x-3a  = 0,  or  5x  — 26=0, 

o 26 

a=2a,  or  x=»-^. 

5 


tliat  is, 
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Examples.— cxxiii. 

I.  (x-2)(x-5)=0.  2.  (x  — 3)(x+7)=0.  3.  (x  + 9)(x  + 2)=>0. 

4.  (x-5a)(x-66)=0.  6.  (19x-227)  (14x  + 83)=0. 

5.  (2x-f-7)(3x-5):=0.  7.  (5x  - 4w)  (6x  - 1 1«)  =» 0. 

8.  (x2  + 5ax  + 6x2)  (a;2  _ 7ax  + 1 2a2)  = 0. 

9.  Q?  - 4)  (x2  - 2ax  + a2)  = 0. 

10.  x(x2-5x)  = 0. 

11.  (acx  — 2x  + 6)  (6cx  + 3a  — 6)  = 0. 

12.  (cx-d){cx-e)  = 0. 


325.  The  general  form  of  a quadratic  equation  is 


Hence 

Now  a cannot 


«x2  + &X  + C = 0. 


/ 9 ^ ^ 

, af  x2  + -x  + - 1 = 0. 
\ a a/ 


=0. 


2 ^ 

X2  + -X- 


a 


"Writing  p for  - and  g for  we  may  take  the  following 


as  the  type  of  a quadratic  equation  of  which  the  coefficient  of 
the  first  term  is  unity, 

x2+px  + g = 0. 


326.  To  show  that  a quadratic  equation  has  only  two  roots. 
Let  x^+px  + q — 0 be  the  equation. 

Suppose  it  to  have  three  different  roots,  a,  h,  c. 


Then  a^  + ap  + q = 0 (1), 

¥+  hp  + q^O (2), 

c2  + cp  + q = 0 (3). 

Subtracting  (2)  from  (1), 


a^-b^+  (a-b)  p = 0, 
(a~b)  (oh-6+p)  = 0. 


or, 
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Now  a - b does  not  equal  0,  since  a and  b are  not  alike, 

/.  a + b+p=0 (4). 

Again,  subtracting  (3)  from  (1), 

+ (a  — c)  ^ = 0, 

or,  (a  — c)  {a  +-c  + _p)  = 0. 

Now  a — c does  not  equal  0,  since  a and  c are  not  alike, 

a + c+^  = 0 (5). 

Then  subtracting  from  (4),  we  get 

b-c  = 0,  and  therefore  b = c. 

Hence  there  are  not  more  than  hoo  distinct  roots. 


327.  We  now  proceed  to  show  the  relations  existing  be- 

tween the  Roots  of  a quadratic  equation  and  the  Coefficients 
of  the  terms  of  the  equation.  ^ 

328.  +px  + q = 0 

is  the  general  form  of  a quadratic  equation,  in  which  the  co- 
efficient of  the  first  term  is  unity. 


Hence 


p._p. 


Now  if  a and  /3  be  the  roots  of  the  equation, 





Adding  (1)  and  (2),  we  get 

a-t-/?=  -p 


(1), 

(2). 


(3). 
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Multiplying  (1)  and  (2),  we  get 
p p"^ 

or  + 

or  a^  — q (4j. 

From  (3)  we  learn  that  the  sum  of  the  roots  is  equal  to  the 
coefficient  of  the  second  term  toith  its  sign  changed. 

From  (4)  we  learn  that  the  product  of  the  roots  is  equal  to 
the  last  term. 

329.  The  equation  x^+px  + q = 0 has  its  roots  real  and 
different,  real  and  equal,  or  impossible  and  different,  according 
as  is  > = or  < 4q. 


For  the  roots  are 


First,  let  pr  be  greater  than  4q,  then  sj{p'^  - 4g)  is  a possible 
quantity,  and  the  roots  are  different  in  value  and  both  real. 

Next,  \o.ip^=4q,  then  each  of  the  roots  is  equal  to  the  real 

— V 

quantity 

Lastly,  let  be  less  than  4q,  then  - ^q)  is  an  impos- 
sible quantity  and  the  roots  are  different  and  both  impossible 

Examples.— cxxiv. 

1.  If  the  equations 

ax^  -\-hxAc  = 0,  and  a'x‘^  + h'x  + c',=  0, 

have  respectively  two  roots,  one  of  which  is  tlie  reciprocal  of 
the  other,  prove  that 

(aa'  - cc')^  = {ah'  - he')  {ah  - Vc). 
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2.  If  a,  /5  be  tlie  roots  of  the  equation  ax^  + + c = 0,  prove 

that 

o no  ^ 2ac 

3.  If  a,  /?  be  the  roots  of  the  equation  ax^  + bx  + c = 0,  prove 
that 

acx^  + (2fflc  — h‘^)  x + ac  = ac  {x  — ~~  )• 

4.  Prove  that,  if  the  roots  of  the  equation  ax“  + bx  + c=‘0  b« 
equal,  ax^  + bx  + c is  a perfect  square  with  respect  to  x. 

5.  a,  J3  represent  the  two  roots  of  the  equation 

x^  - + a)  X + ^{l  a + d^)  = 0, 

show  that  d^  + fi'^  — a. 


330.  If  a and  ^ be.  the  roots  of  the  equation  +px-\-q^0, 
then  x^  + 'px  + q = {x-a-){x- fi). 

For  since  ;p=  ~{a  + /3)  and  q — aji, 

x‘^-\-'px  + q = x-  — {a-¥ji)x  + a(i 
— {x-a)(x-  (3). 

Hence  we  may  form  a quadratic  equation  of  which  the  roots 
are  given. 


Ex.  1.  Form  the  equation  whose  roots  are  4 and  5. 
Here  x - a = x — 4 and  x - (3  = x - 5 ; 

.'.  the  equation  is  (x  - 4)  (x  — 5)  = 0 ; 
or,  x^  - 9x  + 20  = 0. 

Ex.  2.  Form  the  equation  whose  roots  are  ^ and  - 3. 
Here  X - a = X ^ and  X - = X + 3 ; 

.-.  tlie  equation  is  ^x  - 0 (x4- 3):=0; 


(2x-l)(x  + 3)=0; 
f + 5x  — 3 = 0. 


or, 

or, 


a,v  THE  ROOl'S  OF  EQUATIONS. 


239 


Examples. — cxxv. 

Form  the  equations  whose  roots  are 


I.  5 and  6. 

1 , 2 
4.  2 ami  3. 


7.  m + ?iandm- 


2.  4 and  —5. 

5 


5.  7 and  - 


8.  - and 


3.  - 2 and  - 7. 

6.  s/3  and  - s/3. 

a /3 

9.  ~n  and  - . 

pa 


331.  Any  expression  containing  x is  said  to  he  a Function 
of  X.  An  expression  containing  any  symbol  x is  said  to  be  a 
-positive  integral  function  of  x when  all  the  powers  of  x con- 
tained in  it  have  positive  integral  indices', 

3 1 

For  example,  + 2®^ -t- + 3 is  a positive  integral 

function  of  x,  but  6®®  + 3*^  4- 1 and  5x'' - 2a:“2  + 3*“  + 1 are 

not,  because  the  first  contains  x^,  of  which  the  index  is  not 
integral,  and  the  second  contains  x~^,  of -which  the  index  is  not 
positive. 

332.  The  expression  bx^  -t-  4a:^  + 2 is  said  to  be  the  expres- 
sion corresponding  to  tlie  equation  + 4x^  + 2 = 0,  and  the 
latter  is  the  equation  corresponding  to  the  former. 

333.  If  a be  a root  of  an  equation,  then  a: -a  is  a factoj- 
of  the  corresponding  expression,  provided  the  equation  and 
expression  contain  only  positive  integral  powers  of  x.  This 
principle  is  useful  in  resolving  such  an  expression  into  factors. 
We  have  already  proved  it  to  be  true  in  the  case  of  a quadratic, 
equation.  The  general  proof  of  it  is  not  suitable  for  the  stage 
at  which  the  learner  is  now  supposed  to  be  arrived,  but  we 
will  illustrate  it  by  some  Examples. 
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Ex.  1.  Resolve  2x^  - 5*  + 3 into  factors. 

If  we  solve  the  equation  2a;2  - 5cc  + 3 = 0,  we  shall  find  that 

3 

its  roots  are  1 and 

Now  divide  2x^-5x  + 3 by  x-1  ; the  quotient  is  2»-3 
that  is  2 ; 

the  given  expression  = 2 (a;  - 1)  (^  x - 

Ex.  2.  Resolve  2x^  + - llcc  - 10  into  factors. 

By  trial  we  find  that  this  expression  vanishes  if  we  put 
a:=  - 1 ; that  is,  — 1 is  a root  of  the  equation 

2x3  + x2-  llx-  10  = 0. 

Divide  the  expression  by  x + 1 : the  quotient  is  2x^  - x - 10  ; 
.'.  the  expression  = (2x^ -x  - 10) (x  + 1) 

— 2 ^x2-|-5^(x  + 1). 

We  must  now  resolve  x^-  | — 5 into  factors,  by  solving  the 
corresponding  equation  x^-^  — 5=0. 

The  roots  of  this  equation  are  - 2 and  ^ ; 

2x^  + x^~  llx-  10  = 2(x  + 2)^x-|^(x  + l) 

= (x  + ^)  (2x  - 5)  (x  + 1). 


Ex  A MPLES.  — cxxvi. 

Resolve  into  simple  factors  the  following  expressions  : 


I.  x^  — llx^  + 36x“  36. 
3.  X®  - 5x^  — 46x  — 40. 
5.  6x3+11x2-9x-14. 

7.  - G^  — 3abc. 

9.  2x3-5x2-17x  + 20. 


2.  x^  - 7x2  ^ _ g_ 

4.  4x2+6x2  + x-1. 

6.  x^  + y^  + z^-  3xyz. 

8,  3x2-x2-23x  + 21. 
10.  15x2  4- 41x2 + 5x- 21. 
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334.  If  we  can  find  one  root  of  such  an  et^uation  as 

2x'^  + — 1 lx  — 10  =•  0, 

we  can  find  all  the  roots. 

One  root  of  the  equation  is  - 1 ; 

.’.  (x  + 1)  (2x^  - X — 10)  = 0 ; 

X + 1 = 0,  or  2x^  - X - 10  = 0 ; 

5 

- 1,  or  — % or 

u 

Similarly,  if  we  can  find  one  root  of  an  equation  involving 
the  4*“  power  of  x,  we  can  derive  from  it  an  equation  involving 
the  3"*  and  lower  powers  of  x,  from  which  we  may  find  the  other 
roots.  And  if  again  we  can  find  one  root  of  this,  the  otlier 
two  roots  can  he  found  from  a quadratic  equation. 

335.  Any  equation  into  which  an  unknown  symbol  or  ex- 
pression enters  in  two  terms  only,  having  its  index  in  one  of 
the  terms  douhh  of  its  index  in  the  other,  may  be  solved  as  a 
quadratic  equation. 

Ex.  Solve  the  equation  x®  — 6x® = 7. 

Regarding  x®  as  the  quantity  to  be  obtained  by  the  solution 
of  the  equation,  we  get 

a;®- 6x3  + 9 = 16; 

therefore  x®  - 3 = ± 4 ; 

therefore  x®  = 7,  or  x®=  1. 

Hence  x=  or  x=  1] 

and  one  value  of  - 1 is  - 1. 

336.  In  some  cases  by  adding  a certain  quantity  to  both 
sides  of  an  ecj^uation  we  can  bring  it  into  a form  capable  of 
solution,  thus,  to  solve  the  equation 

x®  + 5x  + 4 = 5 + 5x  + 28), 

add  24  to  each  side. 

Then  x®  + 5x  + 28  = 5 + 5x  + 28)  + 24 ; 

or,  X®  + 5x  + 28  - 5 QQi?  + 5x  + 28)  = 24. 

This  is  now  in  the  form  of  a quadratic  equation,  the  un- 
known quantity  being  + 5x  + 28),  and  completing  the 

square  we  have 
f,S.A.] 


Q 
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+ 5x  + 28  - 5 + 5x  + 28)  + ^ = ; 

V(a:^  + 5a;  + 28)-|=±y ; 

whence  + 5.x  + 28)  = 8 or  — 3 ; 

x^  + 5x  + 28  = 64  or  9 ; 

from  which  we  may  find  four  values  of  x,  vb,  4,  - 9,  and 

V(-51) 

2“  2 • 


Examples. — cxxvii. 

Find  roots  of  the  following  equations ; 

2.  x6+ 14x3  + 24=0. 


x^*-  12x2  = 13. 
x8  + 22x^  + 21=0. 

3"'  ~12- 

X”2  + 3x~1  = ^. 


4' 

6.  X 


x2’”  + 3x™  = 4. 
9 i_5 


x-2'*-x-"  = 20. 


x2-2x  + 6(x2-2x  + 5)2  = ll. 

10.  x2-x  + 5 V(2x2-5x  + 6)  = — 

1 1.  x2-2  V(3a:2-2ax  + 4)  + 4=^^x  + |+  1^. 

12.  axA'^  = Ala. 

337.  Every  equation  has  as  many  roots  as  it  has  dimen- 
sion.s,  and  no  more.  This  we  have  proved  in  the  case  of 
simple  and  quadratic  equations  (Arts.  193,  323).  The  general 
proof  is  not  suited  to  this  work,  hut  we  may  illustrate  it  by 
the  following  Examples. 

Ex.  1.  To  solve  the  eqxxation  x3-l=0. 

One  root  is  clearly  1. 

Dividing  b}'  x - 1,  we  obtain  x2  + x + 1 = 0,  of  which  th«  root* 


1 + \/  — 3 


and 


V-3 


are 


2 


2 
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Hence  tlie  thr&c  roots  are  1,  — ? and  — — ^ 
z z 

Ex.  2.  To  solve  the  eqiration  a:'*  - 1 = 0. 

Two  of  the  roots  are  evidently  + 1 and  - 1. 

Hence,  dividing  by  (x~  l)(a:  + 1),  that  is  by  l,*we  obtain 
x^+  1 = 0,  of  which  the  roots  are  \/  — 1 and  ~ ^ — I . 

Hence  the/o»r  roots  are  1,  - 1,  a/  — 1,  ami  — ^—1. 

The  equation  6x^  = 7 will  in  like  manner  have  six, 

roots,  for  it  may  be  reduced,  as  in  Art.  335,  to  two  cubic 
equations,  - 7 = 0 and  + 1 = 0, 

each  of  which  has  three  roots,  which  may  be  found  as  in 
Ex.  1. 


XXVII.  ON  RATIO. 

338.  If  a and  B stand  for  two  unequal  quantities  of  the 
same  kind,  we  may  consider  their  inequality  in  two  ways.  We 
may  ask. 

(1)  By  what  quantity  one  is  greater  than  the  other  ? 

The  answer  to  this  is  made  by  stating  the  difference  be- 
tween the  tAvo  quantities.  Now  since  quantities  are  represented 
in  Algebra  by  their  measures  (Art.  33),  if  a and  b be  the 
measures  of  A and  B,  the  difference  between  A and  B is 
represented  algebraically  by  a - 6. 

(2)  By  how  many  times  one  is  greater  than  the  other  ? 

The  answer  to  this  question  is  made  by  stating  the  number 
of  times  the  one  contains  the  other. 

Note.  The  quantities  must  be  of  the  same  land.  We  can- 
not compare  inches  Avith  hours,  nor  lines  Avith  surfaces. 

339.  The  second  method  of  comparing  A and  B is  called 
finding  the  Ratio  of  A to  B,  and  we  give  the  folloAving  defi- 
nition. 

Def.  Ratio  is  the  relation  Avhich  one  quantity  bears  to 
another  of  the  same  kind  Avith  respect  to  the  number  of  time< 
the  one  contains  the  other, 
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340.  The  ratio  of  .4  to  5 is  expressed,  thus,  A : B. 

A and  B are  called  the  Terms  of  the  ratio. 

A is  called  the  Antecedent  and  B the  Consequent. 

341.  Now  since  quantities  are  represented  in  Algebra  by 
their  measures,  we  must  represent  the  ratio  between  two 
quantities  by  the  ratio  between  their  measures.  Our  next 
step  then  must  be  to  show  how  to  estimate  the  ratio  between 
two  numbers.  This  ratio  is  determined  by  finding  how  many 
times  one  contains  the  other,  that  is,  by  obtaining  the  quotient 
resirlting  from  the  division  of  one  by  the  other.  If  a and  b, 

then,  be  any  two  numbers,  the  fraction  ^ will  express  the  ratio 
of  a to  b.  (Art,  136.) 

342.  Thus  if  a and  b be  the  measures  of  A and  B respec- 
tively, the  ratio  of  A to  B is  represented  algebraically  by  the 

fraction 

0 

343.  If  a or  b or  both  are  surd  numbers,  the  fraction  | 
may  also  be  a surd,  and  its  ai)proximate  value  can  be  found  by 
Art.  291.  Suppose  this  value  to  be  ~,  where  m and  n are 
whole  numbers ; tlien  we  should  say  that  the  ratio  A : 5 is 
approximately  represented  by 

344.  Eatios  may  be  compared  with  each  other,  by  com- 
paring the  fractions  by  which  they  are  denoted. 

Thus  the  ratios  3 : 4 and  4 : 5 may  be  compared  by  com- 
3 4 

paring  the  fractions  - and  -. 

These  are  equivalent  to  and  respectively ; and  since 
16  15 

^ is  greater  than  the  ratio  4:5  i.s  greater  than  the 
ratio  3 : 4 
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Examples.— cxxviii. 


1 . Place  in  order  of  magnitude  the  ratios  2 : 3,  G ; 7,  7 : 9. 

2.  Compare  the  ratios  a;  + 3?/  : x + 2y  and  x + 2y  : x + y. 

3.  Compare  the  ratios  x- by  : x — Ay  and  x - 3y  : x - 2y. 

4.  What  number  must  he  added  to  eacli  of  the  terms  of  tlie 
ratio  a : b,  that  it  ma}'  become  the  ratio  c : dl 

5.  The  sum  of  the  squares  of  the  Antecedent  and  Conse- 
quent of  a Eatio  is  181,  and  the  product  of  the  Antecedent 
and  Consequent  is  90.  What  is  tlie  ratio  ] 

345.  A ratio  of  greater  inequality  is  one  whose  antecedent 
is  greater  than  its  consequent. 

A ratio  of  less  inequality  is  one  whose  antecedent  is  less  than 
its  consequent. 

This  is  the  same  as  saying  a ratio  of  greater  inequality  is 
represented  by  an  Improper  Fraction,  and  a ratio  of  less  in- 
equality by  a Proper  Fraction. 

346.  A Ratio  of  greater  inequality  is  diminished  by  adding 
the  same  nuw^ber  to  both  its  terms. 

Thus  if  1 be  added  to  both  terms  of  the  ratio  5 : 2 it  becomes 

6 ; 3,  which  is  less  than  the  former  ratio,  since  that  is,  2,  is 
less  than 

And,  in  general,  if  x be  added  to  both  terms  of  the  ratio 
a : b,  where  a is  greater  tlian  b,  we  may  compare  the  two 
ratios  thus, 


ratio  a + x :b  + x is  less  than  ratio  a : b, 


if 


a + x . , , a 

T — be  less  than  -r, 
b + x V 


if 


ab  + bx  , . , , ab  + ax 

-,-K— r-  be  less  than  -jr, — r~, 
b^  + bx  b^  + bx’ 


if 

if 

if 


((b  H-  bx  be  less, than  ab  + ax, 
bx  be  less  than  ax, 


b be  less  than  a. 


Now  b is  less  than  a; 


.-.  a + x\  b + x is  less  than  a : b. 
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347.  We  may  observe  that  Art.  346  is  merely  a repetition 
of  that  wliich  we  proposed  as  an  Example  at  the  end  of  the 
cliapter  on  Miscellaneous  Fractions.  There  is  not  indeed  any 
necessity  for  us  to  weary  the  reader  with  examples  on  Eatio ; 
for  since  we  express  a ratio  by  a fraction,  nearly  all  that  we 
might  have  had  to  say  about  Eatios  has  l)een  anticipated  in 
OUT  remarks  on  Fractions. 

348.  Tlie  student  maj^,  however,  work  tlie  following  Theo- 
rems as  Examples. 

(1)  If  a : ?)  be  a ratio  of  greater  inequality,  and  x a positive 
quantity,  the  ratio  a-x  : h-x  is  greater  than  the  ratio  a : h. 

(2)  If  a \h  be  a ratio  of  less  inequality,  and  x a positive 
quantity,  the  ratio  a-\-x\  b + xis  greater  than  the  ratio  a : b. 

(3)  If  rt  : & be  a ratio  of  less  inequality,  and  x a positive 
quantity,  the  ratio  a — x:b—xis  less  than  the  ratio  a : b. 

349.  In  some  cases  we  may  from  a single  equation  involv- 
i]ig  two  unknoAvn  symbols  determine  the  ratio  between  the 
two  symbols.  In  other  words  Ave  may  be  able  to  determine  the 
relative,  values  of  the  tAVO  symbols,  though  Ave  cannot  determine 
their  absolute  aMucs. 

Thus  from  the  equation  4x  = 3i/, 


we  get  - = -7. 

^ ^4 

Again,  from  the  equation  3x^  = 

we  get  — 0 = ^ ; and  therefore  - = 

^ y-  3 y V3 


Examples.— cxxix. 


Find  the  ratio  of  a;  to  ^ from  the  folloAving  equations  : 

I.  9x  = 6y.  2.  ax  = by.  3.  ax-by  = cx  + dy, 

4.  + 2xy  = 5y\  5 . x^  — 1 2xy  — 1 ‘Sy^.  6.  4-  mxy  = n^y‘^. 

7.  Find  two  numbers  in  the  ratio  of  3:4,  of  Avhich  the 
sum  is  to  the  sum  of  their  squares  : : 7 : 50. 

8.  Tavo  numbers  are  in  the  ratio  of  6:7,  and  when  12  i.<! 
added  to  each  the  resulting  numbers  are  in  the  ratio  of  12  : 13. 
Find  the  numbers. 
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9.  The  sum  of  two  numbers  is  100,  and  the  numi)ers  are 
in  the  ratio  of  7 : 13.  Find  them. 

10.  The  difference  of  the  squares  of  two  numbers  is  48, 
and  the  sum  of  the  numbers  is  to  tlie  difference  of  the  num- 
bers in  the  ratio  12  : 1.  Find  the  numbers. 

11.  If  5 gold  coins  and  4 silver  ones  are  worth  as  much  as 
3 gold  coins  and  12  silver  ones,  find  the  ratio  of  the  value  of  a 
gold  coin  to  that  of  a silver  one. 

12.  If  8 gold  coins  and  9 silver  ones  are  worth  as  much  as 
6 gold  coins  and  19  silver  ones,  find  the  ratio  of  the  value  of  a 
silver  coin  to  that  of  a gold  one. 


350.  Eatios  are  compounded  by  multiplying  together  the 
fractions  by  which  they  are  denoted. 

Thus  the  ratio  compounded  oi  a : b and  c •.  d is  ac  : bd. 


Examples.— cxxx. 

Write  the  ratios  compounded  of  the  ratios 

1.  2:3  and  4 ; 5. 

2.  3:7,  14  : 9 and  4:3. 

3.  x^~y^  : + and  - xy  + 1/  : x'+ij. 

4.  + 2bc  -c^  : a^-b"^-  2bc  - and  a + h + c : a + b ~c. 

5.  m^  + n^  : m^-  and  m — n\m  + n. 

6.  x?  + bx  + Q : y‘^  — '7y  + 12,  and  y^-‘3y  : x'^  + 3,x. 


351.  The  ratio  \b^  is  called  the  Duplicate  Ratio  of  a : 6. 
Thus  100  : 64  is  the  duplicate  ratio  of  10  : 8, 
and  36x^  : 25y^  is  the  duplicate  ratio  of  6x  : 5y. 

The  ratio  : ¥ is  called  the  Triplicate  Ratio  of  a : 6. 
Thus  64  : 27  is  the  triplicate  ratio  of  4 : 3, 
and  343x3  ; 1331^3  jg  the  triplicate  ratio  of  lx  : lly. 
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352.  The  definition  of  Ratio  given  in  Euclid  is  the  same  as 
in  Algebra,  and  so  also  is  the  expression  for  the  ratio  that  one 
cjuantity  bears  to  anotlier,  that  is,  A ; B.  But  Euclid  cannot 
employ  fractions,  and  hence  he  cannot  represent  the  value  of  a 
ratio  a§_we  do  in  Algebra. 


XXVIII  ON  PROPORTION. 

353.  Proportion  consists  in  the  equality  of  two  ratios. 

The  algebraic  test  of  Proportion  is  (]\at  the  two  fracMons 
re'presenting  the  ratios  must  he  equal. 

Thus  the  ratio  a : b will  be  equal  to  the  ratio  c : d, 

.c  a c 

^^b~7r 

and  the  four  number's  a,  b,  c,  d are  in  such  a case  said  to  be  in 
projDortion. 

354.  If  the!  ratios  a : b and  c : d form  a proportion,  we 
express  the  fact  thus  : 

a : b = c : d. 

This  is  the  clearest  manner  of  expressing  the  equality  of  the 
ratios  a : b and  c : d,  b.ut  there  is  another  way  of  expressing 
the  same  fact,  thus 

a : b c d, 

which  is  read  thus, 

a is  to  Z)  as  c is  to  d. 


The  two  terms  a and  d are  called  the  Extremes. 
b and  c the  Means. 

355,  When  four  numbers  are  in  proportion, 

product  of  extremes  = product  of  means. 
Let  a,  b,  c,  d be  in  proportion. 

H- 
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Multiplying  both  sides  of  the  equation  by  fed,  Ave  get 
ad  = fee. 

Conversely,  if  ad  = fee  we  can  show  that  a : fe=c  : d. 

F or  since  ad  = fee, 

dividing  both  sides  by  fed,  we  get 

ad  _ fee 
fed"  fed’ 

that  is,  f "d’  ^ 

356.  If  ad  = fee, 

Dhdding  by  cd,  we  get  a : c=h  : d ; 

d c . 

Dividing  by  ah,  Ave  get  ^ i-e.  d : b = c : a; 

Dividing  by  ac,  we  get  i-e.  d : c = fe  : a. 

357.  From  this  it  follows  that  if  any  4 numbers  be  so 

related  that  the  product  of  two  is  equal  to  the  product  of  the 

other  two,  we  can  express  the  4 numbers  in  the  form  of  a pro- 
portion. 

The  factors  of  one  of  the  products  must  form  the  extremes. 

The  factors  of  the  other  product  must  form  the  means. 

358.  Three  quantities  are  said  to  be  in  Continued  Pro- 
portion when  the  ratio  of  the  first  to  the  second  is  equal  to 
the  ratio  of  the  second  to  the  third. 

Thus  a,  fe,  c are  in  continued  proportion  if 
a : fe  = fe  : c. 

The  quantity  fe  is  called  a Mean  Proportional  between 
a and  c. 
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Four  quantities  are  said  to  be  in  Continued  Proportion 
when  the  ratios  of  the  first  to  the  second,  of  the  second  to 
the  third,  and  of  the  third  to  the  fourth  are  all  equal. 

Thus  a,  b,  c,  d are  in  continued  proportion  when 
a : b — b : c = c : d. 

359.  AVe  showed  in  Art.  205  the  process  by  which  when 
two  or  more  fractions  are  known  to  be  equal,  other  relations 
between  the  numbers  involved  in  them  may  be  determined. 
That  process  is  of  course  applicable  to  Examples  in  Ratio  and 
Proportion,  as  we  shall  now  show  by  particular  instances. 


Ex.  1 . If  u : 6 = c : cZ,  prove  that 

u2  + 62  : «2_J2^c2  + d2  : c^-d\ 

Since  a : b = c : d, 


Let  Then^=X; 

b d 


Now 


and 


Hence 


a = \b,  and  c = \d. 

«2  + 62  X262  + 62_^2(x2+1)  \2  + 1 

- X2&2  _ 62  - J2(x2  _ 1)  - X2  _ X’ 

c2  + (62_x2d2  + d2_d2(X2+l)_  X2  + 1 
C2-  d2~X2d2-d2“d2(X2-l)“X^-r 

C*2  + &2  ^ c2  + ^2 
^52 


that  is,  ffl.2  + 62  ; «2  — (.2^  (P  . g2  _ 


Ex,  2.  li  a h c : d,  prove  that 

« : c : : ^(a'^  + ¥)  : + #). 


Let 


Then  ; 


a = XX,  and  c«=Xd, 
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Now 


a _yb  _ b 
c~'Kd~d^ 


and 


V(c*  + d^) 


Hence 
tliat  is, 


' 4/(X4c^qr#)  +1)  4/#  “ 

g 4/(^‘^  + . 

c“  4/(c^  + #)’ 

a:  c ::  ^(a^^  + b*)  : i/(¥  + d^). 


b 

d' 


Ex.  3.  If  a : & = c : d = e :/,  prove  that  each  of  these  ratios 
is  equal  to  the  ratio  a + c + e:  b + d +/. 


Let 

|=x.  1=^  l-x. 

Then 

a — \b,  c = \d,  e = X/. 

Now 

+ c T 6 X6  + Xc^  + xy  \(b  + d/+f) 
b + d+f  b + d-\-f  b + d+f 

Hence 

a + c-r  e a c & 

b + d+f~b~d~f’ 

Tiat  is. 

ci-\-  c 6 \ h -]r  d -{-f  =-(Xi  ; h — c ; d^6  * 

Ex.  4.  If  a,  6,  c are  in  continued  proportion,  show  that 
aP'  + ¥ \ ¥ + ¥ = a ; c. 

Let  ~ — Then  - = X. 
b . c 

Hence  a — 'Kb  and  b = \c. 

Now  + + 1)  h-(K^  + l)  ¥ ac  a 

¥ + ¥ b‘‘^  + ¥ + ¥ c\X^  + 

Ex.  5.  If  15«  + 6 : \bc  + d=\2a  + b : \2c  + d,  prove  that 
a :b  = c : d. 

Since  15a  + 6 : 16c  + d=l2a  + b : 12c + cZ, 

and  since  product  of  extremes  = product  of  means, 
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(15a + 6)  (12c  + (^)  = (15c  + cZ)  (12a+&), 
or,  180ac+  126c+  15ac^  + 6(^=  180ac  + 12ac^  + \bhc-\-hd, 
or,  1 2&C  -F 1 5acZ  = 1 2ad  + 1 5&c, 

or,  Zad  = Zbc, 

or,  ad  — be. 

Whence,  by  Art.  355,  a : b — c : d. 

Additional  Examples  will  be  found  in  page  137,  to  which 
we  may  add  the  following. 


Examples.— cxxxi. 

I . If  a : 6 = c : d,  show  that  a + h : a = c + d :c. 


2.  li  a : b = c : d,  show  that  :b‘^  = c^~d^  : d^. 


3- 

4- 

5- 


If  : Z)i=ct2 : bi,  show  that 


rriia^  + 
mjbi  + mj)i 


b\' 


If  a ; fe  : : c : d,  show  that 

3a2  + 4-  26^  ; - 2&2  ; ; Sc^  + cd  + - 2d:i 

a :b  = c : d,  show  that 


a^  + 2>ab  + 6^  : + 3cd  -\-d‘^  = 2ab  + Zb"^ : 2cd  + 3fZ^. 

6.  If  a : b = c : d = e :/then  a : b — mc  — ne  : md-nf. 

y.  If  ^a,  any  parts  of  a,  b,  be  taken  from  a and  h 

respectively,  show  that  a,  b,  and  the  remainders  form  a propor- 
tion. 


8.  If  a : 6 = c : c^  = e : show  that 

ac  : bd  — la^  + mc^  4-  ne^ : 4-  np. 

9.  If  ai'.hi  — a,-.  bs  — a^ : 63,  show  that 

ffli2  + a, 2 + agS  ; + b^^  + b,^y.  : b,l 
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1 1. 

12. 


If  ; bi  = a2  ; b.y  — a.^  : b-^,  show  that 
aia.2  + a.^as  + a./ii  : bj).2  + b.2h^  + b-iby  = a.^^  : bi^. 


, P a^-ab  + P - cd  + d? 

a2TaT+ P - 


show  that  either 


a c a d 
^ j or  -r  ■=  -. 
b d b c 


If  fl.2  + b^  : - b^  = c”  + d^  : - d^,  show  that 

a ■.  b = G : d. 


If  a : b = c ■.  d,  show  that 

(a  + c)  (aU-  f)  ^ (b  + d)  (b^-  + d^) 
(a  - c)  {a^  - C-)  (&  — d)  (b^  - d-)' 


14.  If  «i  : b^  = a^  : b.^,  show  that 

«i  'h=  V(«i^  + V)  • '/(V  + ^-/)‘ 


On  the  Geometrical  Treatment  of  Proportion. 

360.  The  definition  of  Proportion  (viz.  the  equality  of 
ratios)  is  the  same  in  Euclid  as  in  Algebra.  (Eucl.  Book  v. 
Def.  6 and  8.) 

But  the  ways  of  testing  whether  two  ratios  are  equal  are 
quite  different  in  Euclid  and  in  Algebra. 

The  algebraic  test  is,  as  we  have  said,  that  the  two  fractions 
representing  the  ratios  nmst  be  equal. 

Euclid’s  test  is  given  in  Book  v.  Def.  5,  where  it  stands 
thus  : 

“ The  first  of  four  magnitudes  is  said  to  have  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth,  when  any 
equimultiples  whatsoever  of  the  first  and  third  being  taKen 
and  any  equimultiples  whatsoever  of  the  second  and  fourth  : 

“If  the  multiple  of  the  first  be  less  than  that  of  the  second, 
the  multiple  of  the  third  is  also  less  than  that  of  the  fourth  : 
or, 

“ If  the  multiple  of  the  first  be  equal  to  that  of  the  second, 
the  multiple  of  the  third  is  also  equal  to  that  of  the  fourth  ; 
or, 
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“ If  the  multiple  of  the  first  be  greater  than  that  of  the 
second,  the  multiple  of  the  third  is  also  greater  than  that  of 
the  fourth.” 

We  shall  now  show,  first,  how  to  deduce  Euclid’s  test  of  th« 
equality  of  ratios  from  the  algebraic  test,  and  secondly,  how  to- 
deduce  the  algebraic  test  from  that  employed  by  Euclid. 

361.  I.  To  show  that  if  quantities  be  proportional  accord- 
ing to  the  algebraical  test  they  will  also  be  proportional 
according  to  the  geometrical  test. 

If  a,  b,  c,  d be  proportional  according  to  the  algebraical 
test, 

a_c 

b~d’ 

Multiply  each  side  by  and  we  get 

ma  _mc 
nh  nd^ 

Now,  from  the  nature  of  fractions, 

if  ma  be  less  than  rib,  me  will  also  be  less  than  nd,  and 
if  ma  be  equal  to  nh,  me  will  also  be  equal  to  nd,  and 
if  ma  be  greater  than  nb,  me  will  also  be  greater  than  nd. 

Since  then  of  the  four  quantities  a,  b,  c,  d equimultiples  have 
been  taken  of  the  first  and  third,  and  equimultiples  of  the 
second  and  fourth,  and  it  appears  that  when  the  multiple  of 
the  first  is  greater  than,  equal  to,  or  less  than  the  multiple  of 
the  second,  the  multiple  of  the  third  is  also  greater  than, 
equal  to,  or  less  than  the  multiple  of  the  fourth,  it  follows  that 
a,  b,  c,  d are  proportionals  according  to  tiie  geometrical  test. 

362.  II.  To  deduce  the  algebraic  test  of  proportionality 
from  that  given  by  Euclid. 

Let  a,  h,  c,  d be  proportional  according  to  Euclid. 

Then  if  ^ is  not  equal  to 

be  equal  to 
b + x ^ d 


let 


.(1). 
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Take  m and  n such  that 

ma  is  greater  than  nh, 

but  less  than  + (2). 

Then,  by  Euclid’s  definition, 

me  is  greater  than  nd (3). 

T,  . . V me 

But  since,  by  (1),  — ^ 

’ n{b  + x)  nd’ 

and,  by  (2),  ma  is  less  than  n{b  + x), 

it  follows  that  me  is  less  than  nd. (4). 

The  ivsLilts  (3)  and  (4)  therefore  contradict  each  other. 

Hence  (1)  cannot  be  true. 

Therefore  | is  equal  to 

We  shall  conclude  this  chapter  with  a mixed  collection  of 
Examples  on  Ratio  and  Proportion. 


Examples. — cxxxii. 

1.  If  a - 6 ; 6 - c ; : 6 : c,  show  that  6 is  a mean  proportional 
between  a and  c. 

2.  If  a : & : : c ; show  that 

a+6  eAd 

and  a •.  b ::  ^{ma‘^  + wc*)  : i^{m¥  + nd^). 

3.  If  a : fe  ::  c : prove  that 

ma~nb_me-nd 
ma  + nh  me  + nd' 

4.  If  5a  + 36  ; 7a  + 3&  5&  + 3c  : 76  + 3c, 

6 is  a mean  proportional  between  a and  c. 

5.  If  4 quantities  be  proportional,  and  the  first  be  the 
greatest,  the  fourth  is  the  least. 

If  a + b,m  + n,  m-n,a-bhe  four  such  quantities,  show  that 
b is  greater  than  n. 
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6.  Solve  the  equation 

*-1  : x~2  — 2x+\  ; x + 2. 

show  that  the  ratios  a : b and  c ; d are 

b d 

also  equal. 

8.  In  a mile  race  between  a bicycle  and  a tricycle,  their 
rates  were  proportional  to  5 and  4.  The  tricycle  had  half-a- 
minute  start,  but  was  beaten  by  176  yards.  Find  the  rates  of 
each. 

9.  li  a \ b ::  c d and  a is  the  greatest  of  the  four  quanti- 
ties, show  that  + is  greater  than  b^  + c\ 

.a,  * •plOa-t-6  I2a  + b , r j 

10.  Show  that  if  tt; } = tt, n then  a : b ::  c : d. 

10c + d l‘2c  + d’ 

11.  Ifa;:^::3:2  and  x : 25  ::  24  \ y,  find  x and  y. 

12.  If  a,  b,  c be  in  continued  proportion,  then 

(1)  a : a + b ::  a-b  a ~ c; 

(2)  (a‘^  + b^-)(¥  + c^)  = {ab  + bc)l 

13.  If  a : b ::  c : d,  show  that ; 
and  hence  solve  the  equation 

ah  — be  — dx  _a  — h — c 
bc  + dx  b + c ' 

14.  If  a,  b,c  are  in  continued  proportion,  show  that 

a + mb  : a - mb  ::  b + me  \ b - me. 

15.  If  a : ft  ::  5 : 4,  find  the  value  of  the  ratio 

-b^  •.  0?'  -t- 

1 3 

16.  The  sides  of  a triangle  are  as  ’ ^4  • peri- 

meter is  205  yards:  find  the  sides. 

17.  The  sides  of  a triangle  are  as  3 : 4 : 5,  and  the  peri- 
meter is  480  yards  : find  the  sides. 


AND  PROPORTION, 


257 


1 8.  Assuming  a + h :j9  + g ::  p — q : a-b,  prove  that  the  sum 
of  the  greatest  and  least  terras  of  any  proportion  is  greater  than 
the  sum  of  the  other  two. 

19.  A waterman  rows  30  miles  and  back  in  12  hours,  and 
he  finds  that  he  can  row  5 miles  with  the  stream  in  the  same 
time  as  3 against  it.  Find  the  rate  of  the  stream. 

20.  There  are  three  equal  vessels  A,  B,  G •,  the  first  con- 
tains water,  the  second  brandy,  the  third  brandy  and  water. 
If  the  contents  of  B and  G be  put  together,  it  is  found  that  the 
mixture  is  nine  times  as  strong  as  if  the  contents  of  A and  G 
had  been  put  together.  Find  the  ratio  of  the  brandy  to  the 
water  in  the  vessel  G. 

21.  A factor  buys  a certain  quantity  of  wheat  which  he 
sells  again  so  as  to  gain  5 per  cent,  on  his  outlay,  and  thus 
clears  .£16.  Had  he  sold  it  at  a gain  of  5s.  a quarter  he  would 
have  cleared  as  many  pounds  as  each  quarter  cost  shillings. 
How  many  quarters  did  he  buy,  and  what  did  each  quarter 
cost  him  ? 

22.  A man  buys  a horse  ^and  sells  it  for  £144,  gaining  as 
much  per  cent,  as  the  horse  cost  him.  What  was  the  price  of 
the  horse  ? 

23.  I buy  goods  and  sell  them  again  for  £96,  gaining  as 
ranch  per  cent,  as  the  goods  cost.  What  is  the  cost  price  ? 

24.  A man  bought  some  sheep  and  sold  them  again  for  £24, 
gaining  as  much  per  cent,  as  the  sheep  cost  him.  What  did  he 
give  I'or  them  ? 

25.  A certain  crew,  wdio  row  40  strokes  per  minute,  start 
at  a distance  equivalent  to  four  of  their  own  strokes  behind 
another  crew,  who  row  45  strokes  to  the  minute.  In  8 minutes 
the  former  succeed  in  bumping  the  latter.  Find  the  ratio 
between  the  lengths  of  the  strokes  of  the  two  boats. 

26.  The  tim'eMvhich  an  express  train  takes  to  travel  a 
journey  of  180  miles  is  to  that  taken  by  an  ordinary  train  as 
9 : 14.  The  ordinary  train  loses  as  much  time  from  stoppages 
as  it  would  take  to  travel  30  miles  rvithout  stopping.  The 
express  train  only  loses  half  as  much  time  as  the  other  in  this 

fS.A.]  R 
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manner,  and  it  also  travels  15  miles  an  hour  quicker.  Sup- 
posing the  rates  of  travelling  uniform,  what  are  they  in  miles 
per  hour  1 

27.  An  article  is  sold  at  a loss  of  as  much  per  cent,  as  it 
is  worth  in  pounds.  Show  that  it  cannot  he  sold  for  more 
than  £25. 


XXIX.  ON  VARIATION. 

.363.  If  a sum  of  money  is  put  out  at  interest  at  5 per  cent., 
the  principal  is  20  times  as  great  as  the  annual  interest,  what- 
ever the  sum  may  be. 

Hence  if  x be  the  principal,  and  y the  interest, 

X - 20y. 

Now  if  we  change  x we  must  change  y in  the  same  propor- 
tion, for  so  long  as  the  rate  of  interest  remains  the  same,  3; 
will  always  be  20  times  as  great  as  y,  and  hence  if  x be 
doubled  or  trebled,  y will  also  be  doubled  or  trebled. 

This  is  an  instance  of  what  is  called  Direct  Variation, 
of  which  we  may  give  the  following  definition. 

Def.  One  quantity  y is  said  to  vary  directly  as  another 
quantity  x,  when  y depends  on  x in  such  a manner  that  any 
increase  or  decrease  made  in  the  value  of  x produces  a propor- 
tional increase  or  decrease  in  the  value  of  y. 

364.  If  x = my,  where  m is  a constant  quantity,  that  is,  a 
quantity  which  is  not  altered  by  any  change  in  the  values  of  x 
and  y, 

y will  vary  directly  as  x. 

For  any  increase  made  in  the  value  of  x must  produce  0 
proportional  increase  in  the  value  of  y.  Thus  if  .3;  be  doubled, 
y must  also  be  doubled,  to  preserve  the  equality  of  * and  mp, 
since  m cannot  be  changed. 
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365.  Suppose  a man  can  reap  an  acre  of  corn  in  a day. 

Then  10  men  can  reap  60  acres  in  6 days, 
and  20  men  can  reap  60  acres  in  3 days. 

So  that  to  do  the  same  amount  of  work  if  we  double  the 
number  of  men  we  must  halve  the  number  of  days. 

This  is  an  instance  of  what  is  called  Inverse  Variation, 
of  which  we  may  give  the  following  definition. 

Dee.  One  quantity  y is  said  to  vary  inversely  as  another 
quantity  x,  when  y depends  on  x in  such  a manner  that  any 
increase  or  decrease  made  in  the  value  of  x produces  a propor- 
tional decrease  oi-  increase  in  the  value  of  y. 


366.  Ifa3=— , where  m is  constant, 


y vdll  vary  inversely  as  x. 


For  any  increase  made  in  the  value  of  x must  produce  a pro- 
portional decrease  in  the  value  of  y.  Thus  if  x be  doubled, 

y must  be  halved,  to  preserve  the  equality  of  ic  and  — . 


For 


2a; : 


m 

T’ 

2 


367.  If  1 man  can  reap  1 acre  in  1 dajg 
5 men  can  reap  20  acres  in  4 days, 
and  10  men  can  reap  80  acres  in  8 days. 


Tha.t  is,  the  number  of  acres  reaped  will  depend  on  the 
product  of  the  number  of  men  into  the  number  of  days. 

This  is  an  example  oi  joint  variation,  of  which  we  may  give 
the  following  definition. 


Dee.  One  quantity  x is  said  to  vary  jointly  as  two  others 
y and  when  any  change  made  in  x produces  a proportional 
change  in  the  product  of  y and  2. 


368.  One  quantity  x is  said  to  vary  directly  as  y and 
inversel}'  as  z when  x varies  as  -. 
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369.  Theorem,  if  x varies  as  y when  z is  constant,  and 
as  z when  y is  constant,  then  when  y and  z are  both  variable, 

X varies  as  yz. 

Let  x = m.yz. 

Then  we  have  to  show'  that  m is  constant. 

Now  when  z is  constant, 

X varies  as  1/ ; 
mz  is  constant. 

Now  s)  cannot  involve  y,  since  z is  constant  w'hen  y changes, 
and  therefore  m cannot  involve  y. 

Similarly  it  may  be  showm  that  m cannot  involve  z ; 
m is  constant, 
and  X varies  as  yz. 

370.  The  symbol  oc  is  used  to  express  variation;  thus  xocy 
stands  for  the  w'ords  x varies  as  y. 

371.  Variation  is  only  an  abbreviated  fonn  of  expressing 
proportion. 

* Thus  when  we  say  that  x varies  as  y,  we  mean  that  x bears 
to  y the  same  ratio  that  any  given  value  of  x bears  to  the 
corresponding  value  of  y,  or 

X y = a.  given  value  of  x : the  corresponding  value  of  y. 

And  similarly  for  the  other  kinds  of  variation,  as  will  be 
seen  from  our  examples. 

Ex.  1.  If  .T  oc  ^ and  y<xz,  to  show  that  x oc  z. 

Let  x = my,  and  y = nz. 

Then  substituting  this  value  of  y in  the  tirst  equation. 
x = mnz  ; 

and  therefore,  since  mn  is  constant, 


xccz. 
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Ex.  2.  If  ajcx  ^ and  a; oca,  then  will  x<x. 

Let  x=my,  and  x=nz. 

Then  x^  = mnyz\ 

x=  J{mn) . >^(yz). 

Now  kjimn)  is  constant ; 

••• 

Ex.  3.  If  y vary  as  x,  and  when  x=l,  y<^2,  what  will  be 
the  value  of  y when  x = 21 


Here  y \ x=  & given  value  of  y : corresponding  value  of  a:; 
y : x—2  : 1 ; 
y=2x. 

Hence,  when  x=2,  y = 4. 


Ex.  •4.  If  A vary  inversely  as  B,  and  when  A = 2, 
what  will  B become  when  ^ = 9 ? 


Here  A : -^=  a,  given  value  of  A : 


Hence,  when  >1«9, 


whence 


• A i 

■■  12  "“f 


9 _2 
12~B’ 

2 

9~3“^3* 


corresponding  value  of  B 
1 


Ex.  5.  If-4  vary  jointly  as  Hand  (7,  and  when  6, 5=>6, 

and  O'*®  15,  find  the  value  of  A when  H=10  and  (7=3. 

Here 

A ; H(7-s  a given  value  of  A ; corresponding  value  of  BG-, 

A :BC^6  : 6x15; 

90^=6Ha 
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Hence,  when  5=  10  and  (7=3, 

90^  = 6 X 10  x3; 
180 


A: 


90 


= 2. 


Ex.  6.  If  z vary  as  x directly  and  y inversely,  and  if  when 
S!=2,  x=3  and  y = 4^  what  is  the  value  of  z when  ;r  = 15  and 
y = 8'l 


Here 


^ . corresponding  value 

- =2'a  given  value  oi  z : ^ = — 

/ corresnondino'  value 


. 3z  _2x 
" "4 


Hence,  when  cc=15  and  y = S, 


' 8 ’ 


120  ^ 
••  « = =5- 


Examples.— -cxxxili. 

1.  If  Ace  ^ and  then  will  AocG. 

B 0 

2.  If  A oc  5 then  will 

3.  If  A or. B and  GocD  then  will  ACccBD. 

4.  Ifxozy^  and  when  a;  = 7,  ^ = 5,  find  the  value  of  x when 
4/ = 12. 

5.  If  £Coc-,  and  when  a:=  iO,  y=*2,  find  the  value  of  y when 


x=4. 
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6.  If  xcxzyz,  and  when  x=l,  y = 2,  z = 3,  find  the  value  of  y 
when  x = 4 and  z = 2. 

7.  If  xoc^,  and  when  x = 6,  y = 4,  and  z = 3,  find  the  value 
of  X when  y = o and  z — 7. 

8.  If  3x  + 5//  oc  5x  + 3y,  and  when  x = 2,y  = 5,  find  the  value 


9.  If  AocI)  and  B^ozC^,  express  how  A varies  in  respect 
of  a 

10.  If  z vary  conjointly  as  x and  y,  and  z=4  when  £C  = 1 
and  y = 2,  what  will  he  the  value  of  x when  2:  = 30  and  y = 3l 

11.  If  ^oc 5,  and  when  ^ is  8,  J5  is  12;  express  A in 
terms  of  B, 

12.  If  the  square  of  x vary  as  the  cube  of  y^&nd  x=Z  when 
y — 4,  find  the  equation  between  x and  y. 

1 3.  If  the  square  of  x vary  inversely  as  the  cube  of  y,  and 
a:  = 2 when  y = 3,  find  the  equation  between  x and  y, 

14.  If  the  cube  of  x vary  as  the  square  of  y and  x = 3 when 
y = 2,  find  the  equation  between  x and  y. 

15.  If  XCC.Z  and  1/oc-  show  that  a;oci 

^ « y 

16.  Show  that  in  triangles  of  equal  area  the  altitudes  vary 
inversely  as  the  bases. 

17.  ^how  that  in  parallelograms  of  equal  area  the  altitudes 
vary  inversely  as  the  bases. 

18.  If  y=p  + g + r,  where  p is  invariable,  q varies  as  x,  and 
r varies  as  x^,  find  the  relation  between  y and  x,  supposing 
that  when  x=l,  y = 6;  when  x=2,  y = ll  ; and  when  x=3, 
y=18. 

19.  The  volume  of  a pyramid  varies  jointly  as  the  area  of 
its  base  and  its  altitude.  A pyramid,  the  base  of  which  is  9 
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feet  square  and  the  height  of  which  is  10  feet,  is  found  to  con- 
tain 10  cubic  yards.  What  must  be  the  height  of  a pyramid 
upon  a base  3 feet  square  in  order  that  it  may  contain  2 cubic 
yards  ? 

20.  The  amount  of  glass  in  a window,  the  panes  of  which 
are  in  every  respect  equal,  varies  as  the  number,  length,  and 
breadth  of  the  panes  jointly.  Show  that  if  their  number  varies 
as  the  square  of  their  breadth  inversely,  and  their  length  varies 
as  their  breadth  inversely,  the  whole  area  of  glass  varies  as  the 
square  of  the  length  of  the  panes. 


XXX.  ON  ARITHMETICAL  PROGRESSION. 

372.  An  Arithmetical  Progression  is  a series  of 
numbers  whichjncrease  or  decrease  hj  a constant  difference. 

Thus,  the  following  series  are  Arithmetical  Progressions  : 
2,  4,  6,  8,  10 ; 

9,  7,  5,  3,  1. 

The  Constant  Difference  being  2 in  the  first  series  and  - 2 
in  the  second. 

373.  In  Algebra  we  express  an  Arithmetical  Progression 
thus  : taking  a to  represent  the  first  term  and  d to  represent 
the  constant  difference,  we  shall  have  as  a series  of  numbers  in 
Arithmetical  Progression 

a,  a + d,  a A 2d,  a + Zd., 

and  so  on. 

AVe  observe  that  the  terms  of  the  series  differ  only  in  the 
coefficient  of  d,  and  that  each  coefficient  of  d is  always  less  by  1 
than  the  number  of  the  term  in  which  that  particular  coefficient 
stands.  Thus 

the  coefficient  of  d in  the  3rd  term  is  2, 


in  the  4th  3, 

in  the  5th  4, 
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Consequently  the  coefficient  of  d in  the  term  will  be 
n-  1. 

Therefore  the  term  of  the  series  will  bea  + (w  - 1;  d. 

374.  If  the  series  be 

a,  a + d,  a + 2d,  

and  z the  last  term,  the  term  next  before  z will  clearly  \>GiZ~d, 
and  the  term  next  before  it  will  be  a - 2d,  and  so  on. 

Hence,  the  series  written  backwards  will  be 

z,z-d,z-2d,  a + 2d,  aAd,  a. 

2>1b.  To  find  the  sum  of  a series  of  numhers  in  Arithmetical 
Progression. 

Let  a denote  the  first  term. 


...  d the  constant  difference. 

...  z the  last  term. 

...  n the  number  of  terms. 

...  s the  sum  of  the  n terms. 


Then  s = a+ (a  + (Z)  + (»  + 2c^)  + + (a - 2(Z)  + (a - d) +a. 

Also  s = a + (a  - d)  + (a  --  2d)  + + (a  + 2d)  + (a  + d)  + a, 

the  series  in  the  second  case  being  the  same  as  in  the  first,  but 
written  in  the  reverse  order. 

Therefore,  by  adding  the  two  series  together,  we  get 

2s  = (ct’  + a)  + (ci  + a)  + (u  + a)  + + (ct  + a)  + (ft  + a)  + (c*  + a^ ; 

and  since  on  the  right-hand  side  of  this  equation  we  have  a 
series  of  n numbers  each  equal  to  ft  + a,  we  get 
2s  = n(a  + z); 
n,  . 

This  result  may  be  put  in  another  form,  because  in  the 
place  of  a we  may  put  a->r{n~\)d,  by  Article  373. 

Hence  s='^\a-\-a+{n-l)d\, 

= \\2a  + {n-\)d\. 


that  is, 
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376.  We  have  now  obtained  the  following  results  : 


z==a+{n~Vj  d (A), 

s = |(a  + ^) (B), 

£=|]2a  + (n-l)df (C). 


From  one  or  more  of  these  equations  we  have  in  Examples 
to  determine  the  values  of  a,  d,  n,  s or  z.  We  shall  now  pro- 
ceed to  give  instances  of  such  Examples. 

Ex.  1.  Find  the  last  term  of  the  series 

7,  10,  13,  to  20  terms. 

Taking  the  equation  z = a+  {n—l)d, 
for  a put  7 and  for  n put  20,  and  we  get 
z = 1 + (20-l)d, 

or,  2 = 7+ 19c^. 

Now  d is  always  found  hy  taking  the  first  term  from  the  second, 
and  in  this  case, 

(^  = 10-7  = 3; 

.-.  ^ = 7 + 19x3  = 7-1-57  = 64. 

Ex.  2.  Find  the  last  term  of  the  secies  • 

12,  8,  4, to  11  terms. 

In  the  equation  z=a  + (n-l)d, 
put  a=12andw=ll. 

Then  s=12  + 10cZ. 

Now  <1  = 8-12= -4. 

Hence  2:  = 12  - 40  = ~ 28. 

Examples.— cxxxiv. 

Find  the  last  term  of  each  of  the  following  series ; 

1.  2,  5,  8 to  17  terms. 

2.  4,  8,  12  to  50  terms. 
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^ 29  15  ^ ^ 

3'  Y 

1 5 

4,  -,  — 1,  -- to  23  terms. 

2i  2i 

5 11  . . 

C,  to  12  terms. 

6 2 6 


6. 

7- 

8. 

9 

10. 


- 12,  -8,  -4 to  14  terms. 

— 3,  5,  13  to  16  terms. 


n -1  71  — '. 
n ’ n 


w — 3 

71 


to  71  terms. 


{x  + y)'^,  x^  + y'^,  (x-7j)'^ to  71  terms. 

a-h  4a -3b  7a  — 5b 


a + b’  a + b ’ a + b 


to  71  terms. 


377.  Ex.  1.  Find  the  sum  of  the  series 
3,  5,  7 to  12  terms. 

In  the  equation  s = ^ j 2a  + (71  - 1)  d ( 

put  3 for  a and  12  for  71,  and  we  get 
1 9 

. = ^|6  + lldf. 

Now  d = 5 - 3 = 2,  and  so 
1 9 

s = ^|6  + 22[  =6x28  = 168. 


Ex.  2.  Find  the  sum  of  the  series 

10,  7,  4 to  10  terms. 

s = ||2a  + (7i-  1) 

put  10  for  a and  10  for  71,  then 


s=^j20  + 9^^f. 
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Nom'  c^  = 7 - 10=>  -3,  and  therefore 
10 


20-27f=5x  (-.7)=  -35. 


Examples. — cxxxv. 

Find  the  snni  of  the  following  series  ; 

1.  1,  2,  3 to  100  terms. 

2.  2,  4,  6 to  50  terms. 

3.  3,  7,  1 1 to  20  terms. 

4.  T,  T to  15  terms. 

^ 4’  2 4 I 

5.  -9,  —7,  -5  to  12  terne  . * 

5 1 1 
6’  2’  6 

7.  1,  2,  3 to  n terms, 

8.  1,  4,  7 to  n terms. 

9.  1,  8,  15  to  terms.  , 

n-\n-'2>n-Z  . , 

10. . , to  terms. 

II  n n 

378.  Ex,  What  is  the  Constant  Difference  when  the 
first  term  is  24  and  the  tenth  term  is  - 12? 

Taking  the  equation  (A), 

z = a + {n-  \)d, 

and  regarding  the  tenth  as  the  last  term,  we  get 
- 12  = 24  + (10-l)d, 
or  - 36  = 9d, 

whence  we  obtain  -4. 
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Examples. — cxxxvi. 


What  is  the  Constant  Difference  in  the  following  cases  ? 
1.  When  the  first  term  is  100  and  the  twentieth  is  — 14. 
i-  fifty-first  is  - x. 


3- 

4- 

5- 
6. 


— ^ forty-ninth  is  5^. 

twenty-fifth  is  -21 

- 10.... sixth  is  - 20. 

150  ninety-first  is  0. 


379.  Ex.  What  is  the  First  Term  when 

the  40th  term  is  28  and  the  43rd  term  is  32  ? 


Taking  equation  (A), 

z = a + (n-  l)d, 

and  regarding  the  last  term  to  he  the  40th,  we  get 

28=a  + 39d (1), 

Again,  regarding  the  last  term  to  be  the  43rd,  we  get 

32  = a-|-42d (2). 

From  equations  (1)  and  (2)  w^e  may  find  the  value  of  a to 
be  -24. 


EXAMPLES.— CXXXVii. 

I.  What  is  the  first  term  when 

(1)  The  59th  term  is  70  and  the  66th  term  is  84; 

(2)  The  20th  term  is  93  - 35&  and  the  21st  is  98  - 376 ; 

(3)  The  second  term  is  | and  the  55th  is  5*8 ; 

(4)  The  second  term  is  4 and  the  87th  is  - 20  ? 
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2.  The  sum  of  the  3rd  and  8th  terms  of  a series  is  31,  and 
the  sum  of  the  5th  and  10th  terms  is  43.  Find  the  sum  of 
10  terms. 

3.  The  sum  of  the  1st  and  3rd  terms  of  a series  is  0,  and 
the  sum  of  the  2nd  and  7th  terms  is  40.  Find  the  sum  of 
7 terms. 

4.  If  24  and  33  be  the  fourth  and  fifth  terms  of  a series, 
what  is  the  100th  term  1 

5.  Of  how  many  terms  does  an  Arithmetical  Progression 
consist,  whose  difference  is  3,  first  term  5 and  last  term  302  ? 

6.  Supposing  that  a body  falls  through  a space  of  16^  feet 
in  the  first  second  of  its  fall,  and  in  each  succeeding  second 
32^  feet  more  than  in  the  next  preceding  one,  how  far  will  a 

D 

body  fall  in  20  seconds  ? 

7.  What  debt  can  be  discharged  in  a year  by  weekly  pay- 
ments in  arithmetical  progression  ; the  first  payment  being  1 
shilling  and  the  last  £h.  3s.  ? 

8.  Find  the  41st  term  and  the  sum  of  41  terms  in  each  of 
the  following  series  : 

(i)  -5,4,13..... 

(2}  4a^,  0,  -4a^ 

(3)  1 + £c,  5 + 3x,  9 -I-  5a 

(•4)  -4  -1'^ 

. . 1 ^ 

4’  20 

g.  To  how  many  terms  do  the  following  series  extend,  and 
what  is  the  sum  of  all  the  terms  ? 

(1)  1002., 

(2)  -6,2, 


10,  2. 
.,  186, 
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(3)  six, -8a; -72*3x. 

(4)  I J -24 

(5)  m-1 137(1 -m),  139(1 -w). 

(6)  x-l-254, x-i-2,  x-2. 

380.  To  insert  3 arithmetic  means  between  2 and  10. 

The  number  of  terms  will  be  5, 

Taking  the  equation  z=a  + {n-\)d, 
we  have  10  = 2 + (5  - 1)  c?. 

Whence  8 = 4c?;  c?=2. 

Hence  the  series  will  be 

2.  4,  6,  8,  10. 

Examples.— cxxxviii. 

1.  Insert  4 arithmetic  means  between  3 and  18. 

2.  Insert  5 arithmetic  means  between  2 and  —2. 

2 

2.  Insert  3 arithmetic  means  between  3 and 

^ 3 

4.  Insert  4 arithmetic  means  between  ^ and  ^ 

2 3 

381.  To  insert  3 arithmetic  means  between  a and  b. 

The  number  of  terms  in  the  series  will  be  5,  since  there 
are  to  be  3 terms  in  addition  to  the  first  term  a and  the  last 
term  h. 

Taking  the  equation  z=a-^{n  — \) 
we  have  to  find  c?,  having  given 

a,  z — b and  n=5. 
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Hence 


b=a  + (6  - 1)  d, 


or, 


4d  = b~a,  d=^-^. 


Hence  the  series  will  be 


b — a b — a 
a,a  + (f'  + ^ + 


2,{h-a)  ^ 

4 » 


that  is, 


Za  + h a + h a + Zb 


Examples.— cxxxix. 


1.  Insert  3 arithmetic  means  between  m and  n, 

2.  Insert  4 arithmetic  means  between  m + 1 and  m - 1. 

3.  Insert  4 arithmetic  means  between  and  n^+1, 

4.  Insert  3 arithmetic  means  between  and  — y^. 

382.  We  shall  now  give  the  general  form  of  the  proposition 
“ To  insert  m arithmetic  means  between  a and  b.” 

The  number  of  terms  in  the  series  will  be  m + 2, 

Then  taking  the  equation  z — a + {n-\)d, 
we  have  in  this  case  6 = a + (m  + 2 - l)d, 
or,  b = a+{m  + \)d. 


Hence 


and  the  form  of  the  series  will  be 


b-a 

a,  a A 1 , a + 

’ m+V 


2b  — 2a  , 2b-2a  , b — a 


that  is, 


am  + b am-a  + 2b 

dr*  • - ■ ■-—■■■  

’ m + 1 ^ 


771 4- 1 ’ m + 1 ’ 
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383.  A Geometrical  Progression  is  a series  of  numbers 
which  increase  or  tlecivase  by  a constan  t factor. 


Thus  the  following  series  are  Geometrical  Progressions, 


2,  4,  8,  16,  32,  64; 


12,  3, 


? A A. 

4’  16’  64’ 


2’  16’  128’  1024' 

The  Constant  Factors  being  2 in  the  first  series,  \ in  the 

4 

second,  and  — in  the  third. 

O 

Note.  That  which  we  shall  call  the  Constant  Factor  is 
usually  called  the  Common  Ratio. 

384.  In  Algebra  we  express  a Geometrical  Progression 
thus  : taking  a to  represent  the  first  term  and  / to  represent 
the  Constant  Factor,  we  shall  have  as  a series  of  numbers  in 
Geometrical  Progression 

a,  af,  ap,  af^,  and  so  on. 

We  observe  that  the  terms  of  the  series  differ  only  in  the 
indciio  of  /,  and  that  each  index  of  / is  always  less  by  1 than  the 
number  of  the  term  in  which  that  particular  index  stands. 

Thus  the  index  of/ in  the  3rd  term  is  2, 


in  the  4th  3, 

in  the  5th  4. 


Consequently  the  index  of  / in  the  nth  term  will  be  n - 1. 

Therefore  the  nth  term  of  the  series  will  be  af'~\ 

[S.A.]  8 
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Hence  if  a be  the  last  term, 

SI  = «/"-!. 

385.  If  the  series  contain  n terms,  a being  the  first  term 
and  / the  Constant  Factor, 

the  last  term  will  be 
the  last  term  but  om  will  be 
the  last  term  but  two  will  be 
Now  a/"-i  X /I  = «/”-*+!  = a/", 

xf^  xf  = = af‘-\ 

a/'*-®  X /=  X /^  = 

386.  We  may  now  proceed  to  find  the  mm  of  a series  of 
numbers  in  Geometrical  Progression. 

Let  a denote  the  first  term, 

/ the  constant  factor, 

n the  number  of  terms, 

s the  sum  of  the  n terms. 

Then  s = a + af+  afi+...+  af”-~^  + + af"-\ 

Now  multiply  both  sides  of  this  equation  by/,  then 

fs  = af+  af  + af+  ...  + af”~'^  + af‘-^  + af\ 

Hence,  subtracting  the  first  equation  from  the  second, 

fs-s  = af‘-a. 

• /-I  • 

Note.  The  proposition  just  proved  presents  a difficulty  to 
a beginner,  which  we  shall  endeavour  to  explain.  When  we 
multiply  the  series  of  n tenns 

a + af+  afiA + + af”^^  + 


ON  GEOMETRICAL  PROGRESSION. 


275 


by  /,  we  shall  obtain  another  series 

a/+  «/-  + ft/'*  + + ft/"-'*  + + ft/", 

which  also  contains  n terms. 


Though  we  cannot  fill  nj)  the  gap  in  each  series  completely, 
we  see  that  the  terms  in  the  two  series  must  be  the  same, 
except  the  Jirst  term  in  the  former  series,  and  the  last  term  in 
the  latter.  Hence,  when  we  subtract,  all  the  terms  will  dis- 
appear except  these  two. 


387.  From  the  formulas  : 


z = af‘~^ 

/-I  ~ 


prove  the  following  : 


(a) 

(r) 

(^) 

z 

(S) 

(A), 

•(b;, 


«=/«-(/- 1) 
s-a‘ 


388.  Ex.  Find  the  last  TERM  of  the  series 
3,  6,  12  to  9 terms. 


The  Constant  Factor  is  -,  that  is,  2. 


In  the  formiila 


2 = «/"-N 


putting  3 for  a,  2 for/,  and  9 for  n,  we  get 
8^3x28  = 3x256  = 768. 


Examples.— cxl. 

Find  the  last  term  of  the  following  series 

1.  1,  2,  4 to  7 terms. 

2.  4,  12,  36  to  10  terms. 

3.  5,  20,  SO 


. to  9 terms, 

/ 
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4.  8,  4,  2 to  15  terms. 

5.  2,  6,  18  to  9 terms. 

6.  T to  11  terms. 

64’  16’  4 

2 1 1 ^ . 

7-  -3>  3’  -6  


389.  Ex.  Find  thf  sum  of  the  series 
6,  3,  I to  8 terms. 


Generally, 


/-I 


anci  here  a = 6,f=-^,n=8, 


®Gy6-0 


256  ^ _ 256  7^ 

_1  1 ”"’64' 

2 2 


EXAMPLES.— CXli, 

Find  the  sum  of  the  following  series  ; 

1.  2,  4,  8 to  15  terms, 

2.  1,  3,  9 to  6 terms. 

3.  a,  ax^,  ax^  to  13  terras, 

a a ■ n *- 

4.  a,  to  9 terms 

^ ’ re  xl 

-x^,  a - X,  — — to  / terms. 

’ a-\-x 
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6.  2,  6,  18 to  71  terms. 

7.  7,  14,  28 to  n terms. 

8.  6,  - 10,  20 to  8 terms. 

2 1 1 

9-  " 3>  3’  - 0 to  7 terms. 

390.  To  find  the  sum  of  an  Infinite  Series  in  Geometrical 
Progression,  when  the  Constant  Factor  is  a proper  fraction. 

If  / he  a proper  fraction  and  n very  large, 

/"  is  a very  small  number. 


Hence  if  the  number  of  terms  be  infinite, is  so  small  that 
we  may  neglect  it  in  the  expression 

/-I,  ’ 

and  we  get 

-a 


391.  Ex.  1.  Find  the  sum  of  the  series  ^ + 1 + f + 

3 4 


infinity. 

Here 


3 4 


. ^ a 3 16  ^1 

3 2 8 

Ex.  2,  Sum  to  infinity  the  series  2 “ 3 't'  ^ 


Hew 


2 3 


3 • 2 
3 
2 


3 

2 ^27 


. to 
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Examples.— cxlli. 


Find  the  sum  of  the  following  infinite  series ; 


I. 

1, 

1 1 

2’  4’  

9. 

43,  

2. 

1, 

1 1 

4’  16’  

10. 

2x^,  - -25a;, 

3- 

3, 

1 1 

3’  27’  

II. 

a,  h,  

4- 

2 

3’ 

1 1 

3’  6’  

12. 

1 1 

10’  102’  

5- 

3 

4’ 

1 

4’  

1 3’ 

-y, 

6. 

1 

1 

14. 

86  86 

2’ 

3’  

100’  10000’ 

7- 

8, 

2 

3’ 

15. 

•54444, 

8. 

4 

, -5,  

16. 

•83636,  

392. 

To 

imort  3 geometric  means  between  10  and  160. 

Taking  the  equation 
we  put  10  for  a,  160  for 

. = a/'-S 
and  5 for  n, 

, and  w«  obtain 

160=10./'’-^; 

16=/^ 


Now  16  = 2x2x2x2=2*; 

2*=/*. 

Hence  /=2,  and  the  series  will  he 

10,  20,  40,  80,  160. 
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Examples. — cxliii. 

1.  Insert  3 geometric  means  between  3 and  243. 

2.  Insert  4 geometric  means  between  1 and  1024. 

3.  Insert  3 geometric  means  between  1 and  16. 

4.  Insert  4 geometric  means  between  i and 

393.  To  insert  m geometric  means  between  a and  b, 
Tlie  number  of  terms  in  tlie  series  will  be  9)1  + 2, 

In  the  formula  z — af‘~\ 

putting  h for  z,  and  2 for  n,  we  get 
b = a.f-+^-\ 

or,  & = 

/=— T-. 


Hence  the  series  will  be, 
1 2 

a,  a X — j- , a x — 
that  is. 


5 1 


a,  , {a^.b^y’+\  h. 

394,  We  shall  now  give  some  mixed  Examples  on  Arith- 
metical and  Geometrical  Progression. 


Examples.— cxliv. 

I.  Sum  the  following  series : 

( 1)  8 + 15  + 22  to  12  terms. 

(2)  116  -I- 108  + 100  + r to  10  terms. 
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(3) 

. . . . to  infinity. 

(4) 

. . . . to  infinity. 

(5) 

1 2 11 
2 3 6 " 

....  to  13  terms. 

(6) 

1 1 2 
2 "" 

..  to  6 terms. 

(7) 

1-1-5-.... 
2 2 

..  to  29  terms. 

(8) 

5 , .2 

^+i+i^+ .. 

(9) 

1 2 4 

3+9+^+  ■■ 

....  to  infinity. 

'jo) 

3 14  51 

5 10  15  ■ 

to  10  terms. 

(11)  ^'6  + 2 v'(15)-  to  8 terms. 

/ ^ 1 1 'id  ^ ^ ^ 

(12)  -r+^-~:r+  to  5 terms. 

^ ^ 5 2 4 

2.  If  tlie  contirmed  product  of  5 terms  in  Geometrical 
Progression  be  32,  show  that  the  middle  term  is  2. 

3.  If  a.  b,  c are  in  arithmetic  j:)rogression,  and  a,  b',  c are 
in  geometrical  progression,  show  that 

4.  Show  that  the  arithmetical  mean  between  a and  b is 
greater  than  the  geometrical  mean. 

5.  The  sum  of  the  first  three  terms  of  an  arithmetic  series 
is  12,  and  the  sixth  term  is  12  also.  Find  the  sum  of  the  first 
6 terms. 

6.  What  is  necessary  that  a,  b,  c may  be  in  geometric  pro- 
gre-ssion  > 
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7.  If  X and  ^ are  in  geometric  progression,  wliat  is  x? 

8.  If  2n,  xj  and  ^ are  in  arithmetic  progression,  what  is  7/  ? 

9.  The  sum  of  a geometric  progression  whose  first  term  is 
1,  const  uit  factor  3,  and  number  of  terms  4,  is  equal  to  the  sum 
of  an  arithmetic  progression,  whose  first  term  is  4 and  constant 
difference  4 ; how  many  terms  are  there  in  the  arithmetic  pro- 
gression ? 

10.  The  first  (7  + 7t)  natural  numbers  when  added  together 
make  153.  Find  u. 

11.  Prove  that  the  sum  of  any  number  of  terms  of  the 

series  1,  3,  5,  is  the  square  of  the  number  of  terms. 

12.  If  the  sum  of  a series  of  5 terms  in  arithmetic  progres- 
sion be  95,  show  that  the  middle  term  is  19. 

13.  There  is  an  arithmetical  progression  whose  first  term  is 

1 4 

3.5,  the  constant  difference  is  Ig,  and  the  sum  of  the  terms  is 
22.  Required  the  number  of  terms. 

14.  The  3 digits  of  a certain  number  are  in  arithmetical 
progression ; if  the  number  be  divided  by  the  sum  of  the  digits 
in  the  units’  and  tens’  place,  the  quotient  is  107.  If  396  be 
subtracted  from  the  number,  its  digits  will  be  inverted. 
Required  the  number. 

15.  If  the  (_p + (?)“'  term  of  a geometric  progression  be  m, 
and  the  (p  — qy^  term  be  n,  show  that  the  p’’’  term  is  V(?7m). 

16.  The  difference  between  two  numbers  is  48,  and  the 
arithmetic  mean  exceeds  the  geometric  by  18.  Find  the 
numbers. 

17.  Place  three  arithmetic  means  between  1 and  11. 

18.  The  first  term  of  an  increasing  arithmetic  series  is  '034, 
the  constant  difierence  '0004,  and  the  sum  2'748.  Find  the 
number  of  terms. 

19.  Place  nine  arithmetic  means  between  1 and  -1, 
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20.  Prove  tliat  every  term  of  the  series  1,  2,  4,  is 

greater  by  unity  than  the  sum  of  all  that  precede  it. 

21.  Show  that  if  a series  of  m'p  terms  forming  a geometrical 
progression  whose  constant  factor  is  r be  divided  into  sets  of  p 
consecutive  terms,  the  sums  of  the  sets  will  form  a geometrical 
progression  whose  constant  factor  is  r^. 

22.  Find  five  numbers  in  arithmetical  progression,  such 
that  their  sum  is  55,  and  the  sum  of  their  squares  765. 

23.  In  a geometrical  progression  of  5 terms  the  difference 
of  the  extremes  is  to  the  difference  of  the  2nd  and  4th  terms 
as  10  to  3,  and  the  sum  of  the  2nd  and  4th  terms  equals  twice 
the  product  of  the  1st  and  2nd.  Find  the  series. 

24.  Show  that  the  amounts  of  a sum  of  money  put  out  at 
Compound  Interest  form  a series  in  geometrical  progression. 

25.  A certain  number  consists  of  three  digits  in  geometrical 
progression.  The  sum  of  the  digits  is  13,  and  if  792  be  added 
to  tlie  number,  the  digits  will  be  inverted.  Find  the  number. 

26.  The  population  of  a county  increases  in  4 years  from 
10000  to  14641 ; what  is  the  rate  of  increase  ? 


XXXII.  ON  HARMONICAL  PROGRESSION. 

395.  A HariTflOnicai  Progression  is  a series  of  numbers 
of  which  the  reciprocals  form  an  Arithmetical  Progression. 

Thus  the  series  of  numljers  a,  h,  c,  d, is  a Harmonical 

Progression,  if  the  series  is  ap  Arithmetical 

Ct  0 C CL 

Progression. 

If  a,  b,  c be  in  Harmonical  Progression,  b is  called  the 
Harmonical  Mean  betAveen  a and  c. 

Note.  There  is  no  way  of  finding  a general  expression  for 
the  sum  of  a Harmoracal  Series,  but  many  problems  with 
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reference  to  such  a series  may  be  solved  by  inverting  the  terms 
and  treating  the  reciprocals  as  an  Arithmetical  Series. 

396.  IfSi,\),Q,  he  in  Harmonical  Progression,  to  show  that 

a : c ::  a-b  : b — c. 

Since  - are  in  Arithmetical  Progression, 
a’  b c o » 

c b b a’ 
b-c_a—b 
be  ab  * 

ab  _a-h 
be  b — c’ 
a_a  — b 
c b — e' 

397.  To  insert  m harmonic  means  between  a and  b. 

First  to  insert  m arithmetic  means  between  - and  i. 

a 0 

Proceeding  as  in  Art.  357,  we  have 

or  a=b  ■\-{m  + V)  .abd 

d—  ^ 

~ ab  {m+iy 

Hence  the  arithmetic  series  will  be 


i 14.  ^ 1 2 (a - 5)  1 m (a  — b)  1 

a’  a ab{m+iy  a ab{m  + iy  a ab{m+iy  P 

1 bm  + a b7n  + 2a-b  am  + b 1 

’ a’  ab  (m  + 1)’  a&(m+l)’  ab  (m  + 1)’  b' 

Therefore  the  Harmonic  Series  is 

a (m  + 1)  ab(m  + l) 

’ bm  + a ’ bm  + 2a - b am  + b ’ ' 


or 

or 

or 
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398.  Given  a and  6 the  first  two  terms  of  a series  in  Har- 
monical  Progression,  to  find  the  n‘**  terra. 

T are  the  first  two  terms  of  an  Arithmetical  Series  of 
a’  6 

which  the  common  difference  is 

0 a 

The  term  of  this  Arithmetical  Series  is 

_ 1 {n—\){a-h)_h  + na-a  — nb  + h 

~ a ah  ab 

_•  (na  — a)  - (nb  -2b)  _{n-l)  a— (n  — 2)b 
~ ab  ab  * 


the  n*'^  term  of  the  Harmonical  Series  is 
ab 

(n-l)  a-{n-2)  b' 


399.  Let  a and  c he  any  two  numbers, 

b the  Harmonical  Mean  between  them. 


Then 


1 1 1 J1 

b a c b’ 

2_a+c _ 
b~~  ac  ’ 


b= 


2ac 


400.  The  following  results  should  be  remembered. 
Arithmetical  Mean  between  a and  c=-~. 
Geometrical  Mean  between  a and  c=  sjac. 

^CbC 

Harmonical  Mean  between  a and  c — . 
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Hence  if  we  denote  tlie  Means  by  tne  letters  A,  G,  H 
respectively, 


AxE= 


a + c 
o 


2ac 
a + '’. 


= ac 
= G^; 

that  is,  G is  a mean  proportional  between  A and  H. 

401.  To  show  that  A,  G,  H are  in  descending  order  of 
magnitude. 

Since  {sja-  sjc)^  must  be  a positive  quantity. 


( is  greater  than  0, 

or 

a - 2 sJO'C  + c greater  than  0, 

or 

a + c greater  than  2 sjac, 

or 

greater  than  sjac ; 

that  is,  A is  greater  than  G. 

Also,  since  a + c is  greater  than  2 sjac, 

fjac  {a  + c)  is  greater  than  2(ic ; 

, — . , 2ac 

fjac  IS  greater  than  ; 

i.e.  G is  greater  than  H. 


Examples.— cxlv, 

I.  Insert  two  harmonic  means  between  6 and  24. 


2 

,.  four 

3 

,.  three  

3 ““'’a- 

4-  

four 

1 J 1 

3 “'^18- 
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5.  Insert  five  harmonic  means  between  — 1 and  2~^. 

6  five ^ and  — 

0 

7  SIX  3 and 

8  n 2z  and  3y. 

9.  The  sum  of  three  terms  of  a harmonical  series  is  and 
the  first  term  is  ^ : find  the  series,  and  continue  it  both  ways. 

10.  The  arithmetical  mean  between  two  numbers  exceeds 
the  geometrical  by  13,  and  the  geometrical  exceeds  the  har- 
monical by  12.  What  are  the  numbers  ] 

11.  There  are  four  numbers  a,  b,  c,  d,  the  first  three  in 
arithmetical,  the  last  three  in  harmonical  progression;  show 
that  a : h — c : d. 

12.  If  X is  the  harmonic  mean  between  m and  n,  show  that 

_1_  1 
x-m  x-n  m n 

13.  The  sum  of  three  terms  of  a harmonic  series  is  11,  and 
the  sum  of  their  squares  is  49  ; find  the  numbers. 

14.  If  X,  y,  z be  the  (f',  and  r**"  terms  of  a h.p.,  show 

that  {r-q)yz  + {p-r)xz+{(i-'p)xy  = 0. 

15.  If  the  H.M.  between  each  pair  of  the  numbers,  a,  b,  c 
be  in  A.P.,  then  a?,  will  be  in  h.p.  : and  if  the  h.m.  be  in 
H.P.,  b,  a,  c will  be  in  h.p. 

c c “f* 

16.  Show  that  - — ^ according  as 

c is  the  a.,  g.  or  H.  mean  between  a and  6. 
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402.  The  different  arrangements  in  respect  of  order  of  suc- 
cession which  can  be  made  of  a given  number  of  things  are 
called  Permutations. 

Thus  if  from  a box  of  letters  I select  two,  P and  Q,  I can 
make  two  permutations  of  them,  placing  P first  on  the  left  and 
then  on  the  right  of  Q,  thus : 


If  I now  take  three  letters,  P,  Q and  P,  I can  make  six  per- 
mutations of  them,  thus  : 

P,  Q,  B ] P,  R,  Q,  two  in  which  P stands  first. 


403.  In  the  Examples  just  given  all  the  things  in  each  case 
are  taken  together ; but  we  may  be  required  to  find  how  many 
permutations  can  be  made  out  of  a number  of  things,  when  a 
certain  number  only  of  them  are  taken  at  a time. 

Thus  the  permutations  that  can  be  formed  out  of  the  letters 
P,  Q,  and  B taken  two  at  a time  are  six  in  number,  thus : 


404.  To  find  the  number  of  'permutations  ofn  different  things 
taken  x at  a time. 

Let  a,  b,  c,  d ...  stand  for  n different  things. 

First  to  find  the  number  of  permutations  of  the  n things 
taken  two  at  a time. 

If  a be  placed  before  each  of  the  other  things  b,  c,  d ...  oi 
which  the  number  isw  — 1,  we  shall  have  %— 1 permutations 
in  which  a stands  first,  thus 


P,  Q and  Q,  P. 


Q, P,B;  Q,  B,  P, 

R, P,Q;  B,  Q,  P, 


P,Q;  P,B;  Q,  P ; Q,  B ; B,  P B,  Q. 


ab,  ac,  ad, 
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If  h "be  placed  I>efore  each  of  the  other  things,  a,  c,  d ...  we 
shall  have  n-1  permutations  in  which  b stands  first,  thus : 
ha,  be,  bd,  

Similarly  there  will  he  n - 1 permutations  in  which  c stands 
first : and  so  of  the  rest.  In  this  way  we  get  every  possible 
permutation  of  the  n things  taken  two  at  a time. 

Hence  there  will  be  w . - 1)  permutations  of  n things  taken 

two  at  a time. 

Next  to  find  the  number  of  permutations  of  the  n things 
taken  three  at  a time. 

Leaving  a out,  we  can  form  (n-l)  .(n  — 2)  permutations  of 
the  remaining  (n  - 1)  things  taken  two  at  a time,  and  if  we 
place  a before  each  of  these  permutations  we  shall  have 
(n  - 1) . — 2)  permutations  of  the  n things  taken  three  at  a 

time  in  which  a stands  first. 

Similarly  there  will  be  (n-l)  .(n- 2)  permutations  of  the 
n things  taken  three  at  a time  in  which  b stands  first : and  so 
for  the  rest. 

Hence  the  whole  number  of  permutations  of  the  n things 
taken  three  at  a time  will  be  n . {n-\) . {n  — 2),  the  factors  of 
the  formula  decreasing  each  by  1,  and  the  figure  in  the  last  factor 
being  1 less  than  the  number  taken  at  a time. 

We  now  assume  that  the  formula  holds  good  for  the  number 
of  permutations  of  n things  taken  r - 1 at  a time,  and  we  shall 
proceed  to  show  that  it  will  hold  good  for  the  number  of  per- 
mutations of  n things  taken  r at  a time. 

The  number  of  permutations  of  the  n things  taken  r-1  at 
a time  will  be 

n.{n-l).(n-2) [n- |(r- 

that  is  n.(n-\)  .{n-2) (n-r  + 2). 

Leaving  a out  we  can  form  (n-l)  .{n-2) (% - 1 - r + 2) 

permutations  of  the  (w-1)  remaining  things  taken  r-1  at  a 
time. 

Putting  a before  each  of  these,  we  shall  have 
(n-l).(n-2) (u-r  + 1) 

permutations  of  the  n things  taken  r at  a time  in  which  a 
Stands  first. 
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So  again  we  shall  have  {n—\).{n  — 2)  (n  — r + 1)  per- 

mutations of  the  n things  taken  r at  a time  in  which  h stands 
first ; and  so  on. 

Hence  the  whole  number  of  permutations  of  the  n things 
taken  r at  a time  will  he 

71.(71  — l).(n  — 2) (ti  — r-t-1). 

If  then  the  formula  holds  good  when  the  n things  are  taken 
r - 1 at  a time,  it  will  hold  good  when  they  are  taken  r at  a 
time. 

But  we  have  shown  it  to  hold  when  they  are  taken  3 at  a 
time ; hence  it  will  hold  when  they  are  taken  4 at  a time,  and 
so  on  : therefore  it  is  true  for  all  integral  values  of  r.* 

405.  If  the  n things  he  taken  all  together,  r=n,  and  the 
formula  gives 

71 . (t7  — 1) . (71  - 2) (n  — n+l)  \ 

that  is,  77 . (t7  ~ 1) . (71  - 2) 1 

as  the  number  of  permutations  that  can  be  formed  of  n dif- 
ferent things  taken  all  together. 

For  brevity  the  formula 

77 . (71  - 1) . (t7  - 2) 1, 

which  is  the  same  as  1.2.3 n, 

is  written  1 77.  This  symbol  is  called  factorial  n. 

Similarly  ( r is  put  for  1 . 2 . 3 r ; 

I r - 1 for  1.2.3 (^  — !)• 

Ohs.  |t7  = 77. [77-1=77.  (77  — 1).  [ 77  — 2 = &C. 

406.  To  find  the  number  of  permutations  o/n  things  taken  all 
together  when  certain  of  the  things  are  alike. 

Let  the  n things  be  represented  by  the  letters  a,  b,  c,  d 

and  suppose  that  a recurs  p times, 

b q times, 

c r times, 

and  so  on. 

* Another  proof  of  this  Theorem  may  be  seen  in  Art.  475. 

Is.A.1  T 
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Let  P represent  the  whole  number  of  permutations. 

Then  if  all  the  p letters  a were  changed  into  p other  letters, 
different  from  each  other  and  from  all  the  rest  of  the  n letters, 
the  places  of  these  p letters  in  any  one  permutation  could  now 
be  interchanged,  each  interchange  giving  rise  to  a new  permu- 
tation, and  thus  from  each  single  permutation  we  could  form 
1 . 2 ......  p permutations  in  all,  and  the  whole  number  of  per- 
mutations would  be  (1 . 2 . . . p)  P,  that  is  [p . P. 

Similarly  if  in  addition  the  q letters  h were  changed  into  q 
letters  different  from  each  other  and  from  all  the  rest  of  the  n 
letters,  the  whole  number  of  permutations  would  be 

\±.\±.P; 

and  if  the  r letters  c were  also  similarly  changed,  the  whole 
number  of  permutations  would  be 

1^.  Ip  . P; 

and  so  on,  if  more  were  alike. 

But  when  thep,  q,  and  r,  &c.,  letters  have  thus  been  changed, 
we  shall  have  n letters  all  different,  and  the  number  of  permu- 
tations that  can  be  formed  of  them  is  | n (Art.  405). 

Hence  P.|p.|g.|r = |w; 


Examples.— cxlvi. 

1.  How  many  permutations  can  be  formed  out  of  12  things 
taken  2 at  a time  ? 

2.  How  many  permutations  can  be  formed  out  of  16  things 
taken  3 at  a time  1 

3.  How  many  permutations  can  be  formed  out  of  20  things 
taken  4 at  a time  1 

4.  How  many  changes  can  be  rung  with  5 bells  out  of  8 ? 

5.  How  many  permutations  can  be  made  of  the  letters  in 
the  word  Examination  taken  all  together  I 

6.  In  how  many  ways  can  8 men  be  placed  side  by  side  ? 
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7.  In  how  many  ways  can  10  men  be  placed  side  by  side  ] 

8.  Three  flags  are  required  to  make  a signal.  How  many 
signals  can  be  given  by  20  flags  of  5 different  colours,  there 
being  4 of  each  colour  1 

9.  How  many  different  permutations  can  be  formed  out  of 
the  letters  in  Algebra  taken  all  together? 

10.  The  number  of  things  : number  of  permutations  of  the 
things  taken  3 at  a time  = 1 : 20.  How  many  things  are  there? 

11.  The  number  of  permutations  of  m things  taken  3 at  a 
time  : the  number  of  permutations  of  m + 2 things  taken  3 at 
a time  = 1:5.  Find  m. 

12.  In  the  permutations  of  a,  b,  c,  d,  e,  f,  g taken  all 
together,  find  how  many  begin  with  cd. 

13.  Find  the  number  of  permutations  of  the  letters  of  the 
product  aWc‘^  written  at  full  length. 

14.  Find  the  number  of  permutations  that  can  be  formed 
out  of  the  letters  in  each  of  the  following  words  : Conceit, 
Talavera,  Calcutta,  Proposition,  Mississippi. 


XXXIY.  COMBINATIONS. 

407.  The  Combinations  of  a number  of  things  are  the 
different  collections  that  can  be  formed  out  of  them  by  taking 
a certain  number  at  a time,  without  regard  to  the  order  in 
which  the  things  stand  in  each  collection. 

Thus  the  combinations  of  a,  b,  c,  d taken  hoo  at  a time  are 
ab,  ac,  ad,  be,  bd,  cd. 

Here  from  each  combination  we  could  make  two  permuta- 
tions : thus  ab,  ba ; ac,  ca ; and  so  on : for  ab,  ba  are  the  same 
combination,  and  so  are  ac,  ca. 

Similarly  the  combinations  of  a,-b,  c,  d taken  three  at  a time 
are  abc,  abd,  acd,  bed. 

Here  from  each  combination  we  could  make  six  permuta- 
tions ; thus  abc,  acb,  bac,  bca,  cab,  eba : and  so  on. 
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And,  generally,  in  accordance  witli  Art.  405,  any  combina- 
tion of  n things  may  be  made  into  1 . 2 . 3 . . . permutations. 

408.  To  find  the  number  of  combinations  of  n different  things 
talcen  x at  a time. 

Let  (7,  denote  the  number  of  combinations  required. 

Since  each  combination  contains  r things  it  can  be  made 
into  1 r permutations  (Art.  405) ; 

.•.  the  whole  number  of  permutations  = | r . (7,. 

But  also  (from  Art.  404)  the  whole  number  of  permutations 
of  n things  taken  r at  a time 

— n{n  — \) (n  - r + 1) ; 

.•.  \r . C^-=n{n-l) (?i  — r + 1) ; 

n{n-l) (w-r+l) 

• • L/j.  — ' I • 

1_L. 

409.  To  show  that  the  number  of  combinations  of  n things 
taken  x at  a time  is  the  same  as  the  number  taken  n — r at  a 


and 


n.  (ti  - 1) 

1.2.3... 


(n-r+  1)  _ 

...r  ’ 


Gn^  = 


n.{n-\) 

1.2.3.. 


) + i| 

....  (to  - r) 


TO  . (to  - 1) (^  + 1) 

~ 1.2.3 (n  — r)‘ 

Hence 

(7,  _to.(to-1) (TO-r+1)^  1.2.3 (n-r) 

CZr  1.2.3 r ^to.(to-I) (r  + i) 

_TO  . (to-  1) (TO-r+  1) . (n-r) 3.2.1 

“ 1.2.3 r . (r  + 1) (to  - 1) . to 

= 1^ 
h 

= 1. 

That  is. 


COMBTNA  TTONS. 


293 


410.  Making  r=  1,  2,  3 r - 1,  r,  r + 1 in  order, 

Ci-w,  G2-- Gs-y.— 2 . 3 . 


n . (n  — 1)  .... 

..(n-r + 2) 

1.2 

.(r-1) 

n.  (n-V) 

,.(n-r  + 2.) . (n-r  + 1) 

1 .2. 

0--i).r 

n . ('H'  — 1) 

-C' 

1 

+ 

1 

'&! 

1,2.., 

C^„  = l. 


Hence  the  general  expression  for  the  factor  connecting  Cv, 
one  of  the  set  of  numbers  Ci,  <?„,  with  Gr-U 

that  which  stands  next  before  it,  is  jg 

’ r ’ 


With  regard  to  this  factor  - — , we  observe 


(1)  It  is  always  positive,  because  7i  + 1 is  greater  than  r. 

(2)  Its  value  continually  decreases,  for 

n-r+1  n+\ _ ^ 

r ~ r ’ 
which  decreases  as  r increases. 


(3)  Though  ~ — ^r—  continually  decreases,  yet  for  several 

successive  values  of  r it  is  greater  than  unity,  and  therefore 
each  of  the  corresponding  terms  is  greater  than  the  nreceding. 

(4)  When  r is  such  that  is  less  than  unity  the  cor- 


responding term  is  less  than  the  preceding. 
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(5)  If  w and  r be  such  that  — ^1^  = 1 G and  G,.  are  a 

r ’ 

pair  of  equal  terms,  each  greater  than  any  preceding  or  subse- 
quent term. 

Hence  up  to  a certain  term  (or  pair  of  terms)  the  terms  in- 
crease, and  after  that  decrease : this  term  (or  pair  of  terms)  is 
the  greatest  of  the  series,  and  it  is  the  object  of  the  next  Article 
to  determine  what  value  of  r gives  this  greatest  term  (or  pair 
of  terms). 


411.  To  find  the  value  of  x for  lohich  the  number  of  combina- 
tions of  n things  taken  r together  is  the  greatest. 

p _n.{n-\) (n-r  + S) 

“ 1 . 2 (r-1) 

^_n.(n—V) (n-r-i-2)  (n  — r+1) 

^ 1 .2 (r-1)  * i 

^ _n.(n-l) {n-r+\)  n-r 


1.2. 


r+1 


(7, 

n-r+ 1 

Cr-^ 

r ^ 

a 

_r  + l 

n-r 

Hence,  if  G^  denote  the  number  of  combinations  required, 
G G 

and  ~~  must  neither  of  them  be  less  than  1. 


But 

and 


Hence is  not  less  than  1 and  is  not  less  than  1, 

r n — r 

or,  n — r + 1 is  not  less  than  r and  r -I- 1 not  less  than  n-r, 

or,  n+1  is  not  less  than  2r  and  2r  not  less  than  n — \] 

2r  is  not  greater  than  n + 1 and  not  less  than  n — 1. 

Hence  2r  can  have  only  three  values,  n — 1,  n,  n + 1. 

N ow  2r  must  be  an  even  number,  and  therefore 

(1)  If  n be  odd,  n - 1 and  n + 1 being  both  even  numbers, 
2r  may  be  equal  to  n - 1 or  n + 1 ; 
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n— 1 n + 1 
• r = -2-orr=--. 


(2)  If  n be  even,  n-1  and  w + 1 being  both  odd  numbers, 
2r  can  only  be  equal  to  n ; 


n 

’'  = 2- 


Ex.  1.  Of  eight  things  how  many  must  be  taken  together 
that  the  number  of  combinations  may  be  the  greatest  pos- 
sible ? 


Here  n = 8,  an  even  number,  therefore  the  number  to  be 

taken  is  4,  which  will  give  ^ ^ ^ ^ ^ or  70  combinations. 

’ ° Ix2x3x4 


Ex.  2.  If  the  number  of  things  be  9,  then  the  number 
to  be  taken  is  or  ^ will  give 

respectively 


? ^ ^ o ^ or  126  combinations,  and 

1 X 2 X 3 X 4’ 


9x8x7x6x5 

Ix2x3x4x5’ 


or  126  combinations. 


Examples.— cxlvii. 

1.  Out  of  100  soldiers  how  many  different  parties  of  4 can 
be  chosen  'I 

2.  How  many  combinations  can  be  made  of  6 things  taken 
5 at  a time  ] 

3.  Of  the  combinations  of  the  first  10  letters  of  the  alphabet 
taken  5 together,  in  how  many  will  a occur  ? 

4.  How  many  words  can  be  formed,  consisting  of  3 con- 
sonants and  one  vowel,  in  a language  containing  19  consonants 
and  5 vowels  ? 

5.  The  number  of  combinations  of  n things  taken  4 at  a 
time  : the  number  taken  2 at  a time  =15  : 2.  Find  n. 

6.  The  number  of  combinations  of  n things,  taken  6 at 
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a time,  is  3^  times  the  number  of  combinations  taken  3 at  a 
time.  Find  n. 

7.  Out  of  17  consonants  and  5 vowels,  how  many  words 
can  be  formed,  each  containing  2 vowels  and  3 consonants  ? 

8.  Out  of  12  consonants  and  5 vowels  how  many  words  can 
be  formed,  each  containing  6 consonants  and  3 vowels  ? 

9.  The  number  of  permutations  of  n things,  3 at  a time,  is 
6 times  the  number  of  combinations,  4 at  a time.  Find  n. 

10.  How  many  different  sums  may  be  formed  with  a guinea, 
a half-guinea,  a crown,  a half-crown,  a shilling,  and  a sixpence  % 

11.  At  a game  of  cards,  3 being  dealt  to  each  person,  any 
one  can  have  425  times  as  many  hands  as  there  are  cards  in. 
the  pack.  How  many  cards  are  there  ? 

12.  There  are  12  soldiers  and  16  sailors.  How  many  dif- 
ferent parties  of  6 can  be  made,  each  party  consisting  of  3 
soldiers  and  3 sailors  ? 

13.  On  how  many  nights  can  a different  patrol  of  5 men  be 
draughted  from  a corps  of  36  ? On  how  many  of  these  would 
any  one  man  be  taken  ? 


XXXV.  THE  BINOMIAL  THEOREM. 

POSITIVE  INTEGRAL  INDEX. 

412.  The  Binomial  Theorem,  first  explained  by 
Newton,  is  a method  of  raising  a binomial  expression  to  any 
power  without  going  through  the  process  of  actual  multipli- 
cation. 

413.  To  investigate  the  Binomial  Theorem  for  a Positive 
Integral  Index. 
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By  actual  multiplication  we  can  sliow  that 

ix  + (cB  + aj)  ~x^+  (pi  + a2)  a;  + a^a.^ 

(x  + %)  (x +«o)  (x  + as)  =x^  + (ai  + + x^ 

+ (CL-^Ob^  4“  bX\Cb^  "I"  ^ "i" 

{x  + ai)  (x  + ag)  (x  4-  as)  (x  4-  4-  (a^  4-  ag  4-  as  4-  a4)  x^ 

4-  {a-iP^  4-  aias  4-  a^a^  4-  a.^a^  4-  a.^a^  4-  a^p^  x? 

4-  (a^a^aa  4-  aia^a^  4-  a4asa4  4-  a^a^p^  x 4-  a^a^a^a^. 

In  these  results  we  observe  the  following  laws  : 

I.  Each  product  is  composed  of  a descending  series  of 
powers  of  x.  The  index  of  x in  the  first  term  is  the  same  as 
the  number  of  factors,  and  the  indices  of  x decrease  by  unity 
in  each  succeeding  term. 

II.  The  number  of  terms  is  greater  by  1 than  the  number 
of  factors. 

III.  The  coefficient  of  the  first  term  is  unity. 

of  the  second  the  sum  of  aj,  a^,  ag  . . . 
of  the  third  the  sum  of  the  products  of 
tti,  a^,  ag  . . . taken  two  at  a time. 
of  the  fourth  the 'sum  of  the  products  of 
% •••  three  at  a time. 

and  the  last  term  is  the  product  of  all  the  quantities 

®2>  % 

Suppose  now  this  law  to  hold  for  w — 1 factors,  so  that 

(x  4-  ai)  (x  4-  ag)  (x  4-  as) (x  4-  a„_i) 

= x”-i  4-  . x"-2  4-  yS’2 . x"-3  4-  /Sfg . x"-4  4- 4-  S„_i, 

where  Sx  = ai  + a^  + a^  + ...  + a^_^, 

that  is,  the  sum  of  a^,  a^,  ag  ...  a„_j, 

— a-^a^  4"  a^ag  4-  a.^a^  4- ...  4"  api^_^  4"  a^a,^_1 4" . . . 
that  is,  the  sum  of  the  products  of  a^,  a^,  a^... 
taken  two  at  a time, 
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that  is,  the  sum  of  the  products  of  a^, 
taken  three  at  a time, 


...  Uyj 

that  is,  the  product  of  a-^,  a^,  % ...  Obn~v 
Now  multiply  both  sides  "by  cc  + u„. 

Then 

(x  + Ui)  (x  + a^  ...  {x  + a„_i)  (x  + u„) 

= X"  + /Si  x”~^  + /Sg  x”“2  + Si  x"~3  + . . . 

+ a„  x”“^  + u„/Si  x"~2  + u„/Sg  x"“^  + . . . + u„)S„ 

= X”  + (/Si  + a„)  x"“i  + (/Sg  + a„/Si)  x"”^ 

+ {Si  + (^nS^)  x"~^+  . . . + ®»<S„_1. 

N OW  ^1  + Ctn  = (Xi  + (*2  + U3  + ...  + U„_i  + 

that  is,  the  sum  of  Ui,  a^,  «3  ...  a„, 

+ C(/nSl  — S^  + Ctn  (Ui  + Ug  + • • • + Ctn— l)j 

that  is,  the  sum  of  the  products  of  a^,  a^...a„, 
taken  two  at  a time, 

/Sg  + a„/Sg  = Si  + a„  (uiCtg  + a^ai  +...), 

that  is,  the  sum  of  the  products  of  Ui,  ag...a„, 
taken  three  at  a time. 


that  is,  the  product  of  %,  a^,  a^...  a„. 

If  then  the  law  holds  good  for  n - 1 factors,  it  will  hold  good 
for  n factors  : and  as  we  have  shown  that  it  holds  good  up  to  4 
factors  it  will  hold  for  5 factors  : and  hence  for  6 factors  : and 
SO  on  for  any  number. 
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Now  let  each  of  the  n quantities  cts,  •••  equal  to 
a,  and  let  us  Avrite  our  result  tlius  : 

(x  + cti)  (x  + 0,2) . . . (a:  + = X”  + + -^2  • + • • • + ^»* 

The  left-hand  side  becomes 

(x  + a)  (x  + a) . . . (x  + a)  to  n factors,  that  is,  (x  + a)". 

And  on  the  right-hand  side 

Ai  = a ->r  a + a -{■  ...to  ri  terms =m, 

A.2  = ci^  + a^  + (B‘+  ...  to  as  many  terms  as  are  equal  to  the 
number  of  combinations  of  n things  taken  two  at  a time,  that 
. n . (n  - 1)  _ 


1.2 


. . __n.{n-V) 
..  As-  ^ 


As  = a^  + a^  + a^+  ...to  as  many  terms  as  are  equal  to  the 
number  of  combinations  of  n things  taken  three  at  a time,  that 
,^n.  (n-1)  .(n-2)  _ 

17273  ’ 


As 


n.  (n-1) . (n  — 2) 
''  1.2.3 


A„=a.  a.  ct. ..tow  factors  =a”. 
Hence  we  obtain  as  our  final  result 

(x  + aY = X”  -t-  nax^~^  -H  — ‘ ^ 

^ n o (n—l)  . (n  — 2) 
1.2.3 


. ...  -)-( 


414.  Ex.  Expand  (x-f  a)^. 

Here  the  number  of  terms  will  be  seven,  and  we  have 


(x-fa)®  = 


6.5 


6.5.4 


6. 5.4. 3 


a%2  + 


6. 5. 4.3.2 


a^x  + a® 


1.2. 3. 4 1.2. 3. 4. 6 

=x®  -t-  6ax®  + 15a^x^  -f  20a®x®  -|-  15a%^-f  6a®x  + a®. 
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Note,  The  coefficients  of  terms  equidistant  from  the  end 
and  from  the  beginning  are  the  same,  The  general  proof  of 
this  will  be  given  in  Art.  420. 

Hence  in  the  Example  just  given  when  the  coefficients  of 
four  terms  had  been  found  those  of  the  other  three  might  have 
been  written  down  at  once. 


Examples.— cxlviii. 

Expand  the  following  expressions  : 

I.  {a  + x)\  2.  (&  + c)®.  3.  (a  + hf. 

4.  {x  + yf.  5.  (5  + 4a)^.  6.  {a^  + hcy. 

415,  Since 

/ N n.(n-V)  „„„ 

(a:  + a)  ” = cc"  + nax”~^  H + ...  + a , 

if  we  put  a3=l,  we  shall  have 

(l  + ar=l+m  + — ...  +N. 

416,  Every  binomial  may  he  reduced  to  such  a form  that 
the  part  to  be  expanded  may  have  1 for  its  first  term. 

Thus  since  a:  + a = x^l+^^, 

(a:  + a)»=a:”(l+|)  ; 

and  we  may  then  expand  (^1  + and  multiply  each  term  of 
the  result  by  x". 


Ex.  Expand  (2x  + Zy)K 
(2*  + 3#=(2*)».(l+||)‘‘ 


5. 4. 3. 2 
1.2.3, 
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= 32x«  / 1 + w 

( 2x  4x^  Sx^  16x‘‘  32x® ) 

=32x5  + 240xhj  + 720xV  + 1080xh/  + SlOxy*  + 243t/5. 


417.  The  expansion  of  (x-a)’*  will  be  precisely  the  same  as 
that  of  (x+a)",  except  that  the  sign  of  terms  in  which  the  odd 
powers  of  a enter,  that  is  the  second,  fourth,  sixth,  and  other 
even  terms,  will  be  negative. 

Thus  (x  - a)"  = X"  - nax"-^  + 2 


for 


n.{n—l).{n  — 2) 
1.2.3 


. a5x"~®  + 


(x-a)”=|x  + (-a)f" 


= X"  + % ( - a)  x"-^  + — ( - a)  + &c. 

1 • z 

01/  (tIi  ~ 1 ^ 

=x”-7iax"~^+  2 ' 


Ex.  Expand  (a  - c)5. 


(a  — c)5 = «5  _ Qa*c  + 


5.4.3 

1.2.3 


uV  + 


5. 4. 3. 2 
1 . 2 . 3 . 4 


ac^  - c5. 


= a®  _ 5^4(5  + lOa^c^  — lOa^c^  + 5ac^  — c® 


Examples.— cxlix. 

Expand  the  following  expressions ; 

I.  {a-xf.  2.  {h-cy.  3.  {2x-Zyf. 

4.  (l-2x)5  5.  (l-x)io.  6.  (u3_62)8, 

418.  A trinomial,  as  a + 6 + c,  may  be  raised  to  any  power 
by  the  Binomial  Theorem,  if  we  regard  two  terms  as  one,  thus ; 

(a  + 6 + c)" = (cm- 6)”  + w . (oh- 6)”-^ . c 

+ 
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Ex.  Expand  (1  + x + 

(1 +.37  + x2)3  = (1  + a;)3  + 3 (1  + a;2  + (1  + x) . 

= ( 1 + 3x  + 3x2  + x3)  + 3 ( 1 + 2x  + x2)  x2 

+ 3 (1  + x)  x"*  + x*^ 

= 1+3x  + 3x2  + x3  + 3x2  + 6x3  + 3x4  + 3x'1 

+ 3x^  + x« 

= 1 + 3x  + 6x2  + ^ 0^4  ^ 3^5  ^ gj6^ 


Examples.— cl. 

Expand  the  following  expressions : 

I.  (a  + 2&-c)^.  2.  (l-2x  + 3x2)3.  3.  (x3-x2  + x)3. 

4.  (3x3 + 2x6 + 1)3.  5.  ^x  + l-iy.  6.  (J  + b^-cif. 

419.  To  the  r**'  or  general  term  of  the  expansion  of 
(x  + ay. 

We  have  to  determine  three  things  to  enable  us  to  write 
down  the  r*  term  of  the  expansion  of  (x  + a)". 

1.  The  index  of  x in  that  term. 

2.  The  index  of  a in  that  term. 

3.  The  coefidcient  of  that  term. 

Now  the  index  of  x,  decreasing  by  1 in  each  term,  is  in  the 
r*^  term  71  — r+l;  and  the  index  of  a,  increasing  by  1 in  each 
term,  is  in  the  r*‘‘  term  r — 1. 

For  example,  in  the  third  term 

the  index  of  x is  w — 3 + 1,  that  is,  % — 2 ; 
the  index  of  a is  3 - 1,  that  is,  2. 

in  assigning  its  proper  coefficient  to  the  r*''  term  we  have  to 
determine  the  last  factor  in  the  denominator  and  also  in  the 
numerator  of  the  fraction 

n.(n  — l).{n~2).{n~3) 

1.2. 3. 4 
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Now  the  last  factor  of  the  denominator  is  less  hy  1 than  the 
number  of  the  term  to  which  it  belongs.  Thus  in  the  3'''*  term 
the  last  factor  of  the  denominator  is  2,  and  in  the  r***  term  the 
last  factor  of  the  denominator  is  r — 1. 

The  last  factor  of  the  numerator  is  formed  by  subtracting 
from  01  the  number  of  the  term  to  which  it  belongs  and  adding 
2 to  the  result. 

Thus  in  the  3’"^  term  the  last  factor  of  the  numerator  is 

n-3  + 2,  that  is  n — 1 ; 

in  the  d*** n — 4 + 2,  that  is  w - 2 ; 

and  so  in  the  r“* n-r+2. 

Observe  also  that  the  factors  of  the  numerator  decrease  hy 
unity,  and  the  factors  of  the  denominator  increase  hy  unity,  so 
that  the  coefficient  of  the  r“*  term  is 

n.{n  — l).{n  — 2) {n-r  + 2) 

1.2.3 (r-1)  • 

Collecting  our  results,  we  write  the  r^  term  of  the  expansion 
of  {x  + ay  thus  : 

n.{n-l).{n-2) {n-r  + 2) 

1.2.3 (r-1)  ' 

Ohs.  The  index  of  a is  the  same  as  the  last  factor  in  the 
denominator.  The  sum  of  the  indices  of-  a and  x is  n. 


Examples.— clL 

Find 

1.  The  S"*  term  of  (1  +a:)ih 

2.  The  5“*  term  of  {ai^  - 

3.  The  4*"  term  of  {a  - h)^^^. 

4.  The  9**“  term  of  (2a6  - cd)^i 

5.  The  middle  term  of  (a  - h)^^ 

6.  The  middle  term  of  (a^  + b^y. 

7.  The  two  middle  terms  of  {a  - b)^^. 

8.  The  two  middle  terms  of  (a  + x)^^. 
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Show  that  the  coefficient  of  the  middle  term  of 


(a  + x)^  is 


1.3.5 (4w  - 1) 

1.2.3 2n  ' 


Show  that  the  coefficient  of  the  middle  term  of 
+ 3)  (2^1  + 5) (4?i  - 1)  (4%  + 1) 

1.2......% 


{a  + is  2”+^  X 


420.  To  show  that  the  coefficient  of  the  r""  term  from  the 
beginning  of  the  expansion  of  (x  + a)"  is  identical  with  the  coeffi- 
cient of  the  r“"  term  from  the  end. 

Since  the  number  of  terms  in  the  expansion  is  %+l,  there 
are  n+l—r  terms  before  the  r*’'  term  from  the  end,  and  there- 
fore the  term  from  the  end  is  the  (%-r  + 2)“‘  term  from  the 
beginning. 


Thus  in  the  expansion  of  (x  + a)®,  that  is, 

x^  + 5ax^  + lOa^x^  + lOa^x^  + ba^x  + a®, 
the  3rd  term  from  the  end  is  the  (5  — 3 + 2)“*,  that  is  the  4***  term 
from  the  beginning. 


Now  if  we  denote  the  coefficient  of  the  r***  term  by  G„ 
and  the  coefficient  of  the  {n  — r + 2)“*  term  by  C„_h-2> 
we  have 

„_%.(%-!) (%  - r + 2) 

1.2 (r-1)  ’ 

„ _%.(%-!) |%- (%-r  + 2) + 2} 

1,2 (%-r  + 2-l) 

_ %.(%-!) r 

“1.2 {n-r+iy 

Hence 

Gr  n.(n-l) (n-r  + 2)  1.2 (n-r+1) 

1.2 (r-l)  ""  %.(%-!) r 

_%.(%—!) (%-r  + 2)  , (%  — r+  1) 2.1 

“ 1.2 (r— l).r. (n-l).n 


which  proves  the  proposition. 
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421,  To  find  the  greatest  term  in  the  expansion  of  (x  + aY,  n 
being  a positive  integer. 

The  term  of  the  expansion  {x  + a)"  is 

n.{n-l) (7i-r  + 2)  , 

i:2.:.:.;(r-i)  * 

The  (r  + 1)***  term  of  the  expansion  {x  + a)”  is 

n.{n-l) (n - r -f  2)  . (7?  - r + 1)  ^ 

1.2 (r  — 1) . 7-  • a . a: 

Hence  it  follows  that  we  obtain  the  (r  + 1)‘’‘  term  by  multi- 
plying the  r"*  term  by 

77-r  + l a 

r ' x" 

When  this  multiplier  is  first  less  than  1,  the  term  is  the 
greatest  in  the  expansion. 

Now  . - is  first  less  than  1 

r X 

when  na-ra  + ais,  first  less  than  rx, 

or  na  + a first  less  than  rx  -i-  ra, 

or  r{x  + a)  first  greater  than  a (71  + 1), 

or  r first  greater  than 

^ x + a 

If  r be  equal  to  Infill)  then  and  the 

x+a  r X ’ 

(r  + 1)““  term  is  equal  to  the  Y^,  and  each  is  greater  than  any 
other  term. 

Ex,  Find  the  greatest  term  in  the  expansion  of  (4  + afi, 
when  a=^. 


Here 


a (77+1)  2^^"^  ^ 12  24 

3 ~n“ii“^ii* 

2 


x + a 


^+2 


The  first  whole  number  greater  than  2j-\  is  3,  therefore  the 
greatest  term  of  the  expansion  is  the  3rd. 

[s.A.J  y 
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422.  To  find  the  sum  of  all  the  coefficients  in  the  expansion 
of  (1  + xy. 

Since  (1  + a;)"  = 1 + wx  + ^ ‘ ^ 2 

n.(n-l)  „ 

H ^ + cc“ 

1 « 

putting  x = l,  weget 

n.(n-  L)  n.(n-l) 

2”=l  + n + — + + — +^  + l; 

or,  2”  = tlie  sum  of  all  the  coefficients. 

423.  To  show  that  the  sum  of  the  coefficients  of  the  odd  term 
in  the  expansion  of  (1  + x)”  is  equal  to  the  sum  of  the  coefficients 
of  the  even  terms. 

Since 

(1  + x)”=  1 + 

putting  x=  - 1,  we  get 



or,  o={i+I^5;^+ J 

= sum  of  coefficients  of  odd  terms  - sum  of  co- 
efficients of  even  terms ; 

.•.  sum  of  coefficients  of  odd  terms  = sum  of  coefiicients  of 
even  terms. 

Hence,  by  the  preceding  Article, 

2» 

sum  of  coefficients  of  odd  terms  = — = 2'*~ij 

2” 

sum  of  coefficients  of  even  terms  = -^  = 2”~'. 
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FRACTIONAL  AND  NEGATIVE  INDICES. 


424,  We  have  shown  that  when  m is  a positive  integer, 

(1  + a;)™  = 1 + mx  + ^ ‘ + 

We  have  now  to  show  that  this  equation  holds  good  when 

3 

m is  a positive  fraction,  as  a negative  integer,  as  - 3,  or  a 

3 

negative  fraction,  as  - 


We  shall  give  the  proof  devised  by  Euler. 

425.  If  m he  a positive  integer  we  know  that 

Let  us  agree  to  represent  a series  of  the  form 

_ m . (m  — 1)  „ 

* l + mx  + — — '^x^+  


1.2 


hy  the  symbol  /(m),  whatever  the  value  of  m may  he. 

Then  we  know  that  when  m is  a positive  integer 
(l+a;)”*=/(m)  ; 

and  we  have  to  show  that,  also,  when  m is  fractional  or 
negative 

(l  + x)“=/(m). 


Cl*  X/  \ m.(m  — 1)  „ 

Since  /(m)  = 1 + wx  H + 

1 • ^ 

X,  S ^ - 1)  9 

f{n)  = l +nx  + — x^  + 
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If  we  multiply  together  the  two  series,  we  shall  obtain  an 
expression  of  the  form 

1 + ax  A cx^  + dx‘^  A 

that  is,  a series  of  ascending  powers  of  x in  which  the  coeffi- 
cients a,  h,  c are  formed  by  various  combinations  of 

m and  n. 

To  determine  the  mode  in  which  a and  h are  formed,  let  us 
commence  the  multiplication  of  the  two  series  and  continue  it 
as  far  as  terms  involving  x"^,  thus 

/(m)  = l+mx+ — j-  

...  , n.(n-l)  „ 

f{n)  = \+nx  + — 1 ^ 


f{m)  xf{n)  = l+mx+  — ‘ --  x^+  

+ wx  + mm2+  

+ 1.2  ^ + 

l + (m  + w).x+| — 

, , n . (w  - 1) ) „ , 

AmnA  — ^2  ( ' 

Comparing  this  product  with  the  assumed  expression 

l + ax  + hx^  + cx^  + + 

we  see  that  a=m-\-n, 

j , m . (?7t - 1)  , n.{n-l) 

and  h = — ^ 

- -m  + 2mw  — n 

~ T72 


(m  + %) . (m  + 71  — 1) 
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Similarly  we  could  show  hy  actual  multiplication  that 
(m  + n) . (m  + n-l).(m  + n-2) 

rT¥73  ’ 

j_(m  + n).(m  + n — l).(m  + n—2).(m  + n-Z) 

1727374  • 

Thus  we  might  determine  the  successive  coefficients  to  any 
extent,  but  we  may  ascertain  the  law  of  their  formation  by  the 
following  considerations. 

Tlie  forms  of  the  coefficients,  that  is,  the  way  in  which  m 
and  n are  involved  in  them,  do  not  depend  in  any  way  on  the 
values  of  m and  n,  but  will  be  precisely  the  same  whether  m 
and  n be  positive  integers  or  any  numbers  whatsoever. 

If  then  we  can  determine  the  law  of  their  formation  when 
m and  n are  positive  integers,  we  shall  know  the  law  of  their 
formation  for  all  values  of  m and  n. 

Now  when  m and  n are  positive  integers, 


Hence  we  conclude  that  whatever  he  the  values  of  m and  n 
/(m)x/(?i)=/(m  + w). 


f{m)  = {l  + xY, 

/(w)  = (l+x)«; 

•.  /(m)  y.f{n)  = (1  + x)™  X (1  + x)” 


= (l+x)”*-^^ 


{mAn)  .{m  + n-  1) 
T72  ' 


Hence  f{m  + n+p)=f{m).f{n+p) 

=/(wi)  •/(«)./(!?), 

and  so  generally 

f {m  + n+p  + ...)=f{m)  .f  {n)  .f{p) ... 
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Now  let  m = n—p=  ...  =p  ^ and  k being  positive  integers. 


then 


terms) 


/w-{/(Dr, 

('+*)*=  k(i)r= 


- r-i) 
h r\ic  ) 


“^  + 4“"  + ' 1.2 


-a;2+  ... 


which  proves  the  theorem  for  a positive  fractional  index. 

Again,  since  f {m)  .f  (n)=f  {m  + n)  for  all  values  of  m and  n, 
let  n = - m,  then 


/ (m)  =f{m  - m) 

=/(0). 

,T  .1  • , m . (/n  - 1)  „ 

N ow  the  series  1 + mx  + . . . 

becomes  1 when  m = 0,  that  is,/(0)  = l ; 

•••  /(m)./(-m)  = l ; 


f(-m)  = = + x)-^ ; 

^ ^ /(m)  (1+x)"  ^ ^ ’ 

(l+x)-™=/(-m) 

= l+(-m)x  + ^"2 


x2+  ... 


which  proves  the  theorem  for  a negative  index,  integral  or 
fractional. 
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426.  Ex.  Expand  (a  + a;)^  to  four  terms. 

l.(l-l) 

(a  + a:)^  = a^  + 2 . ^.x+  ^ ^ 


1 

4 


1.2.3 

3 

. 1 . a 2 . 


a2-“ . a;3 


= a24--^_.^4-_5_ 

vi  R„f 


2^2  8»2  16ui^ 

Or  we  might  proceed  thus,  as  is  explained  in  Art.  416. 

(a  + x)^  = u2^1 

=.i{ 

( 2ct  8a2^16a3---j 


KH(H 

1.2  


1.2.3 


= «2  + 


x2 


2ft^  8ct2  10a' 


f*” 


Examples.— clli. 

Expand  the  following  expressions : 

1 


I.  (1  +x)^  to  five  terms. 

I 2.  (1 + a)3  to  four  terms. 

3.  (a  + x)^  to  five  terms. 

4 (l  + 2x)2  to  five  terms. 

' 

I 6.  (a^  + x^)  5 to  four  terms. 


7.  (1  - x^)'^  to  five  terms. 

8.  (1  -oE^  to  four  terms. 

9.  (1  - 3x)^  to  four  terms. 

10.  ^x2  — to  four  terms. 

11.  (1  - x) 6 to  four  terms. 

1 2.  to  three  terms. 
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427.  To  exjpand  (1 


: 1 - wx  + 


— — 1).(  — w-2) 

1.2.3 

'n{n-\-\'){nArT)  „ 

„ .X  + 


x3  + 


tlie  terms  being  alternately  positive  and  negative. 
Ex.  Expand  (1  +x)~®  to  five  terms. 


3.4 


3.4.5 


(i+^)-’=i-s^+ir2*^-iT¥73- 

= 1 - 3x  + 6x2  - 10x2  + 15x^  • 
428.  To  expand  (1  — x)~^. 


3.4. 5. 6 
1.2. 3. 4' 


x^—  ... 


(1  -x)-"  = l-(-w).x  + 


-n.{-n-V)  2 

1.2  ■ 

~n{-n-l){~n-%)  3 
1.2.3  ■ 


the  terms  being  all  positive. 

Ex.  Expand  (1  - x)~2  to  five  terms. 

3.4„  3.4.5„  3. 4. 5. 6, 

(1  - “^)  = 1+  + O + 1 7273 I. 2. 3.4^+  - 

= 1 + 3x  + 6x2  + 10x2+15x'1+  ... 


Examples.— cliii. 


Expand 

1.  (1  + a)“2  to  five  terms. 

2.  (1  - 3x)“^  to  five  terms. 

3.  ("l  - 1)  to  four  terms. 


4.  ( 1 “ 1)  to  five  terms. 

5.  (a2  — 2x)“2  to  five  terms. 

6.  (a^-x^)~®  to  four  terms. 
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429,  To  expand  (1  +a;)“n. 


(i+*)-.=i+(-J)*+. 


i.(-i-i) 

n \ n / 

rri  ^ 


n\  n / \ n / 


1.2.3 


,x^+  ... 


1 (!!±il(?5±i)*8+ 


Examples. — cliv. 


Expand 

1.  (1  +a:^)  2 to  five  terms. 

2.  (1  — 9j2)“t  to  five  terms. 

_2 

3 {x^-^z^)  ® to  four  terms. 


4.  (1  + 2x)~^  to  five  terms. 

5.  (rt.2^3;2^"T  to  fonr  terms. 

6.  (a®  + x^)  ^ to  four  terms. 


430.  Ohservations  on  the  general  expression  for  the  term  involving 
x'  in  the  expansions  (1  + os)"  and  (1  - cc)".  . 

The- general  expression  for  the  term  involving  x’’,  that  is  the 
(r  + 1)*’“  term,  in  the  expansion  of  (1  + x)"  is 

%.  (n.-l)  ...  (u-r+1)  ^ 

iV2:7::..::r~ 


Erom  this  we  must  deduce  the  form  in  all  cases. 


Thus  the  (r+  1)***  term  of  the  expansion  of  (1  -x)"  is  found 
i>y  changing  x into  ( — x),  and  therefore  it  is 


n . (n  — 1)  ...  (n  — r +1) 


1.2 


{-xf  A 


(-1) 


, n.  (n-l)  ...  (n-r +1) 
172 r • 
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If  n be  negative  and  = — m,  the  {r  + I)**"  term  of  the  expan- 
sion of  (1  + a:)”  is 

(-m)(-m  — — r + 1)  , 

1.2 r 

( - !)’■.  |m . (m  + 1)  ...  (m  + r—  l)[a:b 
’ 1.2 ..r 

If  n be  negative  and  = — m,  the  (r  + 1)”*  term  of  the  expan- 
sion of  (1  + cc)”  is 

(-I)’-.  |m.(m  + l)...  (m  + r-l){ 

1.2 r 

m .(m+1) ...  (m-\-r -V)  , 

n-r  ^ ; — L 


Examples. — civ. 

Find  the  r*”  terms  of  the  following  expansions : 

I.  {l+xf.  2.  {l~xy\  3.  {a-xf.  4.  (5a:  + 2y)®. 

5.  (1+a;)-^  6.  (l-3x)-^.  7.  (l-x)~2,  g,  {a  + x)^. 

9.  (l-2a:)~2.  10.  {a?-x^Y^. 

1 1.  Find  the  (r  + 1)**'  term  of  (1  -x)~^. 

12.  Find  the  (r  + 1)*  term  of  (1  - 4x)~^. 

13.  Find  the  (r-l- 1)*’’  term  of  {1+xY'. 

14.  Show  that  the  coefficient  of  x’’+^  in  (1  +£c)”+^  is  the  snm 
of  the  coefficients  of  x'  and  in  (1  + x)”. 

15.  What  is  the  fourth  term  of 

16.  What  is  the  fifth  term  of  — ? 

17.  What  is  the  ninth  term  of  {aP‘  + 2.b’)^ '? 

18.  What  is  the  tenth  term  of  (a  + 6)““  1 

19.  What  is  the  seventh  term  of  (a  + 6)”*  ? 
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431.  The  following  are  examples  of  the  application  of  the 
Binomial  Theorem  to  the  approximation  to  roots  of  numbers. 

(1)  To  approximate  to  the  square  root  of  104. 

V104=  V(ioo  + 4)=io(i+^^)i 


10  11  + 


2 100 


2V2 ) / 4 Y 

1.2  ■ \100/ 


1.2.3 


.(j  y 

Vioo/ 


= iol 


i+. 


-1 


100  10000  1000000 

= 10T9804  nearly. 

(2)  ' To  approximate  to  the  fifth  root  of  2. 

*/2==(l  + l)5 

_ l_^  _3 21_ 

5 25^250  2500'^ 

= 1 + A ^ ^ nearly 
25  2500 

= 1-1236  nearly. 

(3)  To  approximate  to  the  cube  root  of  25. 

^25=4/(27-2)=3|l-Ap. 

Here  we  take  the  cube  next  above,  25,  so  as  to  make  the 
second  term  of  the  binomial  as  small  as  possible,  and  then 
proceed  as  before. 


Examples.— clvi. 

Approximate  to  the  following  roots  : 

I.  4/31.  2.  4/IO8.  3.  4/260. 


4.  4^31, 
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432.  The  symbols  employed  in  our  common  system  of 
Arithmetical  Notation  are  the  nine  digits  and  zero.  These 
digits  when  written  consecutively  acquire  local  values  from 
their  positions  with  respect  to  the  place  of  units,  the  value  of 
every  digit  increasing  ten-fold  as  we  advance  towards  the  left 
hand,  and  hence  the  number  ten  is  called  the  Radix  of  the 
Scale. 

If  we  agree  to  represent  the  number  ten  by  the  letter  t,  a 
number,  expressed  according  to  the  conventions  of  Arithmetical 
Notation  by  3245,  would  assume  the  form 

3i3  + 2i2  + 4^  + 5 

if  expressed  according  to  the  conventions  of  Algebra. 

433.  Let  us  now  suppose  that  some  other  number,  as  five, 
is  the  radix  of  a scale  of  notation,  then  a number  expressed  in 
this  scale  arithmetically  by  2341  will,  if  five  be  represented  by 
/,  assume  the  form 

2/3  + 3/2  + 4/+1 
if  expressed  algebraically. 

And,  generally,  if  r be  the  radix  of  a scale  of  notation,  a 
number  expressed  arithmetically  in  that  scale  by  6789  will, 
when  expressed  algebraically,  since  the  value  of  each  digit 
increases  r-fold  as  we  advance  towards  the  left  hand,  be  repre- 
sented by 

(5j.3  ^ 7, .2  ^ 3^  ^ 9_ 

434.  The  number  which  denotes  the  radix  of  any  scale  will 
be  represented  in  that  scale  by  10. 

Thus  in  the  scale  whose  radix  is  five,  the  number  five  will 
i e represented  by  10. 
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In  tlie  same  scale  seven,  being  equal  to  five  + two,  will 
therefore  be  represented  by  12. 

Hence  the  series  of  natural  numbers  as  far  as  twenty-five  will 
be  represented  in  the  scale  whose  radix  is  five  thus  : 

1,  2,  3,  4,  10,  11,  12,  13,  14,  20,  21,  22,  23,  24,  30,  31, 
32,  33,  34,  40,  41,  42,  43,  44,  100. 

435.  In  the  scale  whose  radix  is  eleven  we  shall  require 
a new  symbol  to  express  the  number  ten,  for  in  that  scale  the 
number  eleven  is  represented  by  10.  If  we  agree  to  express 
ten  in  this  scale  by  the  symbol  t,  the  series  of  natural  numbers 
as  far  as  twenty-three  will  be  represented  in  this  scale  thus  ; 

1,  2,  3,  4,  5,  6,  7,  8,  9,  t,  10,  11,  12,  13,  14,  15,  16,  17, 

18,  19,  1^,  20,  21 

436.  In  the  scale  whose  radix  is  twelve  we  shall  require 
another  new  symbol  to  express  the  number  eleven.  If  we 
agree  to  express  this  number  by  the  symbol  e,  the  natural 
numbers  from  nine  to  thirteen  will  be  represented  in  the  scale 
whose  radix  is  twelve  thus  : 

9,  t,  e,  10,  11. 

Again,  the  natural  numbers  from  twenty  to  twenty-five  will 
be  represented  thus  : 

18,  19,  It,  le,  20,  21. 

437.  The  scale  of  notation  of  which  the  radix  is  two,  is 
called  the  Binary  Scale. 

The  names  given  to  the  scales,  up  to  that  of  which  the 
radix  is  twelve,  are  Ternary,  Quaternary,  Quinary,  Senary, 
Septenary,  Octonary,  Nonary,  Denary,  Undenary  and  Duo- 
denary. 

438.  To  perform  the  operations  of  Addition,  Subtraction, 
Multiplication,  and  Division  in  a scale  of  notation  whose  index 
is  r,  we  proceed  in  the  same  way  as  we  do  for  numbers  ex- 
pressed in  the  common  scale,  with  this  difference  only,  that  r 
must  be  used  where  ten  would  be  used  in  the  common  scale  : 
which  will  be  understood  better  by  the  following  examples. 
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Ex.  1.  Find  the  sum  of  4325  and  5234  in  the  senary  scale. 
4325 
5234 

the  sum  —14003 

which  is  obtained  by  adding  the  numbers  in  vertical  lines, 
carrying  1 for  every  six  contained  in  the  several  results,  and 
setting  down  the  excesses  above  it. 

Thus  4 units  and  5 units  make  nine  units,  that  is,  six  units 
together  with  3 units,  so  we  set  down  3 and  carry  1 to  the 
next  column. 

Ex.  2,  Find  the  difference  between  62345  and  53466  i'n 
the  septenary  scale. 

62345 

53466 

the  difference  = 5546 

which  is  obtained  by  the  following  process.  We  cannot  tako 
six  units  from  five  units,  we  therefore  add  seven  units  to  tlie 
five  units,  making  12  units,  and  take  six  units  from  twel^■e 
units,  and  then  we  add  1 to  the  lower  figure  in  the  second 
column,  and  so  on. 

Ex,  3.  MuTiply  2471  by  358  in  the  duodenary  scale. 

2 4 7 1 
3 5 8 
1 7 0 8 8 
e t e b 
7 19  3 
833318 

Ex.  4.  Divide  367286  by  8 in  the  nonary  scale. 

8 ; 367286 
^203'3 

The  following  is  the  process.  We  ask  how  often  8 is  contained 
in  36,  wdiich  in  the  nonary  scale  represents  thirty-three  units  ; 
the  answer  is  4 and  1 over.  We  then  ask  how  often  8 is  con- 
tained in  17,  which  in  the  nonary  scale  represents  sixteen  units; 
the  answer  is  2 and  no  remainder.  And  so  for  the  other  digits. 
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Ex.  5.  Divide  1184323  by  589  in  the  duodenary  scale. 

589;  1184323  (2483 
e56 

22  f 3 
lieO' 

3e32 

39^0 

1523 

1523 


Ex.  6.  Extract  the  square  root  of  10534521  in  the  senary 
scale. 


105^521  ( 2345 
4 


43 

504 

5125 


253 

213 


4045 

3224 


42121 

42121 


Examples.— clvii. 

1.  Add  23561,  42513,  645325  in  the  septenary  scale. 

2.  Add  3074852,  4635628,  1247653  in  the  nonary  scale. 

3.  Subtract  267862  from  358423  in  the  nonary  scale. 

4.  Subtract  124321  from  211010  in  the  quinary  scale. 

5.  Multiply  57264  by  675  in  the  octonary  scale. 

6.  Multiply  1456  by  6541  in  the  septenary  scale. 

7.  Divide  243012  by  5 in  the  senary  scale. 

8.  Divide  3756025  by  6 in  the  octonary  scale. 

9.  Extract  the  square  root  of  25400544  in  the  senary  scale. 

10.  Extract  the  square  root  of  568980  in  the  duodenary 

scale. 
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439.  To  transform  a given  integral  number  from  one  scale  to 
another. 


Let  N be  the  given  integer  expressed  in  the  first  scale, 

r the  radix  of  the  new  scale  in  which  the  number  is  to 
be  expressed, 

a,  h,  c 2 the  digits,  n + 1 in  number,  expressing 

the  number  in  the  new  scale  ; 

so  that  the  number  in  the  new  scale  will  be  expressed  thus  : 

ar^  + br"~^  + cr’'~^  + +mr‘^+pr  + q. 

We  have  now  from  the  equation 

W=  ar"  + + +mr^+pr  + q 

to  determine  the  values  of  a,  b,  c 'ru,  p,  q. 

Divide  N by  r,  the  remainder  is  q.  Let  A be  the  quotient : 
then 

^ + +mr+p. 

Divide  A by  r,  the  remainder  is  p.  Let  B be  the  quotient ; 
then 

i?  = ar"“2  + &r”~3  + cr"~^+  +m. 

Hence  the 

first  digit  to  the  right  of  the  number  expressed  in  the 

new  scale  is  q,  the  first  remainder  ; 


second p,  the  second  remainder  ; 

tliird  ru,  the  third  remainder  ; 


and  thus  all  the  digits  may  be  determined. 


Ex.  1.  Transform  235791  from  the  common  scale  to  the 
scale  whose  radix  is  6. 


remainder  3 
remainder  4 
remainder  3 
remainder  5 
remainder  1 
remainder  0 
remainder  5 


The  number  required  is  therefore  5015343. 
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The  digits  by  which  a number  can  be  expressed  in  a scale 

whose  radix  is  r will  be  1,  2,  3 - 1,  because  these,  with  0, 

are  the  only  remainders  which  can  arise  from  a division  in 
which  the  divisor  is  r. 


Ex.  2.  Express  3598  in  the  scale  whose  radix  is  12. 


3598 


299  remainder  t 


24  remainder  e 


2 remainder  0 
0 remainder  2 


the  number  required  is  20e^, 


440.  The  method  of  transforming  a given  integer  from  one 
scale  to  another  is  of  course  applicable  to  cases  in  which  both 
scales  are  other  than  the  common  scale.  We  must,  however, 
be  careful  to  perform  the  operation  of  division  in  accordance 
with  the  principles  explained  in  Art.  438,  Ex.  4. 


Ex.  Transform  142532  from  the  scale  whose  radix  is  6 to 
the  scale  whose  radix  is  5. 

5 142532 

5 20330  remainder  2 

5 2303  remainder  3 

5 300  remainder  3 

5 33  remainder  3 

5 4 remainder  1 

0 remainder  4 

The  required  number  is  therefore  413332. 


EXAMPLES.—Clviii. 

Express 

1.  1828  in  the  septenary  scale. 

2.  1820  in  the  senary  scale. 

3.  43751  in  the  duodenary  scale, 

rs.A.j 
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4.  3700  in.  the  quinary  scale. 

5.  7631  in  the  binary  scale. 

6.  215855  in  the  duodenary  scale. 

7.  790158  in  the  septenary  scale. 

Transform 

8.  34002  from  the  quinary  to  the  quaternary  scale. 

9.  8978  from  the  undenary  to  the  duodenary  scale. 

10.  3256  from  the  septenary  to  the  duodenary  scale. 

1 1.  37704  from  the  nonary  to  the  octonary  scale. 

12.  5056  from  the  septenary  to  the  quaternary  scale. 

13.  654321  from  the  duodenary  to  the  septenary  scale. 

14.  2304  from  the  quinary  to  the  undenary  scale. 

441.  In  any  scale  the  positive  integral  powers  of  the  num- 
ber which  denotes  the  radix  of  the  scale  are  expressed  by 
10, 100,  1000 

Thus  twenty -five,  which  is  the  square  of  five,  is  expressed  in 
the  scale  whose  radix  is  five  by  100 ; one  hundred  and  twenty- 
five  will  be  expressed  by  1000,  and  so  on. 

Generally,  the  fi*'*  power  of  the  number  denoting  the  radix 
in  any  scale  is  expressed  by  1 followed  by  n cyphers. 

The  highest  number  that  can  be  expressed  byp  digits  in  a 
scale  whose  radix  is  r is  expressed  by  - 1. 

Thus  the  highest  number  that  can  be  expressed  by  4 digits 
in  the  scale  whose  radix  is  five  is 

10^  - 1,  or  10000  - 1,  that  is  4444. 

The  least  number  that  can  be  expressed  by  p digits  in  a 
scale  whose  radix  is  r is  expressed  by 

Thus  the  least  number  that  can  be  expressed  by  4 digits  in 
the  scale  whose  radix  is  five  is 

10^^  or  103,  that  is  1000. 
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442,  In  a scale  whose  radix  is  r,  the  sum  of  the  digits  of 
an  integer  divided  by  (r  -^1)  will  leave  the  same  remainder  as 
the  integer  leaves  when  divided  by  r - 1. 

Let  iV  he  the  number,  and  suppose 

N=ar" + br‘^~'^  + cr"~^+  +mr^+pr  + q. 

Then 

JV=  a(r” - 1)  + b(r”~^  — 1)  + c(r"~2 - 1)  4-  ...  + m (r^  — 1)  +p (r—1) 
+ \a  + b + c+  +m+p  + q\. 

Now  all  the  expressions  r"  - 1,  — 1 - 1,  r — 1 are 

divisible  by  r - 1 ; 

N . ^ a + b + c+  m+p  + q 

..  an  integer  + ^ ^ ; 

which  proves  the  proposition,  for  since  the  quotients  differ  by 
an  integer,  their  fractional  parts  must  be  the  same,  that  is,  the 
remainders  after  division  are  the  same. 

Note.  From  this  proposition  is  derived  the  test  of  the 
accuracy  of  the  result  of  Multiplication  in  Arithmetic  by  cast- 
ing out  the  nines. 

For  let  A = 9m  + a, 

and  B = 9n  + b;  ■ 

then  AB  = 9{9mn  + an  + b7n)  + ab ; 

that  is,  AB  and  ab  when  divided  by  9 will  leave  the  same 
remainder. 

Radical  Fractions. 

443.  As  the  local  value  of  each  digit  in  a scale  whose  radix 
is  r increases  r-fold  as  we  advance  from  right  to  left,  so  does 
the  local  value  of  each  decrease  in  the  same  proportion  as  we 
advance  from  left  to  right. 

If  then  we  affix  a line  of  digits  to  the  right  of  the  units’ 
place,  each  one  of  these  having  from  its  position  a value 
one-r*  part  of  the  value  it  would  have  if  it  were  one  place 
further  to  the  left,  we  shall  have  on  the  right  hand  of  the 
units’  place  a series  of  Fractions  of  which  the  denominators 
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are  successively  r,  r^,  r^,  , while  the  numerators  may  be 

any  numbers  between  r — 1 and^  zero.  These  are  called 
Radical  Fractions. 

In  our  common  system  of  notation  the  word  Radical  is 
replaced  by  Decimal,  because  ten  is  the  radix  of  the  scale. 

Now  adopting  the  ordinary  system  of  notation,  and  marking 
the  place  of  units  by  putting  a dot  * to  the  right  of  it,  we  have 
the  following  results  : 


In  the  denary  scale 

246-4789  = 2 xl02+4xl0  + 6 + i+j^  + ^ + ~^; 
in  the  quinary  scale 

324-4213  = 3xl0=+2x  10  + 4 + 1 + A + 

remembering  that  in  this  scale  10  stands  for  jive  and  not  for  ten 
(Art.  434). 

444.  To  show  that  in  any  scale  a radical  fraction  is  a proper 
fraction. 

Suppose  the  fraction  to  contain  n digits,  a,  h,  c 


Then,  since  r - 1 is  the  highest  value  that  each  of  the  digits 
can  have, 

^ + ^ + ...  is  not  greater  than  (r-  1)  + ...  to  n termsj 

L (!)•-: 

not  greater  than  (r  — 1)  J — 

r --1 

{ r 

greater  than  (r - 1)  ; 


not 


not  greater  than 


r"-l 


not  greater  than  1 - — • 
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Hence  the  given  fraction  is  less  than  1,  and  is  therefore  a 
proper  fraction. 

445.  To  transform  a fraction  expressed  in  a given  scale  into 
a radical  fraction  in  any  other  scale. 

Let  F he  the  given  fraction  expressed  in  the  first  scale, 

r the  radix  of  the  new  scale  in  which,  the  fraction  is  to 
he  expressed, 

a,  b,  c...the  digits  expressing  the  fraction  in  the  new 
scale,  so  that 

r r^  r^ 

from  which  equation  the  values  of  a,  b,  c...are  to  he  deter- 
mined. 

Multiplying  both  sides  of  the  equation  by  r, 

T7T  & c 

Fr=a  + - + -„+  ... 
r 

Now  ^ + ...  is  a proper  fraction  by  Art.  444. 

Hence  the  integral  part  of  Fr  will  =a,  the  first  digit  of  the 
new  fraction,  and  the  fractional  part  of  Fr  will 


Giving  to  this  fractional  part  of  Fr  the  symbol  F^  we  have 

= h-n+  ... 

r 


Multiplying  both  sides  of  the  equation  by  r,  ^ 

F^r=b  + -+  ... 
r 

Hence  the  integral  part  of  Fpr—b,  the  second  digit  of  the  new 
fraction,  and  thus,  by  a similar  process,  all  the  digits  of  the 
new  fraction  may  be  found. 
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Ex.  1.  Express  ^ as  a radical  fraction  in  the  quinary 
scale : 

3 « 15  „ 1 

-x6-y-2+j, 

1 ^ 5 ^ 5 

_x5=  ^ =0  + y, 

6 ^ 25  ^ 4 

^x6-y-3  + ^, 

4 K 20  „ 6 

jX6  = y = 2+j, 

-x5  = y = 4 + y, 

2 . 10  , 3 

7><5  = t“1  + 7’ 


therefore  fraction  is  ’203241  recurring. 

Ex.  2.  Express  ’84375  in  the  octonary  scale : 
’84375 
8 

6-75000 

8 

6-00000 


The  fraction  required  is  ’66. 

Ex.  3.  Transform  -42765  from  the  nonary  to  the  senary 
scale. 


-42765 

6 

^81^ 

6 

5-23820 

6 

1-55430 

6 

3-6580^ 


The  fraction  required  is  -2513 ... 
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Ex.  4.  Transforni  e 124-^275  from  the  duodenary  to  the 
{quaternary  scale  : 


4 

el24 

•t275 

4 

293*7  — remainder  0 

4 

4 

83 1 — remainder  3 

3-4^58 

4 

4 

20  e - remainder  2 

1-75^8 

4 

62  - remainder  3 

4 

4 

16  - remainder  2 

2-5e68 

4 

4 - remainder  2 

4 

4 

1 — remainder  0 

1*6^28 

0 - remainder  1 

Number  required  is  10223230-3121 ... 

EXAMPLES.— CliX. 

25 

1.  Express  ^ in  the  senary  scale. 

00 

2.  Express  in  the  septenary  scale. 

3.  Express  23'125  in  the  nonary  scale, 

4.  Express  1820-3375  in  the  senary  scale. 

5.  In  what  scale  is  17486  written  212542? 

6.  In  what  scale  is  511173  written  1746305  ? 

7.  Show  that  a number  in  the  Common  scale  is  divisible  : 

(1)  by  3 if  the  sum  of  its  digits  is  divisible  by  3. 

(2)  by  4 if  the  last  two  digits  be  divisible  by  4. 

(3)  by  8 if  the  last  three  digits  be  divisible  by  8. 

(4)  by  5 if  the  number  ends  with  5 or  0. 


ON  LOCARITHMS. 


32^ 


(5)  by  11  if  the  difference  between  the  sum  of  the  digits 
in  the  odd  places  and  the  sum  of  those  in  the  even 
places  be  divisible  by  11. 

8.  If  JV  be  a number  in  the  scale  whose  radix  is  r,  and  n 
be  the  number  resulting  when  the  digits  of  i\T  *are  reversed, 
sl  ow  tliat  iV-  w is  divisible  by  r - 1. 


XXXVIII.  ON  LOGARITHMS. 

446.  Def.  The  Logarithm  of  a number  to  a given  base 
is  the  index  of  the  power  to  which  the  base  must  be  raised  to 
give  the  number. 

Thus  if  m = N,  x is  called  the  logarithm  of  m to  the  base  a. 
For  instance,  if  the  base  of  a system  of  Logarithms  be  2, 

3 is  the  logarithm  of  the  number  8, 
because  8 = 2^: 
and  if  the  base  be  5,  then 

3 is  the  logarithm  of  the  number  125, 
because  125  = 5^. 

447.  The  logarithm  of  a number  m to  the  base  a is  written 
thus,  log^m ; and  so,  if  m = a*, 

fl5  = logam. 

Hence  it  follows  that  m = 

448.  Since  l = u®,  the  logarithm  of  unity  to  any  base  is 

zero. 

Since  a=ai,  the  logarithm  of  the  base  of  any  system 
is  unity. 

449.  We  now  proceed  to  describe  that  whieh  is  called  the 
Common  System  of  logarithms. 

The  Imse  of  the  system  is  10. 
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By  a system  of  logarithms  to  the  base  10,  we  mean  a succes- 
sion of  values  of  * which  satisfy  the  equation 
m=10* 

for  all  positive  values  of  m,  integral  or  fractional. 

Such  a system  is  formed  by  the  series  of  logarithms  of 
the  natural  numbers  from  1 to  100000,  which  constitute  the 
logarithms  registered  in  our  ordinary  tables,  and  which  are 
therefore  called  tabular  logarithvis. 

450.  Now  1 = 10®, 

10  = 101, 

100  = 102, 

1000  = 102, 

and  so  on. 

Hence  the  logarithm  of  1 is  0, 
of  10  is  1, 
of  100  is  2, 
of  1000  is  3, 

and  so  on. 

Hence  for  all  numbers  between  1 and  10  the  logarithm  is  a 
decimal  less  than  1, 

between  10  and  100  the  logarithm  is  a decimal  between  1 
and  2, 

between  100  and  1000  a decimal  between  2 

and  3,  and  so  on. 

451.  The  logarithms  of  the  natural  numbers  from  1 to  12 
stand  thus  in  the  tables  : 


No. 

Log 

No. 

Log 

1 

0-0000000 

7 

0-8450980 

2 

0-3010300 

8 

0-9030900 

3 

0-4771213 

9 

0-9542425 

4 

0-6020600 

10 

1-0000000 

5 

0-6989700 

11 

1-0413927 

6 

0-7781513 

12 

1-0791812 

The  logarithms  are  calculated  to  seven  places  of  decimals 
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452.  The  integral  parts  of  the  logarithms  of  mimhers 
higher  than  10  are  called  the  characteristics  of  those  logarithms, 
and  the  decimal  parts  of  the  logarithms  are  called  the  mantissce. 

Thus  1 is  the  characteristic, 

‘0791812  the  mantissa, 
of  the  logarithm  of  12. 

453.  The  logarithms  for  100  and  the  numbers  that  succeed 
it  (and  in  some  tables  those  that  precede  100)  have  no  charac- 
teristic prefixed,  because  it  can  be  supplied  by  the  reader,  being 
2 for  all  numbers  between  100  and  1000,  3 for  all  between 
1000  and  10000,  and  so  on.  Thus  in  the  Tables  we  shall 
find 


No. 

Log 

100 

0000000 

101 

0043214 

102 

0086002 

103 

0128372 

104 

0170333 

105 

0211893 

which  we  read  thus ; 

the  logarithm  of  100  is  2, 

of  101  is  2-0043214. 

of  102  is  2-0086002;  and  so  on. 

454.  Logarithms  are  of  great  use  in  making  arithmetical 
computations  more  easy,  for  by  means  of  a Table  of  Logarithms 
the  operation 

of  Multiplication  is  changed  into  that  of  Addition, 

...Division  Subtraction, 

...Involution  .....Multiplication, 

. . . Evolution  Division, 

as  we  shall  show  in  the  next  four  Articles. 

455. . The  logarithm  of  a product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors. 
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Let 


m = N, 
n — a^. 
mn  = a^+^; 


and 


Then 


/.  log jnn==x  + y 


= log„m  + log.w. 


Henco  it  follows  that 


log„m??,p  = log^m  + log„n  + logaP, 


and  similarly  it  may  be  shown  that  the  Theorem  holds  good 
for  any  number  of  factors. 

Thus  the  operation  of  Multiplication  is  changed  into  that  of 
Addition. 

Suppose,  for  instance,  we  want  to  find  the  product  of  246 
and  357,  we  add  the  logarithms  of  the  factors,  and  the  sum  is 
the  logarithm  of  the  product : thus 


which  is  the  logarithm  of  87822,  the  product  required. 

Note.  We  do  not  write  logio246,  for  so  long  as  we  are 
treating  of  logarithms  to  the  particular  base  10,  we  may  omit 
the  suffix. 

456.  The  logarithm  of  a quotient  is  equal  to  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor. 

Let  m=a’‘, 

and  n—a^. 


Thus  the  operation  of  Division  is  changed  into  that  of  Sub- 
traction. 


log  246  = 2-3909351 
log  357  = 2-5526682 


their  sum  = 4-9436033 


Then 
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If,  for  example,  we  are  required  to  divide  371 '49  by  52'376, 
we  proceed  thus, 

log  371-49  = 2-5699471 
log  52-376  = 1-7191323 
their  difference  = -8508148 

which  is  the  logarithm  of  7"092752,  the  quotient  required. 

457.  The  logarithm  of  any  power  of  a number  is  equal  to  the 
product  of  the  logarithm  of  the  number  and  the  index  denoting  the 
power. 

Let  m=a’°. 

Then  m‘'  = a^; 

logam’'  = rx 

= r . logpn. 

Thus  the  operation  of  Involution  is  changed  into  Multipli- 
cation. 


Suppose,  for  instance,  we  have  to  find  the  fourth  power  of 
13,  we  may  proceed  thus, 

log  13  = 1-1139434 
4 

4-4557736 

which  is  the  logarithm  of  28561,  the  number  required. 

458.  The  logarithm  of  any  root  of  a number  is  equal  to  the 
quotient  arising  from  the  division  of  the  logarithm  of  the  number 
by  the  number  denoting  the  root. 

Let  m = a*. 

1 X 

Then  m^—a'-, 

^ I ^ 

:.  log,m’-=- 

= ^.log„m. 

Thus  the  operation  of  Evolution  is  changed  into  Division. 
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If,  for  example,  we  have  to  find  the  fifth  root  of  16807,  we 
proceed  thus, 

5 I 4-2254902,  the  log  of  16807 
•8450980 

which  is  the  logarithm  of  7,  the  root  required. 

459.  The  common  system  of  Logarithms  has  this  advantage 
over  all  others  for  numerical  calculations,  that  its  base  is  the 
same  as  the  radix  of  the  common  scale  of  notation. 

Hence  it  is  that  the  same  mantissa  serves  for  all  numbers 
which  have  the  same  significant  digits  and  differ  only  in  the 
position  of  the  place  of  units  relatively  to  those  digits. 

For,  since  log  60 = log  10  + log  6 = 1 + log  6, 

log  600  = log  100  + log  6 = 2 + log  6, 
log  6000  = log  1000  + log  6 = 3 + log  6, 
it  is  clear  that  if  we  know  the  logarithm  of  any  number,  as  6, 
we  also  know  the  logarithms  of  the  numbers  resulting  from 
multiplying  that  number  by  the  powers  of  10. 

So  again,  if  we  know  that 

log  1-7692  is  -247783, 

we  also  know  that 

log  17-692  is  1-247783, 
log  176-92  is  2-247783, 
log  1769-2  is  3-247783, 
log  17692  is  4-247783, 
log  176920  is  5-247783. 

460.  We  must  now  treat  of  the  logarithms  of  numbers  less  ' 
than  unity. 
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Ihe  logaritlim  of  a number 


between 

1 and 

-1  lies  between 

0 and 

-1, 

between 

-1  and 

-01 

- 1 and 

-2, 

between 

•01  and 

-001  

— 2 and 

-3, 

and  so  on. 

Hence  tlie  logarithms  of  all  numbers  less  than  unity  are 
negative. 

We  do  not  require  a separate  table  for  these  logarithms,  for 
we  can  deduce  them  from  the  logarithms  of  numbers  greater 
than  unity  by  the  following  process  : 

log -6  =log  ^ =log6-logl0  =log6-l, 
log  -06  =log  =log  6 -log  100  = log  6-2, 

log  -006 = log  = log  6 - log  1000 = log  6 - 3. 

Now  the  logarithm  of  6 is  ’VTSISIS. 

Hence 

log  -6  = - 1 + 'TTSlblS,  which  is  written  1-7781513, 
log  -06  = - 2 + -7781513,  which  is  written  2-7781513, 
log  -006=  - 3 + -7781513,  which  is  written  3-7781513, 

the  characteristics  only  being  negative  and  the  mantissse 
positive. 

461.  Thus  the  same  mantissse  serve  for  the  logarithms  of 
all  numbers,  whether  greater  or  less  than  unity,  which  have  the 
same  significant  digits,  and  differ  only  in  the  position  of  the 
place  of  units  relatively  to  those  digits. 

It  is  best  to  regard  the  Table  as  a register  of  the  logarithms 
of  numbers  which  have  one  significant  digit  before  the  decimal 
point. 
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No.  ] Log 

For  instance,  when  we  read  in  the  tables  144  j 1583625,  we 
interpret  the  entry  thus 

log  1*44  is  -1583625, 

We  then  obtain  the  following  rules  for  the  characteristic  to 
be  attached  in  each  case. 

I.  If  the  decimal  point  be  shifted  one,  two,  three  ...n 
places  to  the  right,  prefix  as  a characteristic  1,  2,  3 ...  n. 

II.  If  the  decimal  point  be  shifted  one,  two,  three  ...ti/ 


places  to  the  left,  prefix  as  a characteristic 

Thus 

log 

1-44  is  -1583625, 

.-.  log 

14-4  is  1-1583625, 

log 

144  is  2-1583625, 

log 

1440  is  3-1583625, 

log 

•144  is  1-1583625, 

log 

-0144  is  2-1583625, 

log 

-00144  is  3-1583625. 

462.  In  calculations  with  negative  characteristics  we  follow 
the  rules  of  algebra.  Thus, 

(1)  If  we  have  to  add  the  logarithms  3-64628  and  2-42367, 
W3  first  add  the  mantissae,  and  the  result  is  1-06995,  and  then 
add  the  characteristics,  and  this  result  is  1. 

The  final  result  is  1 + 1 -06995,  that  is,  -06995. 

(2)  To  subtract  5-6249372  from  3-2456973,  we  may  arrange 
the  numbers  thus, 

-3+ -2456973 
-5  Hr -6249372 

1 + -6207601 

the  1 carried  on  from  the  last  subtraction  in  the  decimal  places 
changing  - 5 into  - 4,  and  then  - 4 subtracted  from  - 3 giving 
1 as  a result. 

Hence  the  resulting  logarithm  is  1-6207601. 
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(3)  To  multiply  3 ’7482569  by  5. 

3-7482569 

5 

i¥’7412845 

the  3 carried  on  from  the  last  multiplication  of  the  decimal 
places  being  added  to  — 15,  and  thus  giving  — 12  as  a result. 


(4)  To  divide  14-2456736  by  4. 

Increase  the  negative  characteristic  so  that  it  may  be  exactly 
divisible  by  4,  making  a proper  compensation,  thus, 

14-2456736  = l6  + 2-2456736. 

14-2456736  16  + 2-2456736 


Then 
and 


4 4 

the  result  is  4-5614184. 


= 4 + -5614184; 


Examples.— clx. 

1.  Add  3-1651553,  4-7505855,  6-6879746,  2-6150026. 

2.  Add  4-6843785,  5-6650657,  3-8905196,  3’4675284. 

3.  Add  2-5324716,  3-6650657,  5-8905196,  -3156215. 

4.  From  2’483269  take  3’742891. 

5.  From  2-352678  take  5-428619. 

6.  From  5-349162  take  3-624329. 

7.  Multiply  2-4596721  by  3. 

8.  Multiply  7-429683  by  6. 

9.  Multiply  9-2843617  by  7. 

10.  Divide  6-3725409  by  3. 

11.  Divide  14-432962  by  6. 

12.  Divide  4-53627188  by  9. 

463.  We  shall  now  explain  how  a system  of  logarithms 
calculated  to  a base  a may  be  transformed  into  another  system 
of  which  the  base  is  b. 
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Let  m be  a number  of  which  the  logarithm  in  the  first 
system  is  x and  in  the  second  y. 


Then 

and 

Hence 


m = a% 
m=bK 

h^=a% 


• y. 

■'  X 


b=a^; 

^ ^ I 

■■■--logj,: 

1 

l0ga&  ’ 

Hence  if  we  multiply  the  logarithm  of  any  number  in  the 
system  of  which  the  base  is  a by  we  shall  obtain  the 

logarithm  of  the  same  number  in  the  system  of  which  the  base 
is  b. 

This  constant  multiplier  is  called  The  Modulus  of  the 

system  of  which  the  base  is  b with  reference  to  the  system  of 
which  the  base  is  a. 


464.  The  common  system  of  logarithms  is  used  in  all 
numerical  calculations,  but  there  is  another  system,  which  we 
must  notice,  employed  by  the  discoverer  of  logarithms,  Napier, 
and  hence  called  The  N apierian  System. 

The  base  of  this  system,  denoted  by  the  symbol  e,  is  the 
number  which  is  the  sum  of  the  series 


2 + 1 + -J—  + — I 

2^2.3  2.3.4 


...ad  inf, 


of  which  sum  the  first  eight  digits  are  2‘7182818. 


465.  Our  common  logarithms  are  formed  from  the  Loga- 
rithms of  the  Napierian  System  by  multiplying  each  of  the 
[S.A.]  Y 
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latter  by  a common  multiplier  called  Tlie  Modulus  of  the 
Common  System 


This  modulus  is, 
1 


in  accordance  with  the  conclusion  of 


Art.  463, 


log^  10' 


That  is,  if  I and  N be  the  logarithms  of  the  same  number  in 
the  common  and  Napierian  systems  respectively, 

1 


'log,  10 


.N. 


Now  log,  10  is  2-30258509  ; 

1 1 


or  -43429448, 


" log,  10  ^ 2-30258509 
and  so  the  modulus  of  the  common  system  is  -43429448. 


466. 

To  prove  that  log^ft  x log^a  = 

Let 

a:=log„6. 

Then 

6 = a* ; 

1 

lf  = a ; 

^=logja. 

Thus 

’ log«&xlogja=xx^ 

= 1. 

467.  The  following  are  simple  examples  of  the  method  of 
applying  the  principles  explained  in  this  Chapter. 

Ex.  1.  Given  log  2 = -3010300,  log  3 = -4771213  and 
log  7 = -8450980,  find  log  42. 

Since  42  = 2x3x7 

log  42 =log  2 + log  3 + log  7 

= -3010300  + -4771213  + -8450980 
= 1-6232493. 
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Ex.  2.  Given  log  2 = -3010300  and  log  3 = -4771213,  find 
the  logarithms  of  64,  81  and  96. 

log  64 = log  2® = 6 log  2 

log  2 = -3010300 
6 

log  64=  1-8061800 

log  81=  log  3^  = 4 log  3 

log  3 = -4771213 
4 

log  81  = 1-9084852 
log  96  = log  (32  X 3)  = log  32  + log  3, 
and  log  32  = log  2^  = 5 log  2 ; 

log  96  = 5 log  2 + log  3 = 1-5051500  + -4771213  = 1-9822713. 

Ex.  3.  Given  log  5 = ‘6989700,  find  the  logarithm  of 
4/(6-25). 

log (6-25)^ =i log  6-25  = ^ log ^^=y  (log 625 -log  100) 

= i(log5^-2)  = ^(4log5-2) 

=^(2-7958800- 2)  = -1136657. 


Examples.— clxi. 

1.  Given  log  2 = ‘3010300,  find  log  128,  log  125  and 
log  2500. 

2.  Given  log  2 = *3010.300  and  log  7 = *8450980,  find  the 
logarithms  of  50,  *005  and  196. 

3.  Given  log  2 = -3010300,  and  log  3 = -4771213,  find  the 
logarithms  of  6,  27,  54  and  576. 

4.  Given  log  2 = *3010300,  log  3 = -4771213,  log  7 = *8450980, 
find  log  60,  log  -03,  log  1*05,  and  log  *0000432. 
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5.  Given  log  2 = *3010300,  log  18  = 1*2552725  and 

log  21  = 1*3222193,  find  log  *00075  and  log  31*5. 

6.  Given  log  5 = *6989700,  find  the  logarithms  of  2,  *064, 


7.  Given  log  2 = *3010300,  find  the  logarithms  of  5,  *125, 


8.  What  are  the  logarithms  of  *01,  1 and  100  to  the  base 
10  % What  to  the  base  *01  ? 

9.  What  is  the  characteristic  of  log  1593,  (1)  to  base  10, 

(2)  to  base  12  1 n 


(а)  Find  the  logarithms  of  2,  25,  83*2,  (*625)^“ 

(б)  How  many  digits  are  there  in  the  integral  part  of 

(1*04)6000? 

12.  Given  log  25  = 1*3979400,  log  1*03  = *0128372 : 

(a)  Find  the  logarithms  of  5,  4,  51*5,  (*064)“®. 

(&)  How  many  digits  are  there  in  the  integral  part  of 
(1*03)600? 

13.  Having  given  log  3 = *4771213,  log  7 = *8450980, 


4® 

10.  Given  ^^=8,  and  x = 3y,  find  x and  y. 

11.  Given  log 4 = *6020600,  log  1*04  = *0170333: 


14.  Solve  the  equations : 


(4)  a”“6^=c. 


(5) 

(6) 


(3)  »*.&*= TO. 
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468.  We  have  explained  in  Arts.  459 — 461  the  advantages 
of  the  Common  System  of  Logarithms,  which  may  be  stated  in 
a more  general  form  thus  : 

Let  A he  any  sequence  of  figures  (such  as  2-35916),  having 
one  digit  in  the  integral  part. 

Then  any  number  N having  the  same  sequence  of  figures 
(such  as  235-916  or  -00235916)  is  of  the  form  A x 10",  where  n 
is  an  integer,  positive  or  negative. 

Therefore  log^QW=  logj^^(A  x 10")  = log^gA  + n. 

Now  A lies  between  10®  and  lO’^,  and  therefore  log  A lies 
between__0  and  1,  and  is  therefore  a proper  fraction. 

But  logioiV  and  log^^A  differ  only  by  the  integer  n ; 

.-.  logjgA  is  the  fractional  part  of  log;^oiV. 

Hence  the  logarithms  of  all  numbers  having  the  same 
SEQUENCE  OF  FIGURES  have  the  same  mantissa. 

Therefore  one  register  serves  for  the  mantissa  of  logarithms  of  all 
such  numbers.  This  renders  the  tables  more  cornprehensive. 

Again,  considering  all  numbers  which  have  the  same 
sequence  of  figures,  the  number  containing  tivo  digits  in  the 
integral  part  = 10.  A,  and  therefore  the  characteristic  of  its 
logarithm  is  1. 

Similarly  the  number  containing  m digits  in  the  integral 
part  = 10”*.  A,  and  therefore  the  characteristic  of  its  logarithm 
is  m. 

Also  numbers  -which  have  no  digit  in  the  integral  part  and 
one  cypher  after  the  decimal  point  are  equal  to  A . 10“^  and 
A . 10~2  respectively,  and  therefore  the  characteristics  of  their 
logarithms  are  - 1 and  — 2 respectively. 

Similarly  the  number  having  m cyphers  folio-wing  the  decimal 
point = A . 10-<”*+i>; 

.-.  the  characteristic  of  its  logarithm  is-  — (m+ 1). 

Hence  we  see  that  the  characteristics  of  the  logarithms  of  all 
numbers  can  be  determined  by  inspection  and  therefore  need  not  be 
registered.  This  renders  the  tables  less  bulky. 
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469.  The  method  of  using  Tables  of  Logarithms  does 
not  fall  within  the  scope  of  this  treatise,  hut  an  account  of 
it  may  be  found  in  the  Author’s  work  on  Elementary 
Trigonometry. 

470.  We  proceed  to  give  a short  explanation  of  the  way 
in  which  Logarithms  are  applied  to  the  solution  of  questions 
relating  to  Compound  Interest. 

471.  Suppose  r to  represent  the  interest  on  £1  for  a year, 
then  the  interest  on  P pounds  for  a year  is  represented  by 
Pr,  and  the  amount  of  P pounds  for  a year  is  represented 
by  P + Pr. 

472.  To  find  the  amount  of  a given  sum  for  any  time  at 
compound  interest. 

Let  P he  the  original  principal, 

r the  interest  on  £1  for  a year, 
n the  number  of  years. 

Then  if  Pi,  Pg,  Pg...P„  be  the  amounts  at  the  end  ot 
1,  2,  3 ...  w years, 

Pi=P  +Pr=P  (1+r), 

Pg  = P,  + P^r  = Pi  (1  + r)  = P (1  + r)2 
P^  — P^  + PiT  = P^  (1  +r)=P(l  +r)^. 


P„  = P(l+r)". 

473.  Now  suppose  P,.,  P and  r to  he  given : then  hy  the  aid 
of  Logarithms  we  can  find  n,  for 

log  P„  = log  |P(l+r)”f 

= log  P + nlog  (1  +r)  ; 

_ log  P„  — log  P 
” log  (1+r) 
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474.  If  the  interest  be  payable  at  intervals  other  than  a 
year,  the  formula  P„  = P (1  +r)'’  is  applicable  to  the  solution  of 
the  question,  it  being  observed  that  r represents  the  interest 
on  £l  for  the  period  on  which  the  interest  is  calculated,  half- 
yearly,  quarterly,  or  for  any  other  period,  and  n represents  the 
number  of  such  periods. 

For  example,  to  find  the  interest  on  P pounds  for  4 years 
at  compound  interest,  reckoned  quarterly,  at  5 per  cent,  per 
annum. 


Here 


1 „ 5 1-25 

*■=4  100=100=“^^’ 


71  = 4 X 4 = 16  ; 

.-.  P„  = P(1  + -0125)16 


Examples.— clxii. 

N.B. — The  Logarithms  required  may  be  found  from  the 
extracts  from  the  Tables  given  in  pages  329,  330. 

1.  In  how  many  years  will  a sum  of  money  double  itself 
at  4 per  cent,  compound  interest  1 

2.  In  how  many  years  will  a sum  of  money  double  itself 
at  3 per  cent,  compound  interest  ] 

3.  In  how  many  years  will  a sum  of  money  double  itself 
at  10  per  cent,  compound  interest  ? 

4.  In  how  many  years  will  a sum  of  money  treble  itself 
at  5 per  cent,  compound  interest  ? 

5.  If  £P  at  compound  interest,  rate  r,  double  itself  in  n 
years,  and  at  rate  2?’  in  m years : show  that  m : n is  greater 
than  1 ; 2. 

6.  In  how  many  years  will  .£!1000  amount  to  ^1800  at 
5 per  cent,  compound  interest  I 

7.  In  how  many  years  will  £P  double  itself  at  6 per  cent, 
per  ann.  compound  interest  payable  half-yearly  1 


APPENDIX. 

475.  The  following  is  another  method  of  proving  the  prin- 
cipal theorem  in  Permutations,  to  which  reference  is  made  in 
the  note  on  page  289, 

To  prove  that  the  number  of  permutations  of  n things  taken  r at 
a time  is  n . (n  - 1) (n  — r + 1). 

Let  there  be  n things  a,  h,  c,  d 

If  n things  he  taken  1 at  a time,  the  number  of  permutations 
is  of  course  n. 

Now  take  any  one  of  them,  as  a,  then  n-1  are  left,  and 
any  one  of  these  may  he  put  after  a to  form  a permutation, 

2 at  a time,  in  which  a stands  first : and  hence  since  there  are 
n things  which  may  begin  and  each  of  these  n may  have  n-\ 
put  after  it,  there  are  altogether  n{n  — l)  permutations  of  n 
things  taken  2 at  a time. 

Take  any  one  of  these,  as  ah,  then  there  are  w -2  left,  and 
any  one  of  these  may  he  put  after  ah,  to  form  a permutation, 

3 at  a time,  in  which  ah  stands  first  ; and  hence  since  there 
are  n{n  - 1)  things  which  may  begin,  and  each  of  these  n{gi  - 1) 
may  have  w - 2 put  after  it,  there  are  altogether  n{n  — l){n  - 2) 
permutations  of  n things  taken  3 at  a time. 

If  we  take  any  one  of  these  as  ahc,  there  are  n - 3 left,  and 
so  the  number  of  permutations  of  n things  taken  4 at  a time  is 
n.{n-l){n-^)  (n-3). 

So  Ave  see  that  to  find  the  number  of  permutations,  taken 
r at  a time,  we  must  multiply  the  number  of  permutations, 
taken  r — 1 at  a time,  by  the  number  formed  by  subtracting 
r — 1 from  n,  since  this  will  be  the  number  of  endings  any  one 
of  these  permutations  may  have. 

Hence  the  number  of  permutations  of  n things  taken  5 at  a 
time  is 

n{n-  1)  (n  — 2)  (w-3)  x (n  — 4),  or  w(n— l)(n  — 2)  (n  — 3)  (n-4); 
and  since  each  time  we  multiply  by  an  additional  factor  the 
number  of  factors  is  equal  to  the  number  of  things  taken  at  a 
time,  it  follows  that  tlie  number  of  permutations  of  n things 
taken  r at  a time  is  the  product  of  the  factors 
n.{n-l)(n-2) (n  - r + 1) . 
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8.  a. 

2a -6.  10.  2a. 

II.  c. 

12.  a:  + 3a. 

29a -276  + 6c. 

V. 

Addition. 

(Page  16.) 

7a  — 26.  2. 

- 106  + 6e.  3.  - 

llx- 8^-621. 

-66-5c  + 3d.  5. 

2a.  6.  - 

■2x—2a  + b + 4y. 

7a  + 46  - 4c.  8. 

J.A.] 

7a- 6 + 7c.  9.  - 

■ 6y  + 2z, 
Y* 
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ANSWERS. 


Subtraction. 


I. 

2a  + 2b. 

2. 

a-c.  3.2a- 

- 26  -1-  2c. 

4- 

CO 

a 

-<{ 

+ 

pt 

5. 

7a -166  4- 20c.  6.  5a- 

- 36  --  8x. 

7- 

- 3a  + 3b -4c. 

8. 

26-1- 2c -15.  9.  llx 

~7y  + 4z. 

10. 

6a -b  + 5c. 

II. 

12j9  - 9^  + 

vi. 

(Page  20.) 

1. 

3xy.  2. 

12xy. 

3.  I2x‘‘y\ 

4- 

3a%c^. 

5- 

a^.  6. 

a®. 

7.  12a®6®. 

8. 

35a%c\ 

9- 

180a*6®c^.  10.  28a^6c^®.  ii.  3a^b 

12. 

20a%^xy. 

13- 

76x^y*z^. 

14. 

5la¥c“^yz. 

IS- 

48x^y'^^z^. 

16. 

\2a%cxy. 

17- 

Sa^W. 

IS. 

9mVp^. 

19. 

abx^yh^. 

20. 

33a^%'^^im?x. 

vii. 

(Page  22.) 

I. 

a'^  + ah-  ac. 

2.  2a^  + 6ab  — Sac.  '■ 

5.  a*  + 3a®  -f-  4a2. 

4 

6 

8 

lo 

12 


9a®  — 15a^  - 18a^  + 21a^.  5.  a^h  — 2a%^  + a¥. 

2>a^h  — 9a^6®  + 3a^5b  7.  + 9mV  + 

18a®fe  + 8a®6^- 6a‘^6®  + 8a®&b  9.  xhj^ -xhf  Azhj"^ — 'Ixy. 

m?n  — 3mV  + 3mn^  — 1 1.  144a®6^  - 72a^6®  + 60a%^. 

104x'^y  - 136x^y^  + 4Qx-i/  — 8xy\ 


viii.  (Page  27.) 


I. 

£c--h  12a:-f  27. 

2. 

x2-f  8X-105. 

3.  x2  — 2x-120. 

4- 

a;2-15x-l-56. 

5- 

a2  — 8a-f-15. 

6.  ^2^.7^_78_ 

7- 

20. 

8. 

x‘i-12x®-f  50x2- 

84x4-45. 

9- 

x*  - 31x2  + 9_ 

10. 

a®  - 3a®  - 3a^  + 13a®  - 6a®  - 6a  4-  4. 

II. 

— x2  -1-  2x  - 1. 

12. 

X*  4-  x2y2  4-  y\ 

13.  X®  - y®. 

14. 

a®  - X®. 

IS- 

X®  - 5x®  4-  5x-  - 1. 

1 6c 

xi  - 81^1, 

17* 

a'i-166b 

18,  16a^-6^. 
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19. 


23- 

25. 

26. 

28. 

29. 
33- 
37- 


5- 


8. 


13. 


a®  — 4a*b  + 4a%^  + 4a%^  - 1 7a¥  - 126®. 
a^  + 5a'^b  + a%^-10aW+Ua¥-9¥. 

+ 4a-a;2  + 16x*  22.  81a^  + 9a^x^  + x\ 

x^4-4aH‘^+\Qa\  24.  + 6^  + c®  - 3a6c. 

X®  + x^  — 9x®?/2  - 20x^2/^  + 2xj/^  + 1 5i/®. 

^i252  + c2(Z2_a2c2-62cZ2.  2J.  X®  - a®. 

X®  - ax®  + 6x®  - cx®  — abx  + acx  - bcx  + abc. 

1-x®.  30.  X®  — 31.  a^®-x'®.  32.  -47. 

2.  34.  -14.  35.  a6  + ac  + 6c.  36.  —60. 

2.  38.  m®. 

ix.  (Page  28.) 

- a®6.  2.  - a®.  3.  - a®6®.  4,  12a®6®. 

-30xy.  6.  — a®  + a®6-a62.  7.  - 6a®  - 8a^  + 10a®. 

a^  4-  2a®  + 2a®  + a.  9-  “ 6x®y  + x®^®  + 7x^®  - 1 2i/^. 

5m®  + m®n- 13mw®  + 7?i®.  li.  - 13?’®- 22?'®  + 96?’+ 135. 

- 7x^  + x®a  + 8x®2:®  + 9i8B®  + 9a®. 

X®  + X®?/®.  14.  ' x^  + 2x®y  + 2x®^2  + 2x?/®  + 


^X.  (Page  32.) 

I.  x®  + 2ax  + a®.  2.  x®  — 2ax  + a®.  3.  x®  + 4x  + 4. 

4.  X®  - 6x  + 9.  5.  x^  + 2x®^2  + y\  6.  x^  - 2x®?/®  + y‘^. 

7.  a®  + 2a®6®  + 6®.  8.  a® 2a®6®  + 6®. 

9.  X®  + ^z®  + a®  + 2xy  + 2xa  + 2?/a. 

10.  X®  + ^®  + a®  — 2xy  + 2xa  - 2ya. 

11.  m®  + ?i®  + _p®  + ?'®  + 2ni')t>-  2mp  — 2??i?'  - 2?i|?  - 2???'  + 2^r. 

12.  x'^  + 4x®-2x®-12x  + 9.  13.  x^-12x3  + 50x®-S4x  + 49. 

14.  4x^-28x®  + 85x®-126x  + 81. 

15.  x^  + ^^  + a^  + 2x®?/®  - 2x®a®  - 2?/®a®. 


34^ 


ANSWERS. 


1 6.  X®  — + 1 8x^1/*  - 8x^^®  + 'if’. 

17.  a^  + ¥ + c^  + 2a%^  + 2ah^  + 2¥c^ 

18.  x^  + y^  + z^  — 2x^y^  — 2xh'^  + 2yh\ 

19.  x^  + 4i/2  + 9z^  + 4xy  - 6x«  — 1 2yz. 

20.  x^  + 4y‘^  + 252!^  - 4x^i/2  + 1 Ox^iSi^  — 20yh^. 

21.  x^  + Sax^  + 3a^x  + a®.  22.  x^  - Sax^  + Sa^jc  - a®. 

23.  x®  + 3x2  + 3x  + l.  24.  X®  — 3x2  + 3x-1. 

25.  x®  + 6x^+12x  + 8.  26.  — 3a^b^  + Sa^b^  - b^. 

27.  a®  + 3a^6  + 3ab^  + 6®  4-  c®  + 3a®c  + 6abc  + 3bh  + Sac^  + 3bc^. 

28.  a®  - 3a2J  + 3a&2  _ 53  _ gS  _ _ 3j2g  ^ 3(,^g2  _ 35^2 

29.  - 2m%2  + n\  30.  + 2m®?i  - 2mn®  - #. 

xi.  (Page  34.) 

I.  X®.  2.  X®.  3.  x^y.  4.  x^a®.  5.  6&C.  6.  8c®. 

7.  16a®6®c®.  8.  121m®n®|)®.  9.  12a,®x?/^.  10.  8a%c^. 

xii.  (Page  35.) 

I.  x®-l-2x+l.  2.  y^-y^  + y-t.  3.  a®  + 2(i6  + 3&®. 

4.  x^  + mpx®  + m®7)®.  5 . 4ay  - 7x  + x®.  6.  8x®i/5  — 4x®t/®  - 2^. 

7.  2Vm®7i^- 18m®n^  + 9mp.  8.  3x®y®  - 2xy®  - 

9.  13a®&  - 9a6®  + 76.  10.  196®c®+ 126®c®- 76c'^. 


4.  -6m®w.  5. 

7.  - 2a®  + 3a  - x®. 

9.  — 12x®  + 9x^  - 8y®. 


I.  -8. 


xiii.  (Page  36.) 

2.  15a®.  3.  — 21x®^®. 

5.  16a®6.  6.  a®x®  + ax  + l.'’ 


8.  2 + 6a®6-8a46®. 


10.  - X®  + 6®x  V + 6^^. 


Xiv.  (Page  38.) 


I.  x + 5.  2.  x-10.  3.  x + 4.  4.  x+12. 

5.  x®  + 7x+12.  6.  x®-l.  7.  x®  + x+l, 
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8. 

II. 

[4. 

[6. 

18. 

21. 

23- 

25. 

27. 

29. 

31- 

33- 

35- 

37- 

39- 

41. 

44- 

46. 

48. 

50. 

53- 

56. 

59- 

62. 


4- 


I. 


x^-Sx^  + Sx  + l.  9.  x2-2x-l.  10.  x2-2x  + l. 

x^-x  + l.  12.  2x2  + 8.  13.  x2  + 3?/2. 

+ 3a25  + 3^52  ^53  j ^ ^ ^4  _ 4(j3j  ^ 6(^252  _ 4^53  4, 

x2  - 6x  + 5.  17.  _ 2a2ft  + 3a&2  + 453 

2ax2-3»2x  + a^  19.  x^-x  + l.  20.  x^  — a^. 

x + 2y.  22.  x‘^-x^y  + x^y^-xy^  + y\ 

X®  + x^  + x'%2  + x2t/2  + xy^  + 2/^  24.  a + 6 — c. 

— b + 2?)2  _ 63_  26.  a-h  + c — d. 

x^  — xy  — xz  + y^  — ya  + 28.  x^^  _ x^y^  + x®i/^  - x^y^  + y^. 

p + 2q-r.  30.  + ^252  _ ^jj3  ^ j4^ 

x^  + x^y  + x“^y^  + xy^  + yK  32.  2x^  - 3x‘2  + 2x. 

a^  + 3a^  + 9a2  + 27a  + 81.  34.  k'^  + k*  + Tc. 

x^  — 9x  - 10.  36.  24x‘2  - 2ax  — Z5a^. 

6x2-7x  + 8.  38.  8x3  + 12ax2-18a2x-27a3 

27x^  - 36ax2  + 48a2x  - 64a2  40.  2a  + 36. 

X + 2a.  42.  »2  _ 452^  x^  -3x  — y. 

x2  - 3xy  - 2y'^.  45;  x®  + Zx^y  + 9xy^  + 27y^. 

a^  + 2a%  + 4a¥  + 8¥  47.  27a2- 18^26+ 12a&2  - 862. 

8x2  _ i2x^y  + 18x1/2  - 27y^.  49.  3a  + 26  + c. 

a2-2ax  + 4x2.  51.  x^  + xy  + y^  52.  16x^-4xy  + y^. 

x^  + xy-y^.  54.  ax2  + 4a2x  + 2a2.  55.  a-x. 

x-y-z.  57.  3x2-x  + 2.  58.  4-6x+8x2-10x2. 

x + y.  60,  ax  + by-ab-xy.  61.  bx  + ay. 

x2  - ax  + 62. 


XV.  (Page  40.) 

x2  + ax  + 6.  2.  y^^{l  + m)y  + lm.  3.  x2  + cx  + cZ. 

x2  + ax  — 6.  5.  x^-{b  + d)x  + bd. 

xvi.  (Page  42.) 

m-n,  m2  — mw + n2j  m^  — m2n  + - mn^  + 

m®  - m%  + &c.,  m®  - mhi  + &c. 
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ANSIV£J^S. 


2. 


3- 


4- 


4- 

6. 

8. 


4- 


7- 


I. 

4- 


7- 


lo. 


14. 


16. 


\ 

3- 

5- 

7- 

9- 


m + n,  m?  + mn  + + m%  + &c.,  m®  + + &c., 

m®  + + &c. 

a — 1,  - a 4- 1,  - a®  + &c.,  a®  — a®  + &c.,  — a®  + &c. 

2/  + 1,  + 2/  + 1,  2/^  + 2/^  + &c.,  2/®  + 2/®  + &c.,  2/®  + 2/^  + &c. 

xvii.  (Page  43.) 

5£c(x-3).  2.  3x(x2  + 6x-2).  3.  1(7y^-2y  + l). 

4xy(x^-3xy  + 2y^).  5.  x(x^  — ax^  + bx  + c). 

3x®2/^  {x^y  - 7x  + 92/^).  7.  2 7a^6®  (2  + 4a%'^  - 9a®6®). 

45x‘*2/^  (x^2/^  - 2x  - 8y). 


xviii.  (Page  44.) 


(x-a)(x-6).  2.  (d-x)(6  + x).  3.  (6-2/)  (c  + 2/). 

(a  + m)  (b  + n).  5 . (ax  + 2/)  {bx  - y).  6.  (a6  + cd)  (x  t 2/)- 

(cx  + wi2/)  (cZx  - ny).  8.  (ac  - 6c?)  {bx  - dy). 

xix.*  (Page  45.) 


(x  + 5)(x  + 6).  2.  (x  + 5)(x  + 12).  3.  (2/+ 12)  (2/+ 1). 

(2/+ 11)  (2/  + 10).  5.  (m  + 20)(7M  + 15),  6.  (m  + 6)(m  + 17). 
(a + 86)  (a + 6).  8.  (x  + 4m)(x  + 9m).  9.  {y + 3n){y + 16n). 

{z  + 4p)  {z  + 25p).  II.  (x^  + 2)  (x^  + 3). 

(x®  + 1)  (x^  + 3).  1 3.  {xy  + 2)  (X2/  + 16). 

(x^2/^  + 3)  (x^2/^  + 4).  15.  (m®  + 8)  (m®  + 2). 

(?i  + 202)  (n  + 7q). 


XX.  (Page  45.) 


(x  - 5)  (x  — 2). 
(2/-11)(2/-12). 
(n-23)  (%-20). 
(x®-4)(x3-3). 
(6"^c®  — 5)  (6^c®  - 6). 


2.  (x-19)  (x-10). 

4.  (2/ -20)  (2/ -10). 

6.  (ra-56)  (n- 1). 

8.  (a6 - 26)  (a6— 1). 

10.  (X2/2-11)  (x2/s;-2). 
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xxi.  (Page  46.) 

I.  (aj  + 12)(a:-5).  2.  (x  + 15)(cc-3).  3.  (a+12)(a-l). 

4.  (a + 20)  (a -7).  5.  (6 + 25)  (6- 12).  6.  (6 + 30)  (6 -5). 


7.  (x*  + 4)  (x*- 1). 

9.  (m®  + 20)  (m®  — 5). 

8.  (x?/+ 14)(xi/ - 11), 
10.  (w  + 30)  (n— 13). 

xxii. 

(Page  46.) 

I.  (x- ll)(a:  + 6).  2.  (x-9)(x  + 2).  3,  (m-12)(m  + 3). 

4.  (w-15)(n  + 4).  5.  (y-14)  (2/  + I).  6.  {z-20)(z  + 5). 


7.  (x®  - 10)  (x*  + 1). 

9.  (m^w  - 2)  (m%  + 1). 

8.  {cd-30)(cd  + 6). 

10.  - 12)  (p^q^  + 7). 

xxiii. 

I.  (x-3)(x-12). 

3.  (a6-18)(«6  + 2). 

5.  (2/3 +10)  (2/3-9). 

7.  X (x2  + 3ax  + 4a2). 

9-  (2/®-3)(y^-l). 

II.  (x  + a)(x-6). 

13.  {ab-d){b-c). 

(Page  47.) 

2.  (x  + 9)  (x  - 5). 

4.  (x^  ~ 5m)  (x*  + 2m). 
6.  (x2  + 10)(x2-ll). 
8.  (x  + m)  (x  + n). 

10.  (xy  — ab)  (x-c). 

12.  (x  — c)  (x  + cZ). 

14.  4.(x-42/)  (x-32/). 

XXiYu 

(Page  48.) 

I.  (x  + 9)2.  2.  (x  + 13)2  3.  (x  + l7)2.*  4.  (y  + l)2. 

5.  (2  + 100)2.  5_  (a;2  + 7)2.  7,  (x  + 52/)2,  8.  (m2  + 8^2)2. 

9.  (x®  + 12)2.  10.  (x^  + 81)2. 


XXV, 

(Page  48.) 

I.  (x-4)2.  2.  (x-14)2, 

5.  (2-50)2.  6.  (x2-ll)2. 

9.  (X3-19)2. 

3.  (x-18)2  4.  (2/ -20)2. 

7.  (x-152/)2.  8,  (m2-167i2)2 

3S2 
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xxvi.  (Page  50.) 

1.  (x  + ^)(a:-y).  2.  (cc  + 3)  (a:-3).  3.  (2x  + 5)  (2x  - 5). 

4.  (a^  + x^)  {a^  - x^).  5.  (£C+l)(x-l).  6.  (a:^  + 1)  (x^  - 1). 

7.  (x^  + 1)  (x*  - 1 ).  8.  (m^  + 4)  (m^  - 4). 

9,  (6y  + 7z)(6y-7z).  10.  (9xy + 11  ab)  {9xy -llab). 

II.  {a  - b + c)  {a  - h — c).  12.  (x  + m - %)  (x  — m + w). 

13.  (a  + 6 + c + (?)  (a  + 6-c-c?).  14.  2xx2y. 

15.  (x-y  + z)  (x-y-z). 

16.  (a-b  + m + n)  (a-b-m-n). 

17.  (a-c  + b + d)  (a-c-b-d).  18.  (a  + b- c)  (a-b  + c)'. 

19.  (x  + y + z)  (x  + y-z).  20.  (a-6  + m-w)  (a-6-m  + w). 

21.  (ax  + &i/+ 1)  (ax  + &?/-l).  22,  2axx2by. 

23.  (l  + a-&)  (l-a  + 6).  24.  (1+x-y)  (1-x  + y). 

25.  (x  + ^ + s)  (x-^-s).  26.  (a  + 26 - 3c)  (a - 2&  + 3c). 

27.  (a2  + 46)  (a2-46).  28.  (1  + 7c)  (1  - 7c). 

29.  (a-b  + c + d)  (a-b-c-d).  30.  (a  + 6 - c - cZ)  (a - 6 *- c + o5). 

31.  3ax  (ctx  + 3)  (ax  — 3).  32,  (a^6^  + c^)  (a‘‘*6^  — c^). 

33.  12(x-l)  (2x  + l).  '34.  (9x  + 7y)  (5x  + y). 

35.  1000x506. 


xxvii.  (Page  51.) 


I.  (a  + 6)  (a^  - a6  + 6^).  2.  (a-b)  (a^  + ab  + b^). 

3.  (a  - 2)  (a2  + 2a  + 4). 

4.  (x  + 7)  (x2-7x  + 49). 

5.  (6  — 5)  (62  + 56  + 25).  6.  (x  + 4i/)  (x2  - 4x^  + 16y^). 

7.  (a  — 6)  (a2  + 6a  + 36).  8.  (2x  + 3y)  (4x2  - 6xy  + 9y^). 

9.  (4a  - 106)  (16a2  + 40a6  + 10062). 

10.  (9x  + 8y)  (81x2  _ 72jcy  + 64y^). 

11.  (x  + y)  (x2-xi/  + 2/2)  {x-y)  {x^  + xy  + y^)» 
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12.  (x+ 1)  (x2-a:  + 1)  (x- 1)  (x^  + x+ 1). 

13.  (a  + 2)  (a^  -2a + 4)  (a-  2)  (a^  + 2a  + 4). 

14.  (3  + ^)  {9-Zy  + y^)(2-y)  {9  + Zy  + y% 


XXViii.  (Page  51.) 


I. 

a + 6. 

2.  Take  b from  a 

and  add  c 

to  the  result. 

3- 

2x.  4. 

a — 5.  5.  x + 1.  6.  X 

-2,z-\,'. 

c,  x+ 1,  x+  2. 

7- 

0.  8. 

0.  9.  da.  10.  c. 

II.  x~y. 

12.  z-y. 

13- 

365 -6x. 

14.  X - 10. 

15.  x + 5a. 

16. 

A has  X + 5 shillings,  B hsLs  y-h  shillings. 

17. 

x-8. 

18.  zy.  19.  12-x-y. 

20.  nq. 

21.  25 -X. 

22. 

y-25. 

23.  256m®.  24.  4b. 

25.  x-5. 

26.  y + 7. 

27. 

x^  - y^. 

28.  (x  + y)(z-y). 

29.  2. 

30.  2. 

31. 

28. 

32.  7.  33.  23. 

34.  6. 

35.  10. 

XXix.  (Page  53.) 

1.  To  a add  b. 

2.  From  the  square  of  a take  the  square  of  6. 

3.  To  four  times  the  square  of  a add  the  cube  of  6. 

4.  Take  four  times  the  sum  of  the  squares  of  a and  b. 

5.  From  the  square  of  a take  twice  b,  and  add  to  the  result 

three  times  c. 

6.  To  a add  the  product  of  m and  b,  and  take  c from  the 

result. 

7.  To  a add  m.  From  b take  c.  Multiply  the  results 

together. 

8.  Take  the  square  root  of  the  cube  of  z. 

9.  Take  the  square  root  of  the  sum  of  the  squares  of  z and  y. 
TO.  Add  to  a twice  the  excess  of  3 above  c. 

1 1.  Multiply  the  suna  of  a and  2 by  the  excess  of  3 above  c, 

[s.A.]  z 


354 


ANSWERS. 


12.  Divide  the  sum  of  the  squares  of  a and  b by  four  times 

the  product  of  a and  b. 

13.  From  the  square  of  x subtract  the  square  of  y,  and  take 

the  square  root  of  the  result.  Then  divide  this  result 
by  the  excess  of  x above  y. 

14.  To  the  square  of  x add  the  square  of  y,  and  take  the 

square  root  of  the  result.  Then  divide  this  result  by 
the  square  root  of  the  sum  of  x and  y. 
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3.  33=10  or  2 
2/ = 2 or  10. 
6.  33=7  or  -4 
2/  = 4 or  - 7. 


ANSWERS. 


377 


I.  x—5  or  4 
y—4  or  6. 


xcvi.  (Page  189.) 
2.  x — 4 or  2 

« = 2 or  4. 


1 1 

3.  o:  = -or- 

1 1 


1 

^ 1 

4,  £C  = 3 

5.  0^  = 3 

6.  a:  = - 
5 

1 

y = 2. 

y=2- 

xcvii.  (Page 

191.) 

I . X = 4 or  - 3 

2.  x=  ± 6 

3.  x=  + 10 

ij  = 8 or -4. 

y=±8. 

y=±ll. 

4.  x=  ±8 

5.  a;  = 5 or  3 

6.  x=5or-^ 

0 33 

y = 2 or  -y. 

y=±2. 

y = 3 or  5. 

7.  x=±2 

8.  a:  = 6 

9.  x=±2 

y=±5. 

y = 5. 

y=±h 

10.  x=  ±2 

II.  a:=±7 

12.  cc=3  or  ^ 

y=±3. 

y=±2. 

0 

y=2  orJ- 

13.  10  or  12 

A 

14.  a;  = 4 or  — 
0 

Q 19 

y = d or—. 

■ 15.  x=  ±9  or  ±12 

y = 12  or  10. 

± 12  or  ±9, 

, xcviii.  (Page 

193.) 

I.  72,  2.  224.  3.  18.  4.  50,  15.  5.  85,  76. 

6.  29,  13.  7.  30.  8.  107.  9.  75.  10.  20,  6. 

11.18,1.  12.17,15.  13.12,4.  14.1296.  15.56^. 

16.  2601.  17.  6,  4.  18.  12,  5j,  19.  12,  7.  20.  1,  2,  3. 

21.  7,  8.  22.  15,  16.  23.  10,  11,  12.  24.  12.  25.  16. 

26,  £2,  5s.  27.  12.  28.  6.  29.  75.  30.  5 and  7 liours. 

31.  101  yds.  and  100  yds.  32.  63.  33.  63  ft.,  45  ft. 

34.  16  yds.,  2 yds.  35.  37,  36.  100,  37.  1975, 
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xcix.  (Page  199.) 


I.  cc  = 3 2.  x—5  3.  35  = 90,  71,  52... down  to  14 

y = 2.  2/ = 3.  y = 0,13,26  up  to  52. 

4.  35  = 7,2  5.  35=3,8,13...  6.  x=91,  76,  61  ...down  to  1. 

?/=l,4.  ^ = 7,21,35...  2/  = 2, 13,24  up  to  68. 

7.  35  = 0,7,14,21,28  8.  35  = 20,39...  9.  35  = 40,49... 

?7  = 44,  33,  22, 11,0.  y = 3,7...  y=13,33... 

10.  35  = 4, 11  ...up  to  123  II.  x = 2 12.  35  = 92,  83. ...2 

1/ = 53, 50 . . . down  to  2.  y = 0.  2/=l>  8...  71. 


13.  ^and|.  14.  ^and^.  15.  3 ways, viz.  12,7,2; 2,6,10. 


16.7.  17.12,57,102...  18.3.  19.2. 

21.  19  oxen,  1 sheep  and  80  hens.  There  is  hut  one  other 

solution,  that  is,  in  the  case  where  he  bought  no  oxen, 
and  no  hens,  and  100  sheep. 

22.  A gives  jB  11  sixpences,  and  B gives  A 2 fourpenny  pieces. 

23.  2,  106,  27.  24.  3. 


25.  A gives  6 sovereigns  and  receives  28  dollars. 

26.  22,  3 ; 16,  9;  10,  15;  4,  21.  27.  5.  28.  56,  44. 

29.  82,  18 ; 47,  63 ; 12,  88.  30.  301. 


(1)  I.  352+353+05^. 


c.  (Page  205.) 

2.  x^y  + x^y^  + x'^y^. 


3.  a^+aA  + a^.  4.  sfiyz^ + cfiy^z  + a^yz^. 

(2)  I.  + ax~*  + + 3a;-*,  2.  x^y~^-\-3xy~^ + Ay~*. 

3. 


4-  -\-  + —^+x-^y-*z. 
11  11 


1 1 

2.  —9 — ^ 1 

x^y  oxy 


1 

52/-*- 
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4 


a-^h-h^ 


(4)  I.  2 4/xH3  4/(x/)+  ' 


2. 


'•  4/x'^  4/7/2 


1 


1 1 


4/x'^  x2  ^3  4/x2’ 


J_  +X  . 
0=244^^  4/x2’ 


ci.  (Page  206.) 


I.  x‘"  + + 1/^^ 

3.  x«‘'  + 4a2x"‘'  + 16al 


2.  a‘”*-8l7/‘”. 

4.  a2m  + 2a“c’’-6*"  + (^’'. 


5 , 2a° " + 2a”*6"  — 4a’"c’'  - a”&  - &"+^  + 26c’'  + a”*c2  + 6”c2  — 2c’'+‘^. 


8.  + a*’ . 6^-^'^  - 6 + 6^"'’^  c^  + 

— + c. 

9.  x*^  + 2x®^  + Sx’^'’  + 2x^  + 1 . I o.  x^^  - 2x®"  + Sx^^  - 2x»’  + 1 . 

cii.  (Page  207.) 

1 . x®”*  + x^”'y”'  + x’”7/^’"  + y^”*. 

2.  x^"  — x^’’^/”  + X^’'7/f'*  - x”7/®’*  + y*’\ 

3.  x®’’  + x^’’?/’'  + x^'y"^  + x^Y'  + + f”' 

4.  - a^^b-"  + a«'’6‘5'  - aW>  + W". 

5.  x^''  + 3x^'*  + 9x^"  + 27x''+8]. 

6.  a^’"  - 2a’"x"  + 4x^'*.  7.  2-x^’  + 3x2^’. 

8.  46’“c’”  — 562”*. 

9.  a"”*  + 3a2“  + 3ri”*+X,  10.  a”‘  + 6’*  + c", 


6.  x"*”  + a;’’’"'” . — x”y”'  - ?/’ 


7.  X*”  + 
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ciii,  (Page  208.) 

I.  a:-3x^  + 3x^- 1.  2.  y-l.  3.  a^-x^. 

4.  0.  + 6 + c - 3a^6^c^.  5.  lOx  — llx^i/^  + Sx^i/^  — 21^. 

6.  m — n,  7.  + 1 Qd. 

8.  16a  4-  + 18a^6^  - 24a^6^  - 12a’^6'^  — 15a"^  6^ 

-276. 

9.  x^  + 2a^x^  + a^.  10.  x^-2a^x^  + a^. 

II.  x^  + 2x% s + y^.  1 2.  a‘'^  + 2a6^+6^. 

13.  X - 4x^  + lOx^  - 12x^  + 9. 

14.  4x^  + 12x^  +25x^  + 24x^4- 16. 

15.  x^  - 2x^y^  4-  2x^2^  + y^  - 2y^z^  + 

16.  x^  4-  4x^2/^  “ 2x^21^  4-  4i/^  - 4-  #. 


civ.  (Page  209.) 

I.  x^  + y^.  2.  a^-6^  3.  x^  4- x^2/^  4- 2/^. 

2112  A Z 1 2 2.  1.  S.  A 

4.  ■ a®  - a® 6^  4- 6®.  5.  x^  - x^y^ + x^y^ -x^y^ +y^. 

6.  4-  4-  4-  m^ri^  4-  m^w®  4-  n^. 

7.  x^  4-  Zx^y^  4-  9x^2/®  + 27?/^. 

8.  27a^  + 18 4- 12 a^2  + 86^.  9.  a^-x^. 

A a 2^1 

10.  4-3m®  4-9m®  4-27m5  4-81. 

11.  x^4-10.  12.  x^4-4.  13.  -6  4- 26® -6®. 


14.  x^  - x^i/^  — x^2®  + y^  + — y^zK 

15.  x^-9x^-10. 

17.  p^-2p^  + l. 


16.  m’^4-m^n^4-n2. 


19.  x'^+y^ 


18.  x^-y^—z^. 
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CV.  (Page  210.) 

I.  a“2-6~2,  2.  x~^ -b~\  3.  x^  — x~*. 

4.  a;^  + l4-a:~^  5.  6.  a~^  + 2a~'^c~'^  — b~^  + c~\ 

7.  I + + a‘^b~^.  8.  a‘^b~^  - a~%‘^  - Aa~W  — A. 

9.  4x~^  - a:~4  + 3a:~^  + 2x~^  + £c~^  + 1 . 


c _4  '7rc“^ 

10.  bx-^  + -^ 


lOTcc-^  5x~^ 

”T2  ■’■  6 


7 

6* 


I. 

4- 


6. 


cvi.  (Page  211.) 


X - x~\ 


2.  a + 


3.  + w~2. 


+ cH~'^  + c^dr"^  + cdr^  + dr^. 

a-2  + a-i&-i  + 6-2. 


5.  xy-'^  + x-\ 

7.  x'^y~^  - 2 + £c~2^2. 


8.  \x~^~  5x~2  + 1 a;-^  + 9. 

2 4 


9.  a2&-2-l  + a-262 


I o.  a“2  _ - a~^c~^  + &~2  _ 5-ic“i  + c~\ 


evil.  (Page  211.) 


2x^y^  + 2y. 


106+I8a 
3.  X 3“-2  . 


^ . 22  „ 421 

5.  7x-^  + yX-3-— «- 

7.  x’‘-y\ 

9.  + a^b^  + b^.  . 


10 


8.  a^  + 

1 

II.  m=n"~^. 


l«aH-12 

2.  a;"-*'- 

4 

(£c^  — 

6.  x“. 


-2ah^^-b^' 


13.  14.  16a*^.  15.  a^P. 

16.  2a^”*  + 2a' &'’-4a”c"-3(r  &-36^+'  + 66c’‘.  17.  c. 
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19.  x^  + x^+1, 

20.  «”•+"  + 2a“+»-2 . hcx^  - a“+^'-2  q2^\ 

21.  22.  a™~^  23.  x^^  — y*^. 

24.  5,  25.  X™"  - + 2/”’"* 

26.  03  + 3x^  - 2a:^  — 7x^  + 2x~^. 


cviii.  (Page  215.) 

I.  4/^3,  ^yl  2.  “/(1024),  iys. 

3.  4/(5832),  4/(2500).  4.  “4/2”,  -4/2™.  5.  -4/a",  -4/6-. 

6.  4/(a2  + 2a&  + &3),  ^{a^-Za^b  + 3a¥-¥). 


I.  2 a/6-  2. 

5.  42iV(2^Js). 

8.  42V(llx). 

II.  {a  + x).s/a. 

14.  i^c^-y).s/(7y). 
16.  2xy^  . ^ (20xy). 
18.  7a^b^^{4b). 


cix,  (Page  217.) 

5 a/2.  3.  2as]a. 

6.  lOV(lOa). 

9.  6x^3-. 

12.  (X  - a/»:. 

15- 
17- 

19.  (x  + :j/).a/x. 


4.  baH>J{bd). 


7.  12c  V5. 


13.  b{a-b).sj2. 

3a2  4/(262). 


3m3n3  4/(471). 

20.  (a-b).  4/a. 


cx.  (Page  217.) 

I.  V(48).  2.  V(63).  3-  4^(1125). 

5.  ^/y.  6.  V(9a).  7-  V(48a2x). 

9.  V(w2_^2).  10. 


4.  4^(96). 

8.  V(3a3x). 


II. 
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cxi.  (Page  218.) 

Tlie  numbers  are  here  arranged  in  order,  the  highest  on  the 
Uft  hand. 

I.  V3,  4^4.  2.  VlO,  4^15.  3.  3V2,  2^3. 

5.  3V7,4V3. 


- 4 


6.  2V87,  3V33. 

8.  5 4^18,  3 V19,  3 4/82. 

lo.  3^^’  4'^^- 


7.  34/7,  4^/2,  2 V22. 
9.  54/2,  24/14,  34/3. 


I.  29  V3. 
4.  13  4^2. 

8.  48^2. 
12.  2V(70). 

16.  2. 


CXii.  (Page  219.) 

2.  30  V10+ 164^2.  3.  {a^  + h^  + c^)sfx. 


5.  334/2. 
9-  44/2. 

13.  100. 


6.  V6. 

10.  0. 
14.  Bab. 


7.  5V3. 

II.  4^3. 

15.  2a&  4/(126). 


17- 


f,  ■9.  vi- 


cxiii.  (Page  220.) 

I.  sf{xy).  2.  J{xy-y^).  3.  a: + 2/.  4. 

5.  18x.  6.  56  (a: +1).  7.  90V(a3^-i«)*  8.  2a:  ^3. 

9.  -X.  10.  1-a:.  II.  -12a;.  12.  6a. 

i3*  - \f{x^-*7x).  14.  6y/(x^  + 7x).  15.  8(a2-l). 

16.  -6a2+12a-18. 


CXiv.  (Page  221.) 

I,  a:  + 9A/a:+14.  2.  x-2aJx-15.  3.  a. 

4.  a — 53.  5.  Bx  + 5 /^x  — 28.  6.  6a; -54.  7.  6. 

8.  >,J{9x^  + 3x)  + /s/{6x^  - Bx)  - /^(6x^  - a;  - 1)  - 2a:  + 1. 
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9.  sj{ax)  + — x^)~  sj ~ cix)  - a + X. 


10.  3 + £C+  ^(Sx  + JC^). 

12.  fj{ax). 

14.  2a;+ll+2V(x^  + lla:  + 24). 
16.  2x-6  + 2 V(x^-6x). 

18.  2a;  — 2 V(x^  — 2/^)- 
20.  a;2  + l +2V(x^-x). 


II.  X ~y + ^ + ^1  sjxz. 

13.  432  + 42  a/(x‘'*- 9) +x^. 
15.  2a;  - 4 + 2 ^{x^  - Ax). 

17.  4x  + 9-12v'x. 

19.  a;“  + 2x— 1 -2 V(a;®-a;). 


cxv.  (Page  222.) 

I.  {sjc+  fjd){^c-  i^d).  2.  {c+  sjd){c-  ^d). 

3.  {JcArd){^c-d).  4.  (1  + Vy) (1  - V2/)-  . 

5.  (1  + ^/3.x)(l  - V3-x).  6.  ( v/5.m  + 1)(  ;^5.m- 1). 

7.  |2a+ V(3x)1l2a- V(3x)f.  8.  ]3  + 2V(2n)}  {3-2V(2n)[. 

9.  I V(ll).’^  + 4}|  V(ll)-'^-4}.  10.  (i?  + 2 Vx)  (i?  - 2 v'r). 

II.  ( \/p+ V3.2)(\(p-  >/3.g).  12.  |a”*  + &^'||a”‘-&2 


13 


a+  sjh 


a'^  - 6 ' 
16.  2+V2. 


14. 


g+  js/(ab) 
a — h 


17.  3 + 2^3. 


19. 


a + x + 2 v^(ax) 


a+  >^{a^-x^ 


15.  24+17^2. 

18.  3-2^2. 

1 + X + 2 v'x 
1-x  • 


22.  rri^- 


23.  ,2a2-l  + 2a 


24. 


2a^-x2  + 2a  ^(a^-x^) 
x^ 


cxvi.  (Page  224.) 
I.  19.  2.  11.  3-  8-26V(-1). 


5.  2b  + 2 ^J{ab)  -I2a. 

8.  9. 


6.  + a. 


4.  5+4V3. 

7. 


I o.  V ( -1 1 
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cxvii.  (Page  224.) 


x + y 


j^_y 


5.  x^—  sj^.ax  + a^. 


2a  sjh  — 2h  sja 
a-h 


10.  a*,/*- 2+^,. 


13- 


x-l 


2.^{xy)‘ 

6.  m^+  sj2.mn  + n^.  7.  2x  sfx. 

9.  '^  + cd-2M 

,1.  12.  V(l-=:).  ... 

■4.  |-2.y/(^-9).  1$. 

16.  17.  -1 +5a2(2-ft2)  + £i(i0a2  - a^-5)  1). 

18.  8 + 74/3.  19.  4V(3c5c).  20.  a:4/(3^)2). 

21.  i4^(-4w2).  22.  (9?i- 10) . >1^7.  23.  0.  ■ 


cxviii.  (Page  228.) 

I.  V7+  V3.  2.  V11+  V5.  3-  V7-  V2.  4.  7-3^5. 

5.  VlO-  V3.  6.  2V5-3V2.  7.  2^3- V2.  8.  3^11-2. 
9.  3 V7-2V3.  I0.3V7-2  v/6.  ii.|(VlO-2).  12.3^5-2^3. 


cxix. 

(Page 

229.) 

I. 

49. 

2.  81. 

3.  25, 

4- 

8.  5.  27. 

6.  256. 

7- 

27. 

8.  56. 

9.  79. 

10. 

153.  II.  6. 

12.  36. 

13- 

12. 

14. 

(a -6)2 

15.  5. 

16.  6. 

17. 

3. 

18. 

10. 

19. 

h-a\ 

3d 

n-m^. 

w 

,rs,A.i  2 © 
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9. 

0,  -8. 

25. 

l^a 

5 


CXX.  (Page  231.) 

2.  25.  3.  49.  4.  121.  5.  l|. 

/ffl  + l\2  /m  + 4\2 

*•(-2-)-  9-(— )• 

cxxi.  (Page  231.) 

2.  25.  3.  9,  4.  64. 

7.  a. 


8.  7 or  0. 
4 


9.  64. 
cxxii.  (Page  232.) 


6.  8,0. 
10.  5. 

10.  100. 


I. 

16,  1. 

2.  81,25.  3.  3,  2^ 

4.  10,  -13. 

5- 

6,|  6. 

-4,  -32.  7.  9,  -3|.  8. 

12252. 
' 529 

9- 

49.  10. 

729.  II.  4,  -21.  12.  1 or^.  13.  ±24. 

14. 

5 or  221. 

145 

15.  6 or  16.  5 or  0.  17. 

£ 18.  25. 

36 

19. 

±9V2. 

20.  ± V65  or  ± 

21.  2a. 

22. 

— 2a. 

1 1 
23.  2 0r-4g.  24.  j. 

1 

"5-  I2- 

26. 

1276 
81  ■ 

27.  28.  ± 5 or  ± 3 V2. 

D 

29.  ±14. 

4o. 

6 or  --g. 

5 

, 31.  1.  32.  Y-  33-  2or0. 

n 9a 
34.  Oorjg. 

cxxiii.  (Page  235.) 

I. 

2,  5. 

2.  3,  -7.  3.  -9,-2. 

4.  5a,  &h. 

7 5 
2’  3' 


2^ 

19  ’ 14* 


4m  llw 

T’  “6"- 


5- 
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8.  -2a,  - 3a  and  3a,  4a.  9.  ±2,  a.  10.  0,5. 

2a-b  b — Za  d e 

II.  , — T . 12.  -. 

ac  be  c’  c 

exxv.  (Page  239.) 

I.  x2- 1103  + 30=0.  2.  x^  + x-20  = 0.  3.  x2  + 9x  + 14=0. 

4.  6x^  — 7x  + 2 = 0.  5.  9x^  - 58x  - 35  = 0.  6.  x^-3  = 0. 

7.  x^  — 2mx  + m^-%2=0.  8.  x^  — ^^^^^x  + -^=0. 

a/j  ajd 

9.  x^  + - — ^^x-l=0. 

af3 

cxxvi,  (Page  240.) 

I.  (x-2)(x-3)(x  — 6).  2.  (x— l)(x  — 2)(x-4). 

3.  (x-10)(x+l)(x  + 4).  4.  4(x  + l)^x+i^^^^(^x+ 

5.  (x  + 2)  (x+ l)(6x-7). 

6.  {x  + y + z)(x^  + y‘^-\-z^~xy  — xz-yz). 

7.  {a-b-c)  (a'^  + b'^  + c^  + ab  + ac-bc): 

8.  (x-1)  (x  + 3)(3x-7).  9.  (x-1)  (x-4)(2x  + 5). 

10.  (x  + 1)  (3x  + 7)  (5x  - 3). 

cxxvi  i.  (Page  242.) 

I.  Vl3or^/-l.  2.  ^-2or4/-12.  3.  4/-lor4/-21. 

2»  /5  2n  / K 1 

4.  lorV-4.  S.-^ior^-g.  6.  26  or  [ 

1 L 

-9±^9T  9-  1 on  ±2^15. 


O 1 5±  V1329 

lo.  3 or  - g or . 

4 4 
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II.  a + 2,  or 


1 2.  0,  or  a,  or 


a + 6 a±  2y/(a^-  3a) 


a±  v'(a‘'*“16a  + 16) 
2 


cxxviii.  (Page  245.) 

I.  6 : 7,  7 : 9,  2 : 3.  2.  The  second  is  the  greater. 

3.  The  second  is  the  greater. 
ad -he 


c-d  ‘ 


5.  10  : 9 or  9 : 10. 


cxxix.  (Page  246.) 

I.  2:3.  2.  h:a.  3.  6 + d:a-c.  4.  1:1. 

5.  13  : 1,  or,  - 1 : 1.  6.  ± ^ + 4n^)  - m : 2.  7.  6,  8. 

8.  12,14.  9.35,65.  10.  13, 11.  ii.  4:1.  12.1:5. 


exxx. 

8 


- mn  + 
m^  + mn  + n^' 


(Page  247.) 


x + y 

{x  + 2)y 
(i/-4)x 


a-b  + c 
a -h-c 


cxxxii.  (Page  255.) 

6.  a:  = 4 or  0.  8.  440  yds.  and  352  yds.  per  minute. 

62  9 

II.  x=30,y  = 20.  13.  -j.  15. 

16.  50,  75  and  80  yards.  17.  120,  160,  200  yards. 


19.  1^  miles  per  hour. 
o 

21.  160  quarters,  £% 

24.  ^20.  25.  90:79. 


20.  1 : 7. 

22.  ^80.  23.  ^'60. 

26.  45  miles  and  30  miles. 
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cxxxiii.  (Page  262.) 

4. 14 

5.  5.  6.  12.  7.  si. 

B-i- 

9.  AozG^. 

10.  5.  II.  -4=|p.  12.  64x2  = 9?/^ 

, 108 
13.  flj2 
0 y3 

14.  4x^=27y^.  18.  y=Z  + 2x  + x^.  19.  18ft. 

cxxxiv.  (Page  266.) 

I.  50. 

2.  200.  3.  lo|. 

4.  -32i. 

s-  -4 

6.  40.  7.  117. 

8.  0. 

9.  x^  + y^- 

2(n-2)xy.  10. 

26n  — 2a  + 6 
a + 6 

cxxxv.  (Page  268.) 

5050.  2.  2550.  3.  820. 


5.  24. 


6.  -3li 


n.{n+ 1) 


- 5n 

2 • 


n-1 


4.  30. 

3n^  — n 


-6. 

-2. 


cxxxvi.  (Page  269.) 

1 


X 


6.  -I3. 


cxxxvii.  (Pag©  269.) 

1.  (i)  -46.  (2)  36-2. 

2.  155.  3.  112. 


(3)f. 


(4)  4-4. 


4.  888. 


5.  100. 
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6.  6433^. 
o 

8.  (i)  355,  7175. 

(3)  161  + 81a:.  3321  + 1681a:. 

(5)  8j,  174 

9.  (i)  126,  63252. 

(3)  45,  - 1570-5X. 

(S)  71,  4899(1 -m). 

cxxxviii. 


7.  £135.  4s. 

(2)  -156a2,  -3116a2 
(4)  119|,  2357^. 

(2)  25,  2250. 

(4)  99,  -1163^ 

(6)  65,  65X  + 8190. 

(Page  271.) 


12,  15. 

,1  2 
^3’  3’ 

4 'I- 

7 13 

15’  30’ 

cxxxix.  (Page  272.) 

3m + n 

m + n m + 3w 

4 ’ 

2 ’ 4 ■ 

5m + 3 

5m  + 1 5m  — 1 , 5m  - 3 

■ 5 ’ 

5 ’ 5 ’ 5 * 

5n^+l 

5ai2  + 2 5?i2  + 3 5n2  + 4 

’•  5 ’ 

5 ’ 5 ’ 5 * 

„ 2a:2-«2 

a;2.  — — 

I.  64. 

5.  13122. 


CXl.  (Page  275.) 

2.  78732.  3.  327680.  4. 

2048 

6.  16384.  7.  --L. 


ANSWERS. 
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I.  65534. 


g(x9-l) 
X®  (x  - 1)' 

7.  7(2«-l). 


cxli.  (Page  276.) 

2.  364. 

(a  — x)  j 1 - (a  + x)^  [ 
(CH-X)®  . (1— (X  — x)‘ 


8.  -425. 


9-  - 


96‘ 


. (X^6  - 1) 
X '^  - 1 

6.  3"- 


cxlii.  (Page  278.) 


I.  2. 

4 

3* 

. 27 

4- 

4 

3' 

5-  4 

6.  *3. 

00 

8.  2^. 

9.  863I. 

10. 

16x5 

8x2+1’ 

12. 

13. 

x^ 

x + y 

14. 

86 

99* 

15. 

90- 

cxliii.  (Page  279.) 


I.  9,27,81. 

2.  4, 

, 16,  64, 

. 256. 

3 9 27 

81 

"^*  4’  8’  16* 

32* 

cxliv. 

(Page  279.) 

I.  (i)  558. 

(2)  800. 

/ ^ 18- 
(3)  5- 

(6) 

133 

(7) 

1189 

(5) 

486* 

2 ■* 

(9)  1- 

(10) 

-84. 

(II)  - 

, , 3157 

--M-* 

5.  42. 

6.  ac 

7- 

±1. 

3.  2,4,8. 


(4)  f 


(8)  13 

9999  V3 
(VlO+1).  V5* 


8,  n + - 


•<rl  w 
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9.  4.  10.  10.  13.  4,  14.  642. 

16.  49,  1.  17.  3^,  6,  8^.  18.  60. 

4 3 2 1 _1  _2  _3  _4 

5’  5’  6’  5’  5’  6’  5’  5‘ 

22.  3,  7,  11,  15,  19.  23.  5,  15,  45,  135,  405. 

25.  139.  26.  10  per  cent. 


cxlv.  (Page  285.) 

^ 5 ^ ^ 4 

' 7 ’ 13’  2’  11'  29’  11’  5‘ 


I.  8,  12.  2 

1 1 JL  JL 

^ 6’  9’  12’  15' 

, 3 3 3 3 

6.  4,  2»  00, 

g 6x?/  (w  + 1)  6xy  (n  + 1) 

Zny  + 2x  ’ Zny  + 4x  — 3y^ 


5.  -2,  CO,  2,  1,  I 

6 3^3^^ 
7’  5’  4’  11’  7’  17’  10* 

6xy  (n+  1) 

’ 2nx  + 3y 


_1  _i  111  A A A 1 5 

9-  4»  2’  2’  4’  6’  31’  24’  17’  2’  3’  4’ 

10.  104,  234.  13.  2,  3,  6. 

cxlvi.  (Page  290.) 

I.  132.  2.  3360.  3.  116280.  4.  6720. 

c.  !ii.  6.  40320.  7.  3628800.  8.  125.  9.  2520. 

^8 

10.  6.  II.  4.  12.  120.  13.  1260. 

14.  2520,  6720,  5040,  1663200,  34650. 

cxlvii.  (Page  295.) 


I.  3921225.  2.  6.  3.  126.  4.  116280 

5.  12.  6.  12.  7.  816000.  8.  3353011200. 

9.  7.  10.  63.  II.  52.  12.  123200.  13.  376992;  52360 
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cxlviii.  (Page  300.) 

1 . + 4a^x  + 6a  V + 4ax^  + x* 

2.  W + 66°c  + Ibh^c^  + 20&^c^  + \bWd^  + 6&c®  + c®. 

3.  + 7a®6  + 21a®&^  + + 35a^6‘*  + 21a-6-^  + 7a&®  + 6'^. 

4.  X®  + 8x^y  + 28x'^y^  + 56x®?/^  + 70x‘*i/'‘  + 56x^y®  + 28x^y^ 

+ 8x^^  3 

5.  625  + 2000a  + 2400a^  + 1 280a3  + 256a« 

6.  a^®  + 5a®&c  + lOa^ft^c^  + lOa^ft^c^  + 5a^6^c*  + ¥c^. 

cxlix.  (Page  301.) 

1 . a®  - 6a^x  + lba*x^  — 20a^x'’  + 1 5a^x*  — 6ax®  + x®. 

2.  ¥ - Wc  + 2\¥c^  - 35b*c^  + 356V  - 216V  + 7bc^  - c^. 

3.  32x5  - 240x^  + 720xY  ~ l080xY  + 8l0xy*  - 2437/5. 

4.  l-10x  + 40x^- 80x5  + 80x^  — 32x5. 

5.  1 - lOx  + 45x2  - 120x3  + 210x^  - 252x5  + 210x®  - 120x^ 

+ 45x®  - lOx^  + x^®. 

6.  - 8a2i&2  + 28a^%^  - 56ai566  + 70ai268  - 56a®6'® 

+ 28a%^^-8aWH¥^. 

ci.  (Page  302.) 

1.  a3  + 6a2&  - 3a2c  + 12a62-  12a6c  + 3ac2  + 8b^-12b^c  + 66fl2  — c*. 

2.  1 - 6x  + 21x2  - 443,3  + 033,4  _ 543^ 273.6 

3.  X®  - 3x®  + 6x^  - 7x®  + 6x5  — 33.4  4.  3j3^ 

4.  27x  + 54x^  + 63x3  + 443;!  4 21x^  + 6x^  + 1. 

5.  x3  + 3x2-5+ 

J y.6 

6.  + 6^  - + 3a^6^  + 3ah^  - 3a^  - 36^  + 

+ 36^c2  — 6a^6^c^. 
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cli.  (Page  303  ) 

r.  330x5^.  2.  495^1658  3^  _ leiyOOa^rjs^ 

4.  192192a66W.  5.  l<2SnQa%\ 

6.  lOah^.  7.  -92378^1069  and  92378^9610. 

8.  l7l6aV  and  I7l6a0x’'. 


2. 

3- 

4. 

5- 

6. 

7. 

8. 


9- 


10. 


clii.  (Page  311.) 
, 1 1 9 1 ^ 5 a 


, 2ct 

1+T-9 


Aa? 

^81’ 


5x3  10x4 


3a3  9a^  81#  243^3 

l + X-|x9  + ^x3-|x4. 

+ a~^x  - + -^a~^ . x*. 

o 54 

1 4 _1  1 9 -1  1 4 -li  5 

a3+-.a  20aj4__.o^  ao^jf 

5 25  125 

_ x9  x4  X®  5x® 


2 8 16  128 
, 7 „ 14  , 14  - 

, 9x  27**  136  , 

1-T— 
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, 5 5 35  , 

II. 


cliii.  (Page  312.) 


1 -2a  + 3a2-4a3  4-5a^. 
, 5 , 5 , 

i+“^+r+i6*- 


2.  1 +3x  + 9a;3  4-27x3  + 81xt 

^ 3®3  d.T*^ 

4"  1 + XH — 1"  7T  "t"  ' 


4 ' 2 IG 

5.  ^ 60a-%3  + 280a-i«a;3  + 1120a-'V. 

, 1 , Ga;^  21x^  5Gx 

^2+-r+-i-+i7r- 


cliv.  (Page  313.) 


1.  1- 

2.  1 + 

3- 

4.  1- 

6.  i- 


3x^  5x®  35ic3 

^■^“8  Tg"*' iM' 

^ ^ 315x3 

2 8 .■*■  16  128'* 

3x3  5a;3  35gj4 

x3  2x®  14x® 


5*  ~ 0™3 


3x't  5x6 
2a3’*'8a5  IGa?’ 


clv.  (Page  314.) 


7.6...  (9-r) 


1.2...(r-l) 

8.7...(10-r) 


^ ^ 1.2... (r-l)  • 


(-I)" 


1.2. ..(r-l) 
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9.8...  (11 -r)  _ , /o  N 1 

4-  T.2...(r-l/  • ' 


5.  (-l^i.r.**" 


6. 


1.3.5.. .  (2r-3)  /*Y-\ 

1.2.3.. .  (r-1)  ’\2/ 


8 l-2.5...(3r-7)  / i 

• 1.2.3...(r-l)  V 3a/  ' 


(r-1) 

7 .9.11  ...(2r  + 3)  , 

9-  -T72.3...(r-IT-^ 


10. 

a 2 3.7.11. 
4’-i‘  1.2.3. 

..(4r-5)  1 
..(r-1)  •' 

Va/ 

II. 

(r  + 1)  (r+  2) 

£C- 

3.5. 

..(2r-l) 

2 

12 

TT2 

.3...r 

13- 

1 .3.5  ...  (2r- 

’ ('2tV 

IS- 

A „L 

1.2.3...r 

’ aA/’ 

16. 

3 

429  <6 

17 

128  ■ a>^' 

18. 

m . (m  + 1)  . 

1.2.. 

....9 

19. 

(1  - 5m)  (1  - 4m) (1  - 

■ m)  1- 

-6 

1.2... 

. . . . 6?7^*^ 

, Oj 

Clvi.  (Page  316.) 

I.  3-14137....  2.  1-95204. 

3.  3-04084.,..  4.  1-98734. 


civil.  (Page  319.) 

I.  1045032.  2.  10070344.  3.  80451. 

4.  31134.  5.  51117344.  6.  14332216. 

7.  31450  and  remainder  2.  8.  522256  and  remainder  1. 

9.  4112.  10.  2437. 
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clviii.  (Page  321.) 

I.  5221.  2.  12232.  3.  2139e. 

5.  1110111001111.  6.  iUM. 

8.  211021.  9.  6^12.  10.  814. 

12.  123130.  13.  16430335. 

CliX.  (Page  327.) 

I.  *41.  2.  -16235504^ 

4.  12232-2005k  5.  Senary. 


4.  104300., 
7 6500445. 
II.  61415. 

[4.  m. 


3.  25-i. 

6.  Octonaiy. 


I.  T-2187180. 
4.  4-740378. 
7.  5-3790163. 
10.  2-1241803. 


Clx.  (Page  336.) 

2.  7-7074922. 

5.  2-924059. 

8.  40-578098. 

II.  3-738827. 


3.  2-4036784. 
6.  3-724833. 

9.  ^-9905319. 
12.  1-61514132 


clxi.  (Page  339.) 

1.  2-1072100  ; 2-0969100  ; 3-3979400. 

2.  1-6989700;  3-6989700;  2-2922560. 


3.  -7781513;  1-4313639;  1-7323939;  2-7604226. 

4.  1-7781513;  2-4771213;  -0211893;  5-6354839. 

5.  4-8750813;  1-4983106. 

6.  -3010300;  2-8061800;  -2916000. 

7.  -6989700;  1-0969100;  3-3910733. 

8.  -2,  0,  2 : 1,  0,  -1. 

9.  (i)  3.  (2)  2.  10.  a;=:|,y  = | 
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11.  (a)  -3010300;  1-397940C  ; 1-9201233;  1-9979588.  (6)103. 

12.  {a)  -6989700;  -6020600;  1-7118072;  1-9880618. 

(6)  8. 


13.  3-8821260;  1*4093694;  3-7455326. 


14.  (i)a:  = g. 


(2)  a:  = 2. 


(3)a:  = 


log  m 

log  a + log  V 


(4)  a:  = 


log  c 


m log  a + 2 log  h' 


(5) 


4 log  h + log  c 
2 log  c + log  6-3  log  a* 


(6)a:= 


log  c 

log  a + m log  6 + 3 log  c 


clxii.  (Page  343.) 


I.  17-6 years. 

3.  7-2725  years  nearly. 
6.  12  years  nearly. 


2.  23-4 years. 

4.  22-5  years  nearly. 
7.  11-724  years. 


APPENDIX, 


The  following  papers  are  from  those  set  at  the  Matriculation 
Examinations  of  Toronto,  Victoria,  and  McGill  Gniversi- 
tiesj  and  at  the  Examinations  for  Second  Class  Provincial 
Certificates  for  Ontario. 


UNIVERSITY  OP  TORONTO. 


Junior  Matric.,  1872  Pass. 


1.  Multiply  -\xy  + y'\ij\s(?  -]r\xy-y*. 

Divide  - SIS'*  by  a ± 3&  and  {x  + a)®  - {y  - 6)* 
hj  x + a — y + h. 

2.  What  quantity  subtracted  from  cP  + px  + q will 
make  the  remainder  exactly  divisible  by  a;  - a ^ 

Shew  that 


(a  + 6 + c)*  - (a  + 6 + c)  (a*  + 6®  -\r  - ab  - be  - ca) 

- Zabc  = 3 (a  + 6)  (6  + c)  (c  + a). 

3.  Solve  the  following  equations  ; 


(a)i(2o=-3)  + i(6a,-7)  = i(a;-J). 


4o3  — 7 Zx  — 5 
\x—l  '^lx  — 2"^^’  ^ 


(c) 

(d) 


aj— 3 

. 2/  + I 


y 

=1, 1+ 


X — 5 X — 6 
a;+2  11 


18- 


4.  In  a certain  constituency  are  1,300  voters, 
And  two  candidates,  A and  B.  A is  elected  by  a 


u 
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certain  majority.  Eut  the  election  having  been  de- 
dared  void,  in  the  second  contest  [A  and  B being 
again  the  candidates),  B is  elected  by  a majority  of 
10  more  than  d's  majority  in  the  first  election ; find 
the  number  of  votes  polled  for  each  in  the  second 
election  ] having  given  that,  the  number  of  votes 
polled  for  B in  the  first  case : number  polled  in  the 
second  case  : J 43  : 44. 


Junior  Matric.,  1872.  Pass  and  Honor, 

1.  Multiply  X -v  y + - 2?/^  d + 2zi  - 2a^yi  hy 

a:  + ?/  + + 2yi  — 2d  d — 2d  y^,  and 

divide  ««  + 8¥  + 27  d— 18a6c  by  + 46*  + 9 d— 
2a6  — 3ac  — 66c. 

2.  Investigate  a rule  for  finding  the  H.  C.  D.  of 
two  algebraical  expressions. 

If  x + c be  the  H.  G.  D.  of  af  + px  + q,  and  a?  + 
p'  x + q,  show  that 

(?  - I'Y -p  (S'  - S'')  {p  -p)  + S'  (;>  -pj = 0. 


3.  Shew  how  to  find  the  square  root  of  a binomial, 
one  01  whose  terms  is  rational  and  the  other  a quad- 
ratic surd.  What  is  the  condition  that  the  result  may 
be  more  simple  than  the  indicated  square  root  of  the 
given  binomial  ? ®l>es  the  reasoning  apply  if  one  of 
the  terms  is  imaginary  1 Show  that  *y/  — 4m*  = y/m 

y/  -m. 


4.  Shew  how  to  solve  the  quadratic  equation  acc*  + 
hx  + c = o,  and  discuss  the  results  of  giving  difierent 
values  to  the  coefiicients. 


If  the  roots  of  the  above  equation  be  as  ^ to  g 

.Low  that  = 
ac 
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6.  Solve  tlie  equations 

X 


(„)  f+v'’^*  + 3®-3  = UJ 


2 cd  + 3 X 


(b)  x^  - 3x'i/ + 2^'‘ + 1 = 0. 
x-tj  + — 10  = 0. 

. x’’  + Ox + 2 £c’  + 6a;+6  x*  + 0x  + i 
ck*  + 6.'c  + 4 £c®  + 6oj+8  j^  + 6a;+6 
£c*  + O x -f  8 
a:®  + 6 a;  + 10 


(d)  6£c"-5ar’-38a;®-5a5  + 6-0, 

6.  Shew  how  to  find  the  sum  of  n terms  of  a geometric 
series.  What  is  meant  by  the  sum  of  an  infinite 
series?  When  can  such  a series  be  said  to  havs 
sum  ? 

Sum  to  infinity  the  series  1 -f-  2r  + 3 r*  <fcc.j 
and  find  the  series  of  which  the  sum  of  n terms  is 


7.  Find  the  condition  that  the  equations 
ax -{■  by  - cz  = 0, 
tti  X bi  y — Cl  z = 0. 
rt,  £C  + b,  y — z = 0. 

may  be  satisfied  by  the  same  values  of  x,  y,  z. 


8.  A number  of  persons  were  engaged  to  do  a piece 
of  work  which  would  have  occupied  them  m hours  if 
they  had  commenced  at  the  same  time ; instead  of 
doing  so,  they  commenced  at  equal  intervals,  and  then 
continued  to  work  till  the  whole  was  finished,  tne 
payments  being  proportional  to  the  work  done  by 
each  ; the  first  comer  received  r times  as  much  as  the 
last : find  the  time  occupied. 
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Junior  Mairic.,  18T2.  Honor. 


1.  There  are  three  towns,  A,  B,  and  C ; the  road 
from  ^ to  ^ forming  a right  angle  with  that  from  B 
to  0.  A person  travels  a certain  distance  from  B 
towards  A,  and  then  crosses  by  the  nearest  way  to  the 
road  leading  from  C to  A,  and  finds  himself  three 
miles  from  A and  seven  from  C.  Arriving  at  A,  he 
finds  he  has  gone  farther  by  one-fourth  of  the  distance 
from  B to  C than  he  would  have  done  had  he  not  left 
the  direct  road.  Eequired  the  distance  of  B from  A 
and  G. 


2.  Ti  ay + bx  ^ cx  + az  ^ + cy  ^ 

c h a 

a y « 

a h c 


3.  Solve  the  equations 


■yz- 


4.  If  a,  h,  and  c ^6  positive  quantities,  shew  that 
a?  (6+c)  + 6®  (c  + a)  + <?  (a  + 6)  > 8abc. 

6.  Find  the  values  of  x and  y from  the  equations 

n 5y  -f-  3 
2y  + = 1, 


a®  + 5cc  + y (y  - 1)  = 24. 


6.  A steamer  made  the  trip  from  St.  J ohn  to  Boston 
via  Yarmouth  in  33  hours  j on  her  return  she  made 
two  miles  an  hour  less  between  Boston  and  Yarmouth, 
but  resumed  her  former  speed  between  the  latter  place 
and  St.  John,  thereby  making  the  entire  return  pas- 
sage in  -If-  of  the  time  she  would  have  required  had 
her  diminished  speed  lasted  throughout ; had  she 
made  her  usual  time  between  Boston  and  Yarmouth, 
and  two  miles  an  hour  less  between  Yarmouth  and 
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St.  John,  her  return  trip  would  have  been  made  in 
^ of  the  time  she  would  have  taken  had  the  whole 
of  her  retm-n  trip  been  made  at  the  diminished  rate. 
Find  the  distance  between  St.  John  and  Yarmouth 
and  between  the  latter  place  and  Boston. 


Junior  Matric.,  Honor. 
Senior  Matric..,  Pass, 


} 


1874. 


1.  Solve  the  following  equations : 

(a)  .... 

fa;*  - 2xy  + 2y'‘  = xy. 

' 1 + xy  + y*  = 63. 

(6)  .... 

j 4:X—3xy  = 171. 

' 1 3y  — 4:xy=^  150. 

(c) 


1 i i 

3^^  xy^ 


19. 


1 


133. 


And  find  one  solution  of  the  equations ; 

^ ^ ‘ \ oi?  + J x = y. 


2.  Find  a number  whose  cube  exceeds  six  times  the 
next  greater  number  by  three. 

3.  Explain  the  meaning  of  the  terms  Highest  com- 
mon measure  and  Lowest  common  multiple  as  applied 
to  algebraical  quantities,  and  prove  the  rule  for  finding 
the  Highest  common  measure  of  two  quantities. 


4.  Reduce  to  their  lowest  terms  the  following 
fractions  : 


(«) 


(&) 


99a:^+  117cc=’ — 257cc^  — 325a;  — 50 
3a:®  + 4a;"  — 9a:  — 10.  “ * 

10a;’ + 35a;*  + 50a;  + 24 


/ ^ + 
‘ \ X*  + 


18a;’ +U9x^  + 342a; + 360 
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5.  Find  the  sum  of  n terms  of  the  series  — 

&c.,  and  the  arth  term  of  the  series 

£c  -f  1 2 3 — X 

X — F X — 1’  X — p 

6.  Find  the  relations  between  the  roots  and  co- 
efficients of  the  equation  ax^  + px  + q=0. 

Solve  the  equation 

X*  + 6a;®  + 10a;®  + 3a;=110. 

7.  A cask  contains  15  gallons  of  a mixture  of  wine 
and  water,  which  is  poured  into  a second  cask  con- 
taining wine  and  water  in  the  proportion  of  two  of  the 
former  to  one  of  the  latter,  and  in  the  resulting  mixture 
the  wine  and  water  are  found  to  be  equal.  Had  the 
quantity  in  the  second  cask  originally  been  only  one- 
half  of  what  it  was,  the  resulting  mixture  would  have 
been  in  the  proportion  of  seven  of  wine  to  eight  of 
water.  Find  the  quantity  in  the  second  cask. 

8.  What  rate  per  cent,  per  annum,  payable  half- 
yearly,  is  equivalent  to  ten  per  cent,  per  annum,  pay- 
able yearly. 

9.  A is  engaged  to  do  a piece  of  work  and  is  to 
receive  $3  for  every  day  he  works,  but  is  to  forfeit 
one  dollar  for  the  first  day  he  is  absent,  two  for  the 
second,  three  for  the  third,  and  so  on.  Sixteen  days 
elapse  before  he  finishes  the  work  and  he  receives  $26. 
Find  the  number  of  days  he  is  absent. 

Change  the  enunciation  of  this  problem  so  as  to 
apply  to  the  negative  solution. 


Junior  Matric.,  1876.  Pass. 

1.  Explain  the  use  of  negative  and  fractional  in- 
dices in  Algebra. 

Multiply  4-^  by  and  the  product  by 
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Simplify 

line. 


a"  H c<P 
a"  6'  d' 


writing  the  factors  all  in  one 


2.  Multiply  together  a*  + ax  + a^,  a + x,  a*  — ax  + x^, 
a — x,  and  divide  the  product  by  a*  - £c®. 

3.  Divide  1 by  1 — 2aj  + to  six  terms,  and  give 
the  remainder.  Also  divide  27x* -6a^  + ^ by  3a:^  + 
2x  + ^. 


■*  + » m—n  »•— w M + « 

4.  Multiply  a +b  by  a +6 
6.  Solve  the  equations  : 


(1)* 

3aj  + 4 7x—3 

5 2 

i X (2/  + »)  = 24, 

(2). 

<y\z  + x)  = 45, 
(z  («  + 2/)  = 49. 

Junior  Matric.,  1876.  Honor. 

1.  An  oarsman  finds  that  during  the  first  half  of 
the  time  of  rowing  over  any  course  he  rows  at  the 
rate  of  five  miles  an  hofir,  and  during  the  second 
half,  at  the  rate  of  four  and  a half  miles.  His  course 
is  up  and  down  a stream  which  flows  at  the  rate  of 
three  miles  an  hour,  and  he  finds  that  by  going  down 
the  stream  first,  and  up  afterwards,  it  takes  him  one 
hour  longer  to  go  over  the  course  than  by  going  first 
up  and  then  down.  Find  the  length  of  the  course. 

2.  Shew  that  if  a^,  6®,  c®  be  in  il.P.,  then  will  6 + c, 
• + a,  a + & be  in  H.P. 


Also,  if  a,  6,  c be  in  A.P.,  then  will 


+ ~~.b  + 

0 + C 


ah 


be  in  H.P. 


c + a 


a + b 
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3.  If  s = a + b + c,  then 

y/(as  + be)  {bs  + ac)  (cs  + ab)  = {s  — a)  (s-  b)  (s  - c) 

4.  If  + «2  + + then 

z 

(s  - «i)*+ + (s  - = ai^  + aa®+ 

6.  If  the  fraction-  » when  reduced  to  a re- 
2^^  + 1 

petend,  contains  2n  figures,  shew  how  to  infer  the  last 
n digits  after  obtaining  the  first  n. 

Find  the  value  of  by  dividing  to  8 digits, 

6.  Solve  the  equations 

x-y  + z-^,  1 

xy-^xz  = 2+yz,  > 
a^+y“  + »"  = 29.  j 


Junior  Matric.,  1876.  Honor. 

1.  Shew  that  the  method  of  finding  the  square 
root  of  a number  is  analagous  to  that  of  finding  the 
square  root  of  an  algebraic  quantity. 

Fencing  of  given  length  is  placed  in  the  form  of 
a rectangle,  so  as  to  include  the  greatest  possible  area, 
which  is  found  to  be  10  acres.  The  shape  of  the 
field  is  then  altered,  but  still  remains  a rectangle,  and 
it  is  found  that  with  162  yards  more  fencing,  the 
same  area  as  before  may  be  enclosed.  Find  the  sides 
of  the  latter  rectangle. 

2.  Prove  the  rule  for  finding  the  Lowest  Common 
Multiple  of  two  compound  algebraic  quantities. 

Find  the  L.C.M.  of  a®  - 6®  + c®  + 3a6c  and  a^(6  + c) 
- 6^(c  + a)  + (a  + 6)  + abc. 

3.  If  a,  f3  be  the  roots  of  the  equation  (c^+px  + q = 
0,  s]iew  that  the  equation  may  be  thrown  into  the 
form  (x- a)  {x-  (3)  = 0. 
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3 + \/2  is  a root  of  the  equation  x* - 5x^+2a^+x 
■1-7  = 0:  find  the  other  roots. 

4.  (1)  Shew  how  to  extract  the  square  root  of  a 

binomial,  one  of  whose  terms  is  rational, 
and  the  other  a quadratic  surd. 

(2)  Find  a factor  which  will  rationalize  x^  — yi. 

5.  a,  h are  the  fii’st  two  terms  of  an  H.  P.,  what  is 
the  nth  term  ? 

If  a,  c be  in  H.  P.,  shew  that 
b\a  - cf  = 2<?{h  - af  -t  2a%c  - h)\ 

6.  A and  B are  to  race  from  M to  IST  and  back.  A 
moves  at  the  rate  of  10  miles  an  hour,  and  gets  a start 
of  20  minutes.  On  A’s  returning  from  N,  he  meets 
B moving  towards  it,  and  one  mile  from  it ; but  A is 
overtaken  by  B when  one  mile  from  M.  Find  the 
distance  from  M to  N. 

7.  Solve  the  equations 


(1).  + ^ = 


Second  Glass  Certificates,  1873. 


1.  Multiply  i+^+lby  %--l. 
ha  h a 


2.  Shew  that  . 

a - 2o 

jan  be  reduced  to  the  form  3b. 


a®  - Sab  + 26®  a®  - Tab  + 1 26* 


a - 3b 
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Reduce  to  its  lowest 

, 1 

*■^12  + 9 


iC®  + 7- 


terms  the  fraction, 


4.  {a)  Prove  that  af*  - 2/"  is  divisible  by  cc  — y witb- 
'ut  remainder,  when  m is  any  positive  integer. 

{b)  Is  there  a remainder  when  100  is 

ided  by  03  — 1 ? If  so,  write  it  down. 


Given  ax  + by  =1, 

X y_}_ 

h ~ ah' 

Pind  the  difference  between  x and  y. 


and 


6.  Given  3 - 


8(x-  1) 


Find  X in  terms  of  m. 


f(03  - 4) 

~3(^r) 


^ ^ 2 , ■ 7x  + ie 

7.  Given  ~ = w.  Find  the  value  of 

2/3  7y  + 24 

2 5 

8.  Given = 1, 

x-y  x+y 

5 10 

and — ; — = 3.  Find  x and  y. 

X — y X -k-  y ^ 


9.  There  is  a number  of  two  digits.  By  inverting 
cue  digits  we  obtain  a number  which  is  less  by  8 than 
three  times  the  original  number;  but  if  we  increase 
each  of  the  digits  of  the  original  number  by  unity, 
and  invert  the  digits  thus  augmented,  a number  is 
obtained  which  exceeds  the  original  number  by  29. 
Find  the  number. 

10.  A student  takes  a certain  number  of  minutes 
to  walk  from  his  residence  to  the  Normal  School. 
Were  the  distance  ^th  of  a mile  greater,  he  would 
need  to  increase  his  pace  (number  of  miles  per  hour) 
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by  ^ of  a mile  in  the  hour,  in  order  to  reach  the 
school  in  the  same  time.  Find  how  much  he  would 
have  to  diminish  his  pace  in  order  still  to  reach  the 
school  in  exactly  the  same  time,  if  the  distance  were 
/a  of  a mile  less  than  it  is. 


Second  Class  Certificates,  1875. 


1.  Find  the  continued  product  of  the  expressions, 
a + b + c,  c + a-6,  h + c-a,  a + h-c. 


2.  Simplify  js- 


a[a-h) 
h {a + b) 


2ab 


3.  Find  the  Lowest  Common  Multiple  of  3x^  - 2a?  - 1 
and  4x^-2x^-3x+l. 


4.  Find  the  value  of  x from  the  equation,  ax  — 
a* — 36a;  6bx — 5a^  bx  + 4a 

— ab^  -bx+ — — ;; * 

a 2a  4 


5.  Solve  the  simultaneous  equations, 


6.  In  the  immediately  preceding  question,  if  a 
pupil  should  say  that,  when  nb  = md,  and  be  — ad,  the 
values  of  x and  y obtained  in  the  ordinary  method, 
have  the  form  a,  and  that  he  does  not  know  how  to 
inteipret  such  a result,  what  would  you  reply  ] 

7.  Two  travellers  set  out  on  a journey,  one  with 
$100,  the  other  with  $48;  they  meet  with  robbers, 
who  take  from  the  first  twire  as  much  as  they  take 
from  the  second  ; and  what  remains  with  the  first  is 
3 times  that  v'hich  remains  with  the  second.  How 
murb  money  did  each  traveller  lose  ? 
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8.  A and  B labor  together  on  a piece  of  work  for 
two  days ; and  then  B finishes  the  work  by  himself 
in  8 days ; but  A,  with  half  of  the  assistance  that  B 
could  render,  would  have  finished  the  work  in  6 days. 
In  what  time  could  each  of  them  do  the  whole  work 
alone  1 

9.  P and  Q are  travelling  along  the  same  road  in 
the  same  direction.  At  noon  P,  who  goes  at  the  rate 
of  m miles  an  hour,  is  at  a point  A ; while  Q,  who 
goes  at  the  rate  of  n miles  in  the  hour,  is  at  a point 
B,  two  miles  in  advance  of  A.  When  are  they  to- 
gether i 

Has  the  answer  a meaning  when  m — n is  nega- 
tive 1 Has  it  a meaning  when  m = n%  If  so, 
state  what  interpretation  it  must  receive  in  these 
cases. 


10.  P is  a number  of  two  digits,  £C  being  the  left 
hand  digit  and  y the  right.  By  inverting  the  digits, 
the  number  Q is  obtained.  -Prove  that  11  (aJ  + y) 
(P-Q)  = 9(o;-2/)(P  + Q). 


Second  Glass  Certificates,  1876. 

1.  Divide  (1  + m)  oj® — (m  -\-n)  xy  {x — y) — (w — 1) 
by  a? — xy  + 

Shew  that  {a  + + 6)® — [a — + 6)®  is  ex- 

actly divisible  by 

2.  Besolve  into  factors  x*  + ^xy  (x^ — y^) — y*, 

a^{b  ■. — c)  + 6®(c  — a)  + c\a  — b),  and  25x*  + 
5a:® — X — 1. 

3.  If  cc®  +pa^  + qx  + r is  exactly  divisible  by  a;*  + 
mx  + n,  then  nq — - rm. 

4.  Prove  that  if  w be  a common  measure  of  p and 
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q,  it  will  also  measure  tlie  difference  of  any  multiples 
of  p and  q. 

Find  the  G.  C.  M.  of  x* — px^  + {q — l)cc^  +px — 
q and  x* — qx^  + {p — l)a;^  + qx — p and  of  1 + 

+ x + x~^  and  2a;  + '2x^  + 3a;®  + 3a;^‘ 


5.  Prove  the  rule  for  multiplication  ol  fractions. 


Simplify 


and 


x^ — [y — zY  2/® — {z — xY  z^ — (x — yY 

{y  + zY—o^  (z  + xY—]Y  ^ (x  + yY—z 

a a a? 

{a—b)  {al  + 

2al—b^—uh‘^ 


6.  What  is  the  distinction  between  an  iderdity  and 
an  equation  ? If  x — a — y + b,  prove  x — b = y + a. 

Solve  the  equations  (2  + x)  {m — 3)  = — 4 — 2mx, 

16a;— 13  40cc— 43  ^x—ZO  20a;— 24^ 

4a; — 3 8a; — 9 ” 8a; — 7 4a; — 5 

7.  What  are  simultaneous  equations  ? Explain  why 
there  mixst  be  given  as  many  independent  equations 
as  there  are  unknown  quantities  involved.  If  there 
is  a greater  number  of  equations  than  unknown  quan- 
tities, what  is  the  inlerence  'i 

Eliminate  x and  v from  the  eauations  ax  + by 
= c,  ax  + b'y  = c,  a"x  + b"y  - c'\ 

8.  Solve  the  equations — 

(1)  V?(^+a:+  — x-m 

(2)  3x  + 2/  + «=13 
32/ + ;s;  + a;  = 15 
3^  + a;  + 2/  - 17 

9.  A person  has  two  kinds  of  foreign  money ; it 
takes  a pieces  of  the  first  kind  to  make  one  X,  and  5 
pieces  of  the  second  kind : he  is  offeied  one  X for  e 
pieces,  how  many  pieces  of  each  kind  must  he  take  ? 
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10.  A person  starts  to  walk  to  a railway  station 
four  and  a-half  miles  oti‘,  intending  to  arrive  at  a 
certain  time  ; but  after  walking  a mile  and  a-lialf  be 
is  detained  twenty  minutes,  in  consequence  of  which 
he  is  obliged  to  walk  a mile  and  a-half  an  hour  faster 
in  order  to  reach  the  station  at  the  appointed  time. 
Find  at  what  pace  he  started. 


11.  (a)If|-  = |thcnwm-^V 


(&)  Find  by  Homer’s  method  of  division  the 
value  of 

a5*  + 290£c‘*+  279CC® — 2892a:® — 586a3 — 312  when 
a:  = —289. 

(«)  Shew  without  actual  multiplication  that 
(a  + 6 + cY — {a  + 6 c)  (a* — ah  + — he  + c® — ac) 
Sabc=‘d{a  + h)  (b  + c)  (c  + a) 


MoGILL  UNIVERSITY. 


First  Year  Exhibitions,  1873. 

1.  Tlie  difference  betA\^een  the  first  and  second  of 
four  numbers  in  geometrical  progression  is  12,  and 
the  difference  between  the  3rd  and  4th  is  300  ; find 
them. 

2.  Find  two  numbers  whose  difference  is  8,  and 
the  harmonical  mean  between  them  1|-. 

3.  Prove  the  general  formula  for  finding  the  sum 
of  an  arithmetical  series. 

4.  The  differences  between  the  hypotenuse  and  the 
two  sides  of  a right-angled  triangle  are  3 and  6 
respectively ; find  the  sides. 

5.  Solve  the  equations 

a?-\-y'^-=nb  , !»  + 2/=l; 

X £C  + 1 13 

£C  1 X ~ ’ 

x + y + z = ^,  x + y-z-1  x-Z  = y + z 
£c-t  4 3a;  + 8 


3cc  -r  5 2cc  + 3 

6,  A cistern  can  be  filled  by  two  pipes  in  24'  and 

C f respectively,  and  emptied  by  a third  in  20' ; in 
what  time  would  it  be  filled,  if  all  three  were  running 
togethei-.  ' ' 

7.  Shew  that 

, a®  -I-  6®  - c®  (a  + h + c)(a-¥h-c) 

^ ^ " 2^6 


XVI 


APPENDIX. 


8.  Prove  the  rule  for  finding  the  greatest  common 
measure  of  two  quantities. 


First  Year  Exhibitions.  1874. 

1.  The  sum  of  15  terms  of  an  arithmetic  series  is 
600,  and  the  common  ditterence  is  5 ; find  the  first 
term. 

2.  Find  the  last  term  and  the  sum  to  7 terms  of 
the  series 

1 - 4 + 16  - &c. 

3.  Find  the  arithmetical,  geometric,  and  harmonic 
means  between  3|  and  1|. 

4.  The  difference  between  the  hypotenxise  and  each 
of  the  two  sides  of  a right-angled  triangle  is  3 and  6 
respectively  ; find  the  sides. 

5.  The  sum  of  the  two  digits  of  a certain  number 
is  six  times  their  difference,  and  the  number  itself 
exceeds  six  times  their  sum  by  3 j find  it. 

6.  Solve  the  equations  : — 

x-y^\\  £c®-2/^  = 19 

3x-7  4a? -10 

+ w + 5 

®-^(2/-2)  = 5;  (!c  + 10)-3. 

132a? -f-1  8a? + 5 

3a?-t-l  ^a?— 1~ 

7.  A man  could  reap  a field  by  himself  in  20  hours, 
but  with  his  son’s  help  for  6 hours,  he  could  do  it  iii 
16  hours  ; how  long  would  the  son  be  in  reaping  the 
field  by  himself  1 

8.  Find  the  value  in  its  simplest  form  of 

x + y 2x  x^y  - a?^ 
y ~x-¥y'^s^y-y^ 
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9.  Find  the  greatest  common  measure  of 
3a^  + 3a:*-  15a;  + 9 and  3a;^  + 3x^  - 2W  — 9a5. 


First  Tear  Exhibitions,  1876. 


1.  Solve  the  equations 

; — , — , 12a 

a + a;  + a — a;  = - , 

\ \ 5 V «■  + £C 

X y X y X y 

1 - _+_=!+_. 
a b cab  c 

2.  Reduce  to  its  simplest  form  the  expression  : — 

7 V5l  + 3 VFe  + p' 2 ~ 5 

3.  Find  the  greatest  common  measure  of 

2x^  -\-x^  — Sx  + 5 and  7a;*  — 12a;+5. 


w*  + w* 


4.  Simplify 


5.  A namber  consists  of  two  digits,  of  which  the 
left  is  twice  the  right,  and  tlie  sum  of  the  digits  is 
one-seventh  of  the  number-  itself.  Find  the  number. 


6.  Solve  the  following  : — 

X y X z y z 

--t-  = +l,  - + -=2,  - + -=3; 
a b a c be 

1 1 

- + - = 2,  a;  ^y  = 2. 

X y 

7.  Find  the  sum  of  n terms  of  the  series  1,  3.  5, 
7,  &c. 

(a.)  Shew  that  the  reciprocals  of  the  first  four 
terms,  and  also  of  any  consecutive  four  terms,  are  in 
barmonical  proportion. 


UNIVERSITY  OP  VICTORIA  COLLEGE. 


Matriculation,  1873. 

1.  What  is  the  “ dimeusion  ” of  a term  % When  L» 
an  expression  said  to  be  “ homogeneous  ” % 

2.  Remove  the  brachets  from,  and  simplify  the 
following  expression : — 

(2c4— 3c  + 4(^)- — (m  + 3a)|  + {5tz  — (— 4 
— d)\—  |3u  — (4a  — 5(^  — 4)}. 

3.  Prove  the  Rule  of  Signs  ” in  Multiplication. 

4.  Multiply  a — ^ . 

a as 

5.  Divide  ao(?  + cx  + d hj  x — r. 

6.  Divide  1 by  1 + a;. 

7.  f^ind  the  Greatest  C<  mmon  Measure  of  6a*  — 
aV  — 1 233  and  9a^  -r  1 2iiV  — 6a^a3’  — 8o3®. 

8.  I'rom  3a  — 2x  — ^ ^ subtract  2a  — x — 

atr  — 1 

<8 — at 

05+1 

(1+4=42) 

9.  Given  <;  ° > to  find  03  and  w. 

w-s-i 

10.  Divide  the  number  a into  four  such  parts  that 
the  second  shall  exceed  the  first  by  m,  the  third  shall 
exceed  the  second  oy  n,  and  the  fourth  shall  exceed 
the  third  by  p, 

11.  I\  sum  of  money  pat  out  at  simple  interest 
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amounts  in  m months  to  a dollars,  and  in  n month* 
to  b dollars.  Required  the  sum  and  rate  per  cent. 

12.  Given  + ab  — 5x^,  to  find  the  values  of  x. 

13.  Divide  the  number  49  into  two  such  parts  that 
the  quotient  ol  the  greater  divided  by  the  less  may 
be  to  the  quotient  of  the  less  divided  by  the  greater, 
as  A to 

14.  Divide  the  number  100  into  two  such  parts  that 
their  product  may  be  equal  to  the  difierence  of  their 
squares. 


16.  A farmer  bought  a numbex  of  sheep  for  $80, 
and  if  he  had  bought  four  more  for  the  same  money, 
he  would  have  paid  $1  less  for  each.  How  many  did 
he  buy  ? 


1.  Find  the  Greatest  Common  Measure  of  26®  — 
10c*6*  + 8a®6,  and  9a*  — 3a6®  + SaW  — 9n®6,  and  de- 
monstrate the  rule. 


and  reduce. 

4.  Given  ^ {x  — a)  — 1 5 — 36)  — ^ {a  — a?) 

= 10a  4 116  to  find  x. 

6.  A.  sum  of  muiie/ was  divided  among  tliree  per- 
sons, A.  P.  and  C.  ae  foliows : tiie  siiart  of  1 

e.vceoded  j of  tlie  sha.es  ot  L.  a’ld  C $120;  the 


sd  4 ay  - 56,  I 
x^J  4-  2y®  ^ 60,  j 


to  find  V alues  of  aandy. 


Matriculation,  1874. 


» 
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share  of  B,  f of  the  shares  of  A and  C by  $1 20 ; 
and  the  share  of  C,  | of  the  shares  of  A and  B by 
$120.  What  was  each  person’s  share  1 


7.  Shew  that  a quadratic  equation  of  one  unknown 
quantity  cannot  hav^e  more  than  two  roots. 


8.  Given  ^ ^ \ to  find  the  value  of  x. 


9.  The  e is  a stack  of  hay  whose  length  is  to  its 
breadth  as  5 to  4,  and  whose  height  is  to  its  breadth 
as  7 to  8.  It  is  wo'th  as  many  cents  per  cubic  foot 
as  it  is  feet  in  breadth;  and  the  whole  is  worth  at 
that  rate  224  times  as  many  cents  as  there  are  square 
feet  on  the  bottom.  Find  the  dimensions  of  the  stack. 


11.  In  attempting  to  arrange  a number  of  counters 
in  the  form  of  a square  it  was  found  there  were  seven 
over,  and  when  the  side  of  the  square  was  incxeased 
by  one,  there  was  a deficiency  of  8 to  complete  the 
square.  Find  the  number  of  counters. 

12.  Reduce  to  its  simplest  form 


— — cf  ^ 6^  — (c  — af  d—{a  — hf 

-{a  + cf  — b^  {a,  + ir-TcY  — af 


1 3.  A and  B can  do  a piece  of  work  in  1 2 days ; 
in  hew  many  days  could  each  do  it  alone,  if  it  would 
take  A 10  days  longer  than  B ] 


6-  Given  { ^ ^ I } to  find  * and 


4 + \/  flj  ^/x 


14.  Given 


to  find 

X,  y, 

and  w. 
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15,  Find  the  last  term,  and  the  sum  of  50  terms, 
of  the  series  2,  4,  6,  8,  <fec. 


16.  Write  down  the  expansion  of 


17.  How  many  niifet-ont;  saaias  may  be  rung  on 
ten  different  bells,  supposing  all  the  combinations  to 
produce  different  noteo  % 


ANSWEPf^-* 


Junior  Matric,,  1872.  Pass, 

1.  ^x*-  (t*6 - ^xf + y*)  ; {a?  + W)  {a  + 35)  •, 

(x  + ay  + {x  + a)  {y-b)  + {y-b)\  2.  a^^ap  + q, 

3.  («),  4;  iP),  fl;  (c),  4^;  {d),  4.  640,  660. 


Junior  Matric.,  1872.  Pass  a>id  Honor, 

1.  |«i— (a:!  — = 

I — (a^  — i J ct  + 26  + 3c.  2.  We  have 

c**  — pc^q'=0  and  c®  — pc -^q  =Q,  from 
which  to  elimjQatri  c. 

4.  If  ^ be  one  root,  — q( \ + ^ 

a \ q/  o.  ^ 

and,  eliminating  ^ . 

ac  pq 

6.  (a),  4,  — 7,  i(—  3±  v/m) ; (5),  3,  2, ; — 3,—  2 

_I__,  _4_;  _L,  _ J^_.  (c),_3 

-|-  l2.  (d),  Divide  tbrongh  by  jc®  and  put  y for 

a;+  - , and .’. y^ — 2 for  a^+  3-,  then  y = 
a;  £C® 


ANSWERS, 


1 1 

J > Ct  "T  ^ 

a — 1 ) 


p+q  . p+>?  , ) 

+a  + ....  V 

7.  a (SjCj — 6jCi)  4-  ai{bjC  - 6cj)  + a^(bci — bic)  a*0. 
2rm 

8-  iT-r- 


Ju7iior  Matric.,  IS12.  Honor. 

L 8 and  6 miles.  2.  Each  of  the  first  set  of 

fractions  may  be  shewn  equal  to 

X 2/ 

2ahc  a or  2ahc  h or  2ahc 

h’^  + c^-a?  c*  + »*-6*’ 

z 

c 


which  are  therefore  equal. 


a^  + b^-c^ 

3.  Multiplying  the  equations  successively  by  y,  z,  a 
and  z,  X,  y,  we  obtain  c'x  + a^y  + h^z  = 0, 

X y 


b^x  + c^y  + a^z  = 0;  thence  — 


and  X = 


6V  6"-cV 

±a  {a*  - 6V) 


c"  - 1 {a*-bVY-{b^--cW)  (c*-a^b‘‘)  | ‘ 

4.  a*  + 6®  > 2a6,  c (a®  + 6*)  > 2a6c,  &c. 

6.  3,  0;  - 2,  - 5 ; - 3,  6;  - 8,  1.  6.  90  and  240  mis 


Jimior  Matric.,  Honor.  ) 

s.  f 


1874. 


Senior  Matric..,  Pass. 

1.  (a),  From  first  x=2y  or  y,  and  then  solutions  are 
3,  |]  -3,— f;  VW,  —Vn,—  V2l“ 

(6),t%(41±v/769),  i(-37±V769;.  (c),  i,J; 

-i.-i;  (■/).!.  18-  2- s. 

, ,,  33a,»+61a;+10  x’  + ix  + i 

<•  (“)>  TTo ; (*)> ■ 


aj  + 2 


X*  + llx  4-  3^' 


s-xiv 


ANSWERS. 


_ X (3— £c) 

X 1 

6.  a;  — 2 and  x + 5 are  factors,  and  roots  are,  2,  — 5, 
1 ( - 3 ± x/35).  7.  7|-  gals. 

8.  4.88 per  cent.  9.  1 days. 

He  receives  $3  every  day  the  work  continues ; 
lie  returns  nothing  the  first  day  he  is  idle, 
|1  the  second,  and  so  on,  and  the  number  of 
days  he  works  is  16. 


Junior  Matric.j  1876.  Pam, 

i.  2. 

3.  1 + 2a;  + 3ic^  + 4a;®  + 5o3*  + 6o3®  + ; rem.  7as^- 

6a;l  9a;®  — 6a:+l. 

4.  a®™'  + (aby^  ” -i-  (ab)  + J®*”. 

5. (1),  2.  (2),2,  5,  7;  or-2.-6,-T. 


Junior  Matric.,  1876.  Honor. 

1.  35  mis.  2.  (2),  These  quantities  are  in  E.  P.  if 

& + c ^ AJ*.,  i.e.,  if  a,  6,  c 

ah + ac  + be 
are  in  A.P. 

5.  It  may  be  shewn  that  the  remainder  at  the  nth 

decimal  place  is  2/i ; hence  if  the  nth  digit  be 
increased  by  unity,  and  the  whole  subtracted 
from  1,  the  remainder  is  the  remaining  part 
of  the  period. 

6.  » = 4,a;=2or-3^=3or-2j»a:-l,«x=2db^l0, 

y*  -2*  J\0. 
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Junior  Matric.,  1876.  Honor, 

1.  121  and  400  yards. 

2.  {oj — 6 + c)  {tth  + he  co^  + 6*  + c*  + 'ib  + he. — co^. 

3.  Iriationai  roots  go  in  pairs/.  3 — is  a root; 

and  otlier  roots  are  (-—1  dzi/IZs). 

5 1 3 2 , 4 5. 

4.  + X i/^  + x'^i/^  + xij  x^y"^  + y^, 

5.  . 6.  3 mis. 

6 4 (^_1)  (a—h) 

7.  (1),  Plainly  x + 2 divides  both  sides,  and  roots 
are — 2,  24- /t'.  (2),  a;  = 3,  y = 4 or  ; x=- 

— 3,  — 4 or  — 


Second  Class  Certificates,  1873. 


/a  6 \ ® 
\h  a) 


1 - — 
1 - 52 


6^ 

1 + Ta* 


(a-b)-(a-  46)  = 36. 


4.  (5), -99. 


6.  (a-h)  {x-y)  — (i-,  if  a be  not -h,  x - y = 0 
if  a-h,  x-y  may  have  any  value. 


43  - 14rr5. 

^4m-13’ 

then  fi-action  becomes  # and  is  indetei  minate. 


7.  f , provided  x be  not  = - 2f 


8.  = 1 =r  A • x='6,  y 

x — y ’ x+1 

9.  13. 


10.  ^ of  a mile  per  hour. 


ANSWERS. 


txvi 


Second  Glass  Certificates,  187f 
1.  2(a*6*  + + cV)  - (a^  + c*).  2.  — -j. 

' a f 6 

2a^-5) 


3.  (3a; +1)  (4a;“  - 2a;»  - 3a;  + 1).  4. 


4a -36 


5.  x= 


he  — ad  he  — ad 


nh — md!  me — na 

6.  X and  y are  indeterminate  : there  is  bnt  one 
equation.  7.  ^88,  $44.  8.  14  days,  11|  days. 

2 

9.  In  lirs.  m — n negative  means  that  they 


together 


n — n 
together. 


hrs.  before  noon.  m=w, 


they  are 

10.  Each  side  equals  99(x-^  — y^). 


Second  Class  Certificates,  1876. 

1.  (1  + m)x - (1  - n)y.  2.  {x  + yY  (x-y)  ; (a-  6) 
(h-c)  (c-a);  (Sa;^  — 1)  (Sa;'^  + a;  + 1). 

3.  Let  the  other  factor  be  a;  + a j multiply  and  equate 
co-efficients ; el  im  mating  a,  nq  — n?  = rm ; other 
condition  is  pn  - mn  = r.  4.  a;  — 1 ; 1 + a^, 

6. 

(x  + y + zY  ’ a -h 

6.  -f;  1. 

7.  a"{h'c  - he')  + h"{ac  — ac)  + c"{ah  — ah')  = 0. 

8.  (1,)  Cube,  and  3(n  + x)i  (n  — x)i  (wi)  = w*-2«, 

(^yi‘ ”■< 

^ a(c  — h)  h{a  — c) 

a,—  h * a-h  ' 

10.  3 miles  an  hour. 


xxvii 


11.  (a),  See  §359.  (6),  2,000,  (c),  Substitute  suc- 

cessively — h,  —c,  ~ a for  a,  h,  c,  in  the  left 
hand  side,  and  it  appears  that  a + b,  6 + c, 
c + a are  factors,  and  expression  is  of  form 
/^(a  + d)  (b  + c)  (c  + a) ; putting a-b  = c=l, 
we  get  i\r=  3. 


Firsf  Fear  Exhibitions,  1873. 

1.  3, 15,  75,  375.  2.  9 and  1,  or  and-jf.  4.  9, 1 2. 

5.  (a), 4, -3;  -3,4.  (^),2,-3.  (c), 4,-6, 6.  {d),-\. 

6.  40\  y _ (ft  + &)"  - ^ ^ 

2ab 


First  Year  Exhibitions,  1874. 

1.5.  2.  (-4)«;  3277.  3.  2^^;  2|;  2^V 

4.  9,  12.  5.  75. 

6.  (a),3,2;— 2,— 3.  (5),  7 or— If  (c),5,3.  (t^),14. 

7.  30  hours.  8.  -JL.  9.  3(a:  + 3). 

x^y 


First  Year  Exhibitions,  1876. 


4 3a  b 

1. 


2.  — 12*y'2.  3.  X — 1.  4.  m. 

6.  21,  42,  63,  or  84.  6.  o,  6,  2c ; 1,  1. 


7. 


ANSWERS. 


Matriculation,  1873. 

2.  11a  — 3c  — bd m.  4. — ax. 

5.  ax^  -4-  {ar  J^b)  x {ar^  br  + c)  -\- 

ar^  br^  -{■  cr  d 
X — r 

6.  1 ~x  + x^  — x^  + . . ...  7.  3a*  + 4x**, 

8.  9 144  216. 

x^  — I 

10.  \ (a  — 3m  — 2?^  — p),  &c. 
j j 7tib  — na  1 200  (a  — b) 
m — 71  ’ mb  — na 
12.  13.28,21. 

14.  50  {VI  —1),  50  (3  — 1/5). 

15.  a3=±10,2/=  =FlO;  ic=  ± 4-/ 2,  ^ ^ 3i/2. 

16.  16. 


Matriculation,  1874. 

-tin  4a®  + a*aj  — 2aa:*  + as®  « • 

1.  a — 0.  J.  . ♦». 

£C*  — a* 

4.  _ 5a  — 36.  . 5.  600,  480,  360. 

6.  2,  4;  4,  2.  8.  4 or  9^. 

9.  20,  16,  14  ft.  10.  40,  10;  10,  40.  11.  56. 

12.  1.  13.  30  and  20  days. 

14.  6,  2,  4J,  1|,  or  — 2,  — 6,  — 1^,  — 4|-. 

15.  100,  2550. 

16.  a;^  — 7a:®  + 21a:®— 35a:  + 35a5“‘ — 21a;-®  + 7x~* 

— x-\  17.  1023. 
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FOR  THE  USE  OF  INTERMEDIATE  STUDENTS  AND  TEACHERS. 

Gage’s  School  Examiner, 

Of  Science  and  Literature. 

A Magazine  for  the  School  Room  and  Study,  containing  Examination 
Papers  on  the  subjects  taught  in  the  High  and  Publio  Schools,  and  design- 
ed for  the  use  of  Teachers  in  conducting  Monthly  Examinations,  and  in  the 
daily  work  of  the  School  Room,  and  for  the  use  of  Students  preparing  for 
the  IntermedioAe  and  all  Official  Examinations.  In  addition  to  Original 
Papers  prepared  by  Specialists  on  the  various  subjects,  valuable  selections 
will  be  made  from  the  University,  High  School  and  Public  School  Examin- 
ations in  Europe  and  America,  as  well  as  from  Normal  School  and  other 
Examinations  for  Teachers,  both  Professional  and  Non-professional.  Sub- 
scription, Sl.OO  per  year— payaliie  in  advance. 

Address— W.  J.  GAGE  & CO  , Toronto,  Canada. 

Bro.  Ilalward,  Prin.  Chris.  Bros.’  School,  Kingston. 

Am  much  pleased  with  the  plan,  arrangement,  and  matter  of  Gage’s 
School  Examiner,  and  trust  it  will  obtain  the  generous  patronage  of  all 
earnest  educationists. 

S.  Burwash,  CoUj^me. 

It  is  just  what  we  wanted.  I have  no  doubt  o»  its  complete  success. 

L.  Gilchrist,  Woodville. 

I think  it  an  excellent  periodical,  especially  for  Teachers  who  hold 
Monthly  Examinations. 

W.  W.  Rutherford,  Port  Rowan. 

I find  it  a very  useful  Journal  in  School  work  and  cannot  aSiord  to  be 
without  it. 

James  McBrien,  J.  P.  S.,  Myrtle. 

The  ‘ School  Examiner  ’ is  rapidly  winning  its  way  into  nearly  all  the 
schools. 

George  Harper,  Anchorage,  Wisconsin,  IT.  S. 

It  is  attractive  in  form,  neat;  and  handsome  in  appearance,  and,  in  my 
humble  opinion,  contains  more  solid  and  useful  matter  than  any  similar 
Journal  in  the  United  States. 

D.  R.  Boyle,  West  Arichat,  C.  B. 

Indeed,  the  solution  of  No.  2 Arithmetic,  in  the  April  numbev  i?  alcne 
worth  the  subscription  price. 
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BOOKS  FOR  TEACHERS  AND  STUDENTS,  BY  DR.  McLELLAN. 

Examination  Papers  in  Arithmetic. 

By  J.  A.  McEellan,  M.  A , LL.  D.,  Inspector  of  High  Schools,  Ont.,  and 
Thomas  Kirkland,  M.  A.,  Science  Master,  Normal  School,  Toronto. 

“ In  our  opinion  the  best  Collection  of  Problems  on  the  American  Con- 
tinent.”—National  Teachers  Monthly,  N.  Y. 

Seventh  Complete  Edition,  - - Price.  $1.00. 

Examination  Papers  in  Arithmetic. ---Part  I. 

By  J.  A.  McLellan,  M.  A.,  LL.  D.,  and  Thos.  Kirkland,  M.  A. 

Price,  . - - . - 50  Cents. 

This  Edition  has  been  issued  at  the  request  of  a large  number  of  Public 
School  teachers  who  wish  to  have  a Cheap  Edition  for  the  use  of  their 
pupils  preparing  for  admission  to  High  School. 

Hints  and  Answers  to  Examination  Papers 
in  Arithmetic. 

By  J.  A.  McLellan,  M.  A.,  LL.  D.,  and  Thos.  Kirkland,  M.  A. 

Fourth  Edition,  - $1.00. 

McLellan’s  Mental  Arithmetic.-- -Part  I. 

Containing  the  Fundamental  Rules,  Fractions  and  Analysis. 

By  J.  A.  McLellan,  M.  A.,  LL.  D.,  Inspector  High  Schools,  Ontario. 

Third  Edition,  . . _ _ so  Cents. 

Authorized  for  use  in  the  Schools  of  Nova  Scotia. 

McLellan’s  Mental  Arithmetic. ---Part  II. 

Specially  adapted  for  Model  and  High  School  Students. 

Third  Edition,  . - - Price,  45  Cents. 

The  Teacher’s  Hand  Book  of  Algebra. 

By  J.  A.  McLellan,  M.  A.,  LL.  D. 

Second  Complete  Edition,  - - - $1.25. 

Teacher’s  Hand  Book  pf  Algebra. ---Part  I. 

Prepared  for  the  use  of  Intermediate  Students 

Price,  - - - - » 75  Cents. 

Key  to  Teacher’s  Hand  Book  of  A*lgebra.  1 

Second  Edition,  - “rice,  $1.50. 


®.  J.  ^agc  & ®O0.  @bitcational  ®orks. 


HAMBLIN  SMITH’S  MATHEMATICAL  WORKS.  | 

Authorized  for  use,  and  now  used  in  nearly  all  the  principal  Schools  of 
Ontari  , Quebec,  Nova  Scotia  and  Manitoba. 


Hamblin  Smith’s  Arithmetic. 

An  Advanced  treatise,  on  the  Unitary  System,  by  J.  Hamrun  Smith, 
M.  A.,  of  Gonville  and  Caius  Colleges,  and  late  lecturer  of  St.  Peter’s  Col- 
lege, Cambridge.  Adapted  to  Canadian  Schools,  by  Thomas  Kirkland, 
M.  A.,  Science  Master,  Normal  School,  Toronto,  and  William  Scott,  B.  A., 
Head  Master  Model  School  for  Ontario. 

12th  Edition,  Price,  75  Cents, 


K h/ Y . — A complete  Key  to  the  above  Arithmetic,  by  the  Authors. 

Price,  $2.00. 


Hamblin  Smith’s  Algebra. 

An  Elementary  Algebra,  by  J.  Hamblin  Smith,  M.  A.,  with  Appendix 
by  Alfred  Baker,  B.  A.,  Mathematical  Tutor,  University  College,  'Toronto. 
8th  Edition  Price,  90  Cents. 

KEY.— A complete  Key  to  Hamblin  Smith’s  Algebra. 

Price,  $2.75. 


Hamblin  Smith’s  Elements  of  Geometry. 

Containing  Books  I.  to  VL,  and  portions  of  Books  XI.  and  XII., of  Euclid, 
with  Exercises  and  Notes,  by  J.  Hamblin  Smith,  M.  A.,  &c.,  and  Examina- 
tion Papers,  from  the  Toronto  and  McGill  Universities,  and  Normal  School, 
Toronto. 

Price,  ■ 00  Cents. 


Hamblin  Smith’s  Geometry  Books,  i and  2. 


Price, so  Cents. 

Hamblin  Smith’s  Statics. 

By  J.  Hamblin  Smith,  M.  A.,  with  Appendix  by  Thomas  Kirkland,  M.  A., 
Science  Master,  Normal  School,  Toronto. 

Price,  90  Cents. 

Hamblin  Smith’s  Hydrostatics.  75  Cents. 

KEY  o Statics  and  Hydrostatics,  in  one  volume.  $2.00. 

Hamblin  Smith’s  Trigonometry.  $1.25. 

KEY . To  the  above.  $2.50. 
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NEW  BOOKS  BY  DR.  McLELLAN. 


The  Teacher’s  Handbook  of  Algebra. 

Revised  and  enlarged.  By  J.  A.  McLellan,  M.  A.,  LL.  D.,  Inspector  of 
High  Schools,  Ontario. 

Price,  $1.25 

Teacher’s  Hand  Book  of  Algebra. ---Part  i. 

Abridged  Edition.  Containing  portions  ot  the  a ove  suitable  for  Inter- 
mediate Students. 

Price,  75  Cents. 

Key  to  Teacner’s  Hand  Book.  Price, $i.50. 


It  contains  over  2,500  Exercises,  including  about  three  hundred  and  fifty 
solved  examples,  illustrating  every  type  of  question  set  in  elementary  Alge- 
bra. 

It  contains  complete  explanation  of  Horner’s  Multiplication  and  Division, 
with  application  not  given  in  the  Text-Books. 

It  contains  a full  explanation  of  the  principles  of  symmetry,  with  numer- 
ous illustrative  examples. 

It  contains  a more  complete  illustration  of  the  theory  of  divisors,  with  its 
oeautifui  auplications,  than  is  to  be  found  in  any  text-book. 

It  contains  what  able  mathcn  atiiil  teachers  have  pronounced  to  be  the 
“ finest  chapter  on  factoring  tl  at  has  e\  er  appeared,” 

It  contains  the  latest  and  best  methods  of  treatment  as  given  by  the  great 
Masters  of  Analysis. 

It  contains  the  finest  selections  of  properly  classified  equations,  with 
methods  of  resolution  and  reduction,  that  has  yet  appeared. 

It  contains  a set  of  practice  papers  made  up  by  selecting  the  best  of  the 
questions  set  by  the  University  of  Toronto  during  twenty  years. 

It  is  a key  of  the  methods,  a repertory  of  exercises,  which  cannot  fail  to 
make  the  teacher  a better  teacher,  and  the  student  a more  thorough  alge- 
braist.   

Read  the  following  qotices  from  the  leading  authorities  in  Great  Britain 
and  United  States: 

“ This  is  the  work  of  a Canadian  Teacher  and  Inspector,  whose  name  is 
honorably  known  beyond  the  bounds  of  his  native  province,  for  his  exer-  | 
tions  in  developing  and  promoting  that  admirable  system  of  public  instruc- 
tion, which  has  placed  he  Dominion  of  Canada  so  high,  as  regards  educa- 
tion, not  only  among  the  British  Colonies,  but  among  the  civilized  nations 
of  the  world.  We  know  of  no  work  in  this  country  that  exactly  occupies 
the  place  of  Dr.  McLellan’s,  which  is  not  merely  a text  book  of  Algebra,  in  I 
the  ordinary  .sense,  but  a Manual  of  Methods  for  Teachers,  illustrating  the 
best  and  most  recent  treatment  of  algebraical  problems  and  solutions  of 
every  kind.” 

From  Barnes’  Educational  Montiilv,  N.  Y. 

“The  best  American  Algebra  for  Teachers  that  we  have  ever  examined.” 
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MASON’S  GRADUATED  SERIES  OF  ENGLISH  GRAMMARS- 


Mason’s  Outlines  of  English  Grammar. 

For  the  use  of  junior  classes. 

Price,  45  Cents. 

Mason’s  Shorter  English  Grammar. 

With  copious  and  carefully  graded  exercises,  243  pages. 

Price,  60  Cents. 

Mason  s Aavanced  Grammar. 

Including  the  principles  of  Grammatical  Analysis.  By  C.  P Mason, 
B.  A.,  F.  C.  F.,  fellow  of  University  College,  London.  Enlarged  and 
thoroughly  revised,  with  Examinations  Papers  added  by  W.Houston.  M.A., 
27th  Edition,  price,  75  Cents- 

“ I asked  a grammar  school  inspector  in  the  old  country  to  send  me  the 
best  grammar  published  there.  He  immediately  sent  Ma.son’s.  The  chap- 
ters on  the  analysis  of  difficult  sentences  is  of  itself  sufficient  to  place  the 
work  far  beyond  any  English  Grammar  hitherto  before  the  Canadian  pub- 
lic.”— Alex.  Sims,  M.  A.,  H.  M.  H.  S.,  Oakville. 


English  Grammar  Practice. 

This  work  consists  of  the  Exercises  appended  to  the  “ Shorter  English 
Grammar,”  published  in  a separate  form.  They  are  arranged  in  progressive 
lessons  in  such  a manner  as  to  be  available  with  almost  any  text  book  of 
Englis'h  Grammar,  and  take  the  learner  by  easy  stages  from  the  simplest 
English  work  to  the  most  difficult  constructions  in  the  language. 

Price,  SO  Cents. 


Outlines  of  Englisn  Grammar. 

‘ These  elementary  ideas  are  reduced  to  regular  form  oy  means  of  careful 
definitions  and  plain  rules,  illustrated  by  abundant  and  varied  examples  for 
practice.  The  learner  is  made  acquainted,  in  moderate  measure,  with  the 
most  important  of  the  older  forms  of  English,  with  the  way  in  which  words 
are  constructed,  and  with  the  elements  of  which  modern  English  is  made 
up.  Analysis  is  treated  so  far  as  to  give  the  power  of  dealing  with  sen- 
tences of  plain  construction  and  moderate  dificulty  In  the 

English  Grammar 

the  same  subjects  are  presented  with  much  greater  fulness,  anu  carried  to 
a more  advanced  and  difficult  stage.  The  work  contains  ample  materials 
for  the  requirements  of  Competitive  Examinations  reaching  at  least  the 
standard  of  the  Matriculation  Examination  of  the  University  of  London. 

The  Shorter  English  Grammar. 

is  intended  for  learners  who  have  but  a limited  amount  of  time  at  their  dis- 
posal for  English  studies  ; but  the  experience  of  schools  m which  it  has 
been  the  only  English  Grammar  used,  has  shown  that,  when  well  mastered, 
this  work  also  is  sufficient  for  the  London  Matriculation  Examination. 


j J.  & Cij’0.  (BZin£att0uaI  ®ork0. 


, BEST  AUTHORIZED  ELEMENTARY  TEXT-BOOKS  IN  GRAMMAR. 

Revised  Ed.  Miller’s  Language  Lessons. 

Price,  25  Cents. 

PROOFS  OV  THE  SUPERIORITY  OF  MILLER’S  REVISED  EDITION  OVER  ALL  OTHERS. 
Its  enormous  sale 

Nearly  two  hundred  thousand  have  been  sold  within  the  last  four  years. 
Miller’s  Swinton’s  is  authorized  by  the  Education  Department  for  use  in 
the  Schools  of  Ontario. 

Only  Editicn  adopted  by  the  Pirotestant  Board  of  Education  of  Montreal, 
aijd  U3od  in  many  of  the  principal  Schools  of  the  Province  of  Quebec. 

Only  Ediliin  used  in  the  Schools  of  Newfoundland. 

Only  Editiin  aalepted  by  the  Gupt.of  Edutation  for  theSchoolsof  Manitoba. 
Miller’s  Revised  avdaVin  is  used  in  nine  tenths  t£  the  principal  Schools  of 
Ontario. 

Only  Edition  prcnaied  as  an  Introductory  Book  to  Mason’s  Grammar, 
both  having  the  same  Definitions. 


A THOP.CtlOn  EXAMINATION  GIVEN. 

To  the  President  and  Members  cf  the  Uounty  of  Elgin  Teachers’  Associa- 
tion : fu  accordance  with  a motion  passed  at  the  last  regular  meeting  of  the 
Association,  appointing  the  uiuiersigned  a Committee  to  consider  the  re- 
spective merits  cf  diSeient  English  Grammars,  with  a viev/  to  suggest  the 
mostsuitalie  one  icr  Pulfic  Schools,  we  beg  leave  to  report,  that,  after  ful- 
ly comparing  the  various  editions  that  have  been  recommended,  wc  believe 
tliat  “.M'.ller’s  Swinton’s  Language  Lessons”  is  the  best  adapted  to  the 
wants  of  junior  pupils,  and  we  would  ur^e  its  authorization  on  the  Govern- 
ment, and  its  introduction  into  our  Public  Schools. 

Signed,  A.  F.  Butler,  Cu  Inspector.  J.  McLean,  Town  Inspector. 

J.  Millar,  M.  A.,  Head  Master  St.  Thomas  Collegiate  Institute. 

A.  Steele,  M.  A,  “ Orangeville  High  School. 

N.  Campeell,  “ Co  of  Elgin  Model  School. 

It  was  moved  and  seconded  that  the  report  be  received  and  adopted,— 
Carried  unanimously. 

To  avoid  mistakes,  ask  for  Miller’s  Swinton’s. 

Mason’s  Outlines  of  English  Grammar. 

authorized  for  use  in  schools. 

New  and  Improved  Edition.  For  the  use  of  Junior  Classes,  by  C P 
Mason,  B.  A.,  F.  C.  P.,  Fellow  of  University  College,  London. 

Sixth  English,  and  fourth  Canadian  Edition,  price  45  cts. 

From  the  Daily  Globe,  Toronto. 

Mr.  0.  P.  Mason,  whoso  excellent  “ English  Grammar”  is  now  the  author- 
ized text  book  in  the  schools  of  Ontario,  has  prepared  and  issued  a more  el- 
ementary and  much-needed  work  entitled  “Outlines  of  English  Grammar.” 
The  text  of  this  work  is  substantially  the  same  as  that  of  the  larger  treatise 
in  both  matter  and  form,  except  that  the  very  elaborate  notes  in  the  latter 
are  either  omitted  or  very  much  reduced  in  extent. 
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EXAMINATION  SERIES. 

Canadian  History. 

Bv  James  L.  Hughes,  Inspector  of  Public  Schools,  Toronto. 

Price.,  25  Cents. 

HISTORY  TAUUIIT  BY  TOPICAL  METHOD. 

A PRIMER  IN  CANADIAN  HISTORY,  FOR  SCHOOLS  AND  STUDENTS  PREPARING  FOR 
EXAMINATIONS. 

1.  The  history  is  dii  icled  into  periods  in  accordance  with  the  great  na- 
tional changes  that  have  taken  place. 

2.  The  history  of  each  period  is  given  topically  instead  of  in  chronolog- 
ical order. 

3.  Examination  questions  are  given  at  the  end  of  each  chapter. 

4.  Examination  papers,  selected  from  the  official  examinations  of  the 
different  provinces,  are  given  in  the  Appendix. 

5.  Student’s  review  outlines,  to  enable  a student  to  thoroughly  test  his 
own  progress,  are  inserted  at  the  end  of  each  chapter. 

6.  Special  attention  is  paid  to  the  educational,  social  and  commercial 
progress  of  the  country. 

7.  Constitutional  growth  is  treated  in  a brief  but  comprehensive  exer- 
cise. 

By  the  aid  of  this  work  students  can  prepare  and  review  for  exam- 
inations in  Canadian  History  more  quickly  than  by  the  use  of  any  other 
v/ork. 


Epoch  Primer  of  English  History. 

By  Rev.  M.  Creighton,  M.  A.,  Late  Fellow  and  Tutor  of  Merton  College, 
Oxford. 

Authorized  by  the  Education  Department  for  use  in  Public  Schools, 
and  foi  admission  to  the  High  Schools  of  Ontario. 

Its  adaptability  to  Public  School  use  over  all  other  School  Histories  will 
be  shown  by  the  fact  that— 

In  a brief  compass  of  one  hundred  and  eighty  pages  it  covers  all  the 
work  required  for  pupils  preparing  for  entrance  to  High  Schools. 

The  price  is  less  than  one-half  that  of  the  other  authorized  histories.- 
In  using  the  other  Histories,  pupils  are  compelled  to  read  nearly  three 
times  as  much  in  order  to  secure  the  same  results. 

Creighton’s  Epoch  Primer  has  been  adopted  by  the  Toronto  School 
Board,  and  many  of  the  principal  Public  Schools  in  Ontario. 
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Authorized  for  use  in  the  Schools  of  Ontario. 

The  Epoch  Primer  of  English  History. 

By  Rev.  M.  Creighton,  M.  A.,  Late  Fellow  and  Tutor  of  Merton  College, 
Oxford. 

Sixth  Edition, - - Price.  30  Cents. 

Most  thorough.  Aberdeen  Journal. 

This  volume,  taken  with  the  eight  small  volumes  containing  the  ac- 
counts of  the  different  epochs,  presents  what  may  be  regarded  as  the  most 
thorough  course  of  elementary  English  History  ever  published. 

What  was  needed.  Toronto  Daily  Globe. 

It  is  just  such  a manual  as  is  needed  by  public  school  pupils  who  are 
going  up  for  a High  School  course.  j 

Used  in  separate  schools.  M.  Stafford,  Priest. 

We  are  using  this  History  in  our  Convent  and  Separate  Schools  in  Lind- 
say. 

Very  concise.  Hamilton  Times. 

A very  concise  little  book  that  should  be  used  in  the  Schools.  In  its 
pages  will  be  found  incidents  of  English  History  from  A.  D.  43  to  1870,  in- 
teresting alike  to  young  and  old. 

A favorite.  London  Advertiser. 

The  book  will  prove  a favorite  with  teachers  preparing  pupils  for  the 
entrance  examinations  to  the  High  Schools. 

Very  attractive.  British  Whig,  Kingston. 

This  little  book,  of  one  hundred  and  forty  pages,  presents  history  in  a 
very  attractive  shape. 

Wisely  arranged.  Canada  Presbyterian. 

The  epochs  chosen  for  the  division  of  English  History  are  well  marked 
—not  mere  artificial  milestones,  arbitrarily  erected  by  the  author,  but  rea| 
natural  landmarks,  consisting  of  great  and  important  events  or  remarkable 
changes. 

Interesting.  Yarmouth  Tribune,  Nova  Scotia. 

With  a perfect  freedom  from  all  looseness  of  style  the  interest  is  so  well 
sustained  throughout  the  narrative  that  those  who  commence  to  read  it 
will  find  it  difficult  to  leave  off  with  its  perusal  incomplete. 

Comprehensive.  Literary  World. 

The  special  value  of  this  historical  outline  is  that  it  gives  the  reader  a 
comprehensive  view  of  the  course  of  memorable  events  and  epochs. 
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1 THE  BEST  ELEMENTARY  TEXT-BOOK  OF  THE  YEAR. 

1 

( Gage’s  Practical  Speller. 

A MANUAL  OF  SRELLING  AND  DICTATION. 

Price,  30  Cents. 

Sixty  copies  ordered.  Mount  Forest  Advocate,  j 

After  careful  inspect  on  we  unhesitatingly  pronounce  it  the  best  spell- 
ing book  ever  in  use  in  our  public  schools.  The  Practical  Speller  secures 
an  easy  access  to  its  contents  by  the  very  systematic  arrangements  of  the 
words  in  topical  classes ; a permanent  impression  on  the  memory  by  the 
frequent  review  of  difficult  words ; and  a saving  of  time  and  effort  by  the 
selection  of  only  such  word’s  as  are  difficult  and  of  common  occurrence 
Mr.  Reid,  H.  S.  Master  heartily  recommends  the  work,  and  ordered  some 
sixty  copies.  It  is  a book  that  should  be  on  every  business  man’s  table  as 
well  as  in  the  school  room. 

Is  a necessity.  Presb.  Witness,  Halifax. 

We  have  already  had  repeated  occasion  to  speak  highly  of  the  Educa- 
tional Series  of  which  this  book  is  one.  The  “ Speller”  is  a necessity  ; and 
we  have  seen  no  book  which  we  can  recommend  more  heartily  than  the  one 
before  us. 

Good  print.  Bowmanvillb  Observer. 

The  “ Practical  Speller  ” is  a credit  to  the  publishers  in  its  general  get 
up,  classification  of  subjects,  and  clearness  of  treatment.  The  child  who 
' uses  this  book  will  not  have  damaged  eyesight  through  bad  print. 

What  it  is.  Strathroy  Age. 

It  is  a series  of  graded  lessons,  containing  the  words  in  general  use 
with  abbre^■iations,  etc. ; words  of  similar  pronunciation  and  different  spell- 
ing a coilection  of  the  most  difficult  words  in  the  language,  and  a number 
of  literary  selections  which  may  be  used  for  dictation  lessons,  and  commit' 
ted  to  memory  by  the  pupils. 

Every  teacher  should  introduce  it.  Canadian  Statesman. 

It  is  an  improvement  on  the  old  spelling  book.  Every  teacher  should 
introduce  it  into  his  classes 

The  best  yet  seen.  Colchester  Sctv,  Nova  Scotia. 

It  is  away  ahead  of  any  “speller”that  we  have  heretofore  seen.  Our  public 
schools  want  a good  spelling  book.  The  publicatio’ft  before  us  is  the  best 
we  have  yet  seen. 
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Gage’s  Practical  Speller. 

A new  Manual  of  Spelling  and  Dictation.  Prioe,  30  Cents 


PROMINENT  FEATURB9 

The  book  is  divided  into  five  parts  as  follows ; 

PART  I. 

Contains  the  words  in  common  use  in  daily  life  together  with  abbrevia- 
tions. foimo,  etc.  If  a boy  has  to  leave  school  early,  he  should  at  least 
know  how  to  spell  the  words  of  common  occurrence  in  connection  with  his 
business. 

PART  II. 

Gives  words  liable  to  be  spelled  incorrectly  because  the  same  sounds  are 
spelled  in  various  ways  in  them. 

PART  III. 

Contains  words  pronounced  alike  but  spelled  differently  with  different 
meanings. 

PART  rv. 

Contains  s large  collection  of  the  most  difficult  words  in  common  use, 
and  is  intended  to  supply  material  for  a general  review,  and  for  spelling 
matches  and  tests. 

PART  V. 

Contains  literary  selections  which  are  intended  to  be  memorized  and  re- 
cited as  well  as  used  for  dictation  lessons  and  lessons  in  morals. 

DICTATION  LESSONS. 


All  the  lessons  are  suitable  for  dictation  lessons  on  the  slate  or  in  dicta- 
tion book. 

REVIEWS. 

These  will  be  found  throughout  the  booh. 


An  excellent  compendium.  Alex.  McRae, Prin.  Acad’y,Digby,N.S. 

I regard  it  as  a necessity  and  an  excellent  compendium  of  the  subject 
of  which  it  treats.  Its  natural  and  judicious  arrangement  well  accords 
with  its  title.  Pupils  instructed  in  its  principles,  under  the  care  of  diligent 
teachers,  cannot  tail  to  become  correct  spellers.  It  great  value  will,  doubt- 
less, secure  for  it  a wide  circulation.  I have  seen  no  book  on  the  subject 
which  I can  more  cordially  recommend  than  “ The  Practical  Speller.” 


Supply  a want  long*  felt.  John  Johnston,  I.P.S.,  Belleville. 

Tire  hints  for  teaching  spelling  are  excellent.  I have  shown  it  to  a num- 
ber of  experienced  teachers,  and  they  all  think  it  is  the  best  and  most  prac- 
tical work  on  spelling  and  dictation  ever  presented  to  the  public.  It  will 
supply  a want  long  felt  by  teachers. 


Admirably  adapted.  Colin  W.  Roscoe,  I.P.S.,  Wolfville,  N.  S. 

The  armngemeut  and  grading  of  the  different  classes  of  words  I regard 
as  excellent.  Much  benefit  must  arise  from  committing  to  memory  the 
“ Literary  Selections.”  The  vrork  is  admirably  adapted  to  our  public 
schools,  and  1 shall  recommend  it  as  the  best  I have  seen. 
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TEXT  BOOKS  ON  ENGLIStI  GRAMMAR. 


BY  MASON  AND  MACMILLAN. 


Revised  Ed.  Miller’s  Language  Lessons. 

Adapted  as  an  introductory  Text  Book  to  Mason’s  Grammar.  By  J. 
A.  Macmillan,  B.  A.  It  contains  the  Examination  Papers  for  admission 
to  High  Schools,  and  teaches  Grammar  and  Composition  simultaneousl}'. 
Sixth  Edition,  200th  thousand. 

Price,  25  Cents. 


Mason’s  Shorter  English  Grammar. 

New  and  improved  edition.  With  copious  and  carefully  graded  exercises, 
243  pages. 


Mason’s  Advanced  Grammar. 

Authorized  for  use  in  the  Schools  of  Ontario.  Ir»nluding  the  principles 
of  Grammatical  Analysis.  By  C.  P.  Mason,  B.  A.,  I C.  P.,  Fellow  of  Uni- 
versity College,  London.  Enlarged  and  thoroughly  ^-evised  with  Examin- 
ation Papers  added  by  W.  Houston,  M.  A 

Price,  75  Gents. 

“ I asked  a Grammar  School  Inspector  in  the  old  country  to  send  me  the 
best  grammar  published  there.  He  immediately  sent  Mason’s.  The  chap- 
ters on  the  analysis  of  difficult  sentences  is  of  itself  .sufficient  to  place  the 
work  far  beyond  any  EnglishGrammar  before  the  Canadian  public.”— Alex. 
Sims,  M.  A.,  H.  M.  H.  S.,  Oakville.  ^ 


English  Grammar  Exercises. 

By  C.  P.  Mason.  R.p.r>vinted  from  Common  School  EdiM^n.’ 


Mason’s  Outlines  of  English  Grammar. 


Authorized  for  use  in  Schools  Suitable  for  Junior  Classes. 


Price, 


45  Cents. 


Price, 


60  Cents. 


Price, 


SO  Cents. 
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WORKS  FOR  TEACHERS  AND  STUDENTS.  BY  JAS.  L.  HUGHES. 


Examination  Primer  in  Canadian  History. 

On  the  Topical  Method.  By  Jas.  L.  Hogiibs,  Inspector  of  Schools,  To. 
roi^.  A Primer  for  Students  preparing  for  Examination.  Price,  25c 


Mistakes  in  Teaching. 

By  Jas.  Lauohlin  Hughes.  Second  edition.  Price,  60c. 

ADOPTED  BT  STATE  DNIVBaSITY  OF  IOWA,  AS  AH  BLEMKNTART  WORK  FOR  USB 
OF  TEACHERS. 


!Hil8  work  discusses  In  a terse  manner  over  one  hundred  of  the  mistakes 
commonly  made  by  untrained  or  inexperienced  Teachers.  It  is  designed  to 
warn  young  Teachers  of  the  errors  they  are  liable  to  make,  and  to  help  the 
older  members  of  the  profession  to  discard  whatever  methods  or  habits  may 
be  preventing  their  higher  success. 

The  mistakes  are  arranged  under  the  following  heads  : 

1.  Mistakes  in  Management.  2.  Mistakes  in  Discipline.  S.  Mistakes  in 
Methods,  i.  Mistakes  in  Manner. 


How  to  Secure  and  Retain  Attention. 

By  Jas.  Ladqhlih  Hughes. Price,  25  Centei. 

Comprising  Kinds  of  Attention.  Characteristics  of  Positive  Attention! 
Characteristics  of  The  Teacher.  How  to  Control  a Class.  Developing  Men 
tal  Activity.  Cultivation  of  the  Senses. 

(From  The  School  and  University  Magazine,  London,  Eng.) 
“Replete  with  valuable  hints  and  practical  suggestions  which  are  evident- 
ly the  result  of  wide  experience  in  the  scholastic  profession.” 


Manual  of  Drill  and  Calisthenics  for  use  in 
Schools. 

By  J.  L.  Hughes,  Public  School  Inspector,  Tortmto,  Graduate  of  Military 
School,  H.  M.  aith  Regiment.  Price,  40  Cents. 


The  work  contains  : The  Squad  Drill  prescribed  for  Public  Schools  in  On- 
tario, with  full  and  explicit  directions  for  teaching  it.  Free  Gymnastic  Ex- 
ercises, carefully  selected  from  the  best  German  and  American  sy'.iXSns, 
and  arranged  in  proper  classes.  German  Calisthenic  Exercises,  as  teught 
by  the  late  Colonel  Goodwin  in  Toronto  Normal  School,  and  in  England. 
Several  of  the  best  Kindergarten  Games,  and  a few  choice  Exercise  Songs. 

*e  instructions  throughout  the  book  are  divested,  as  far  as  possible,  of 
necessary  technicalities. 

I “A  most  valuable  book  for  every  teacher,  particularly  in  country  places* 

! It  embraces  all  that  a school  teacher  should  teach  his  pupils  on  this  subject, 
j Any  teacher  can  use  the  easy  drill  lessons,  and  by  doing  so  he  will  be  con- 
ferring a benefit  on  his  country.”— C.  Radcliffb  Drarnaly,  M#(’»r  First 
I Life  Guards,  Drill  Instrwotor  Normal  a>d  Model  Schools,  Toronte, 


KIRKLAND  & SCOTT’S  EXAMINATION  PAPERS, 

Suitalsle  for  Intermediate  Ezaminations. 

RKPBINTBD  FROM 

GAGE’S  SCHOOL  EXAMINER 

Alim  STUDENT’S  ASSISTANT  FOR  1881. 


COMPIIiBD  BT 

Thomas  Kirkland,  M.A.,  Science  Master, Normal  School, and 
Wm.  Scott,  B.  a..  Head  Master,  Provincial  Model  School. 


PRICE,  - OO  CENTS. 


Thia  volunu  contains  papers  on  Arithmetic,  Euclid,  Geography, 
Algebra,  Book-keemng,  History,  Statics  and  Hydrostatics,  English 
LUcrature,  Frenm  (July,  1880),  Chemistry,  English  Grammar. 


FROM  THE  PREFACE. 

In  naponcM  to  the  desire  of  a large  number  of  Teachers,  we  reprint 
the  Examination  Papers  suitable  for  the  Annual  Intermediate  Ex- 
amination, which  have  appeared  in  the  numbers,  lor  1881,  of  Gage’s 
“ School  Examiner  and  Student’s  Assistant.” 


The  steadily  Increasing  circulation  of  this  monthly  magazine,  and 
ttte  numerous  letters  received  testifying  to  the  great  value  of  the 
questions  in  the  various  subjects  required  for  the  Examinations, 
plainly  indicate  that  such  a p^odioal  is  a most  us^l  aid  to  both 
teacher  and  student. 


The  almost  exhaosthre  nature  of  the  questions  on  each  subject 
brinn  the  student  into  close  c^uaintance  with  every  needful  point; 
and  the  drill  experienced  in  thinking  and  workdnv  out  the  answers  is 
of  incalculable  practical  benefit  to  those  who  wish  to  excel  at  written 
examinations. 

When  we  state  that  the  editors  of  this  department  of  Um  School 
Examiner  are  Messrs.  T.  Kirkland,  M.A.,  and  W.  Scott,  &A,  we  con- 
sider that  it  is  a sufficient  guarantee  for  the  excellence  and  appro- 
priateness of  the  work,  as  these  gentlemen  have  earned  a wide  reputa- 
tion aa  specialists  in  s<^nce  and  literature. 

In  consequence  of  numerous  applications  for  the  French  Paper  given 
at  the  Intermediate  Examination,  1880,  we  reiwoduce  it  In  this  boolf 

Hints  and  Answers  to  the  Above,  50  Cents. 

W.  J.  OAOK  & CO., 

SdaottUoMl  fizbliaheiv,  Tor<m*o  mad  Wtnaipeg. 

(OVB. 


iE.  J.  (gage  (EO0.  ^cto  (Ebueational  ®ork0. 


The  Canada  School  Journal 

HAS  RECEIVED  AN  HONORABLE  MENTION  AT  PARIS  EXHIBITION,  1878. 

Adopted  l)y  nearly  every  County  in  Canada. 

Recommended  by  the  Ministei  of  Education,  Ontario. 

Recommended  by  the  Council  of  Public  Instruction,  Quebec, 

Recommended  by  Chief  Supt  of  Education,  New  Brunswick. 

Recommended  by  Chief  Supt.  of  Education,  Nova  Scotia. 

Recommended  by  Chief  Supt.  of  Education,  British  Columbia. 

Recommended  by  Chief  Supt.  of  Education,  Manitoba. 

IT  IS  EDITED  BY 

A Committee  of  some  of  the  Leading  Educationists  in  Ontario,  assisted 
by  able  Provincial  Editors  in  the  Provinces  of  Quebec,  Nova  Scotia,  New 
Brunswick,  Prince  Edward  Island,  Manitoba,  and  British  Columbia,  thus 
having  each  section  of  the  Dominion  fully  represented. 

CONTAINS  TWENTY-FOUR  PAGES  OP  READING  MATTER. 

Live  EditO:'"'als;  Contributions  on  important  Educational  topics;  Selec- 
tions- Readings  for  the  School  Room  ; and  Notes  and  News  from  each  Pro- 
vince, 

Practical  Department  will  always  contain  useful  hints  on  methods  of 
teaching  different  subjects. 

Mathematical  Department  gives  solutions  to  difScult  problems  also  on 
Examination  Papers, 

Official  Department  contains  such  regulations  as  maybe  issued  from 
time  to  time 

Subscription,  81  00  per  annum,  strictly  in  advance. 

Read  THE  Fullowinc  Tetter  from  John  Oreenleap  Whittier,  the  Fa- 
mous American  Puei 

I bftve  also  received  a No  of  the  -'Canada  School  Journal,”  which  seems 
to  me  the  brightest  and  most  readable  of  Educational  ilagaainea.  I am  very 
truly  thj  friend,  John  Greenleaf  Whittier. 


A Club  of  1,0«jo  Subscribers  from  Nova  Scotia. 

(Copy)  Education  Office,  Halifax,  N.  S , Nov,  17,  1878. 

Messrs.  Adam  Miller  & Co.,  Toronto,  Ont. 

Dear  Sirs,— In  order  to  meei  the  wishes  of  our  teachers  in  various  parts 
of  the  Province,  and  to  secure  for  them  the  advantage  oi  vour  e-xcellent 
periodical,  i hereby  subscribe  in  their  behalf  for  one  thousaii'i  (i,000)  ccpie.s 
at  club  rates  mentioned  in  your  recent  esteemed  favor  subscriptions  -vil] 
begin  with  January  issue,  and  lists  will  be  forwarded  to  your  otbee  in  a few 
days.  Yours  truly, 

David  Allison,  Chief  Supt.  of  Education. 
Address.  W.  J,  GAGE  & CO.,  Toronto,  Canada. 
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